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Preface

This book is basedon my lecture notesfor an upper-level undergraduatecos-
mology courseat The Ohio State University. The studerts taking the course
wereprimarily juniors and seniorsmajoring in physicsand astronomy. In my
lectures, | assumedthat my studerts, having triumphantly survived fresh-
man and sophomorephysics, had a basic understandingof electradynamics,
statistical medianics, classicaldynamics, and quartum physics. As far as
mathematics was concerned,l assumedthat, like modern major generals,
they were very good at integral and di®erettial calculus. Readersof this
book are assumedto have a similar badkground in physics and mathemat-
ics. In particular, no prior knowledge of generalrelativity is assumed;the
(relatively) small amourts of generalrelativity neededto understand basic
cosmologyare introduced as needed.

Unfortunately, the National Bureau of Standardshas not gotten around
to establishing a standard notation for cosmologicalequations. It seems
that every cosmologybook hasits own notation; this book is no exception.
My main motivation wasto make the notation as clear as possiblefor the
cosmologicalnovice.

| hope that readingthis book will inspire studerts to further explorations
in cosmology The annotated bibliography at the end of the text provides
a selectionof recommendedcosmologybooks, at the popular, intermediate,
and advancedlevels.

Many people (too many to name individually) helped in the making of
this book; | thank them all. | owe particular thanks to the studerts who
took my undergraduate cosmologycourseat Ohio State University. Their
feedba& (including nonverbal feedba& sud as frowns and snoresduring
lectures) greatly improved the lecture notes on which this book is based.
Adam Black and Nancy Gee, at Addison Wesley made possiblethe great
leap from rough lecture notesto polished book. The reviewers of the text,

\"



Vi PREFACE

both anonymous and onymous, pointed out many errors and omissions. |
owe particular thanks to Gerald Newsom,whosecareful reading of the ertire
manuscript improvedit greatly. My greatestdebt, howevwer, is to Rick Pogge,
who acted as my computer maven, graphicsguru, and sanity chek. (He was
also a tireless hunter of creepingfox terrier clones.) As a small sign of my
great gratitude, this book is dedicatedto him.



Chapter 1

In tro duction

Cosmologyis the study of the universe,or cosmosregardedasa whole. At-

tempting to cover the study of the ertire universein a single volume may

seemlike a megalomaniac'sdream. The universe, after all, is richly tex-

tured, with structures on a vast range of scales;planets orbit stars, stars
are collectedinto galaxies,galaxiesare gravitationally bound into clusters,
and ewen clusters of galaxiesare found within larger superclusters. Given
the richnessand complexity of the universe,the only way to condenseits

history into a singlebook is by a processof ruthlesssimpli cation. For much

of this book, therefore, we will be consideringthe properties of an ideal-
ized, perfectly smooth, model universe. Only near the end of the book will

we considerhow relatively small objects, sud as galaxies,clusters, and su-
perclusters, are formed as the universe ewlves. It is amusing to note, in

this cortext, that the words\cosmology" and \cosmetology" comefrom the

sameGreek root: the word \k osmos", meaning harmony or order. Just as
cosmetologiststry to make a human face more harmonious by smaoothing

over small blemishessud as pimples and wrinkles, cosmologistssometimes
must smooth over small \blemishes" sud as galaxies.

A sciencewhich regardsertire galaxiesasbeing small objects might seem,
at rst glance,very remotefrom the concernsof humanity. Neverthelesscos-
mology dealswith questionswhich are fundamertal to the human condition.
The questionswhich vex humanity are givenin the title of a painting by Paul
Gauguin (Figure 1.1): \Where do we comefrom? What are we? Where are
we going?" Cosmologygrappleswith thesequestionsby describingthe past,
explaining the presen, and predicting the future of the universe. Cosmol-
ogists ask questionssud as\What is the universemade of? Is it nite or

1
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Figure 1.1: Where Do We Come From? What Are We? Where Are We
Going? Paul Gauguin, 1897.[Museumof Fine Arts, Boston]

in nite in spatial extent? Did it have a beginning sometime in the past?
Will it cometo an end sometime in the future?"

Cosmologydealswith distancesthat are very large, objects that are very
big, and timescalesthat are very long. Cosmologistsfrequertly nd that
the standard Sl units are not corveniert for their purposes:the meter (m)
is awkwardly short, the kilogram (kg) is awkwardly tiny, and the second
(s) is awkwardly brief. Fortunately, we can adopt the units which have been
dewelopedby astronomerdor dealingwith largedistances,massesand times.

One distance unit used by astronomersis the astronomical unit (AU),
equal to the mean distance between the Earth and Sun; in metric units,
1AU = 1.5£ 10" m. Although the astronomicalunit is a usefullength scale
within the Solar System,it is small comparedto the distancesbetweenstars.
To measureinterstellar distances,it is usefulto usethe parsec(pc), equal
to the distance at which 1AU subtendsan angle of 1 arcsecond;in metric
units, 1pc= 3:1£ 10**m. For example,we are at a distance of 1:3pc from
Proxima Certauri (the Sun'snearestneighbor amongthe stars) and 8500pc
from the certer of our Galaxy. Although the parsecis a useful length scale
within our Galaxy, it is small comparedto the distancesbetweengalaxies.
To measureintergalactic distances,it is usefulto usethe megaparse¢Mp c),
equalto 1P pc, or 3:1£ 10?>m. For example,we are at a distanceof 0:7 Mpc
from M31 (otherwiseknown asthe Andromedagalaxy) and 15Mpc from the
Virgo cluster (the nearestbig cluster of galaxies).

The standard unit of massusedby astronomersis the solar mass(M-);
in metric units, the Sun's massis 1M- = 2.0£ 10°*°kg. The total mass
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of our Galaxy is not known as accurately as the massof the Sun; in round
numbers, though, it is Mgy ¥4 102 M-. The Sun, incidertally, also provides
the standard unit of power usedin astronomny. The Sun's luminosity (that
is, the rate at which it radiates away energyin the form of light) is 1L- =
3:8£ 10*°watts. The total luminosity of our Galaxy is Lgs = 3:6£ 100L-.

For times much longer than a second,astronomersuse the year (yr),
de ned as the time it takesthe Earth to go once around the Sun. One
year is approximately equalto 3:2£ 10’s. In cosmologicalkortext, a yearis
frequertly aninconveniertly short period of time, socosmologistdrequertly
usegigayears(Gyr), equalto 1 yr, or 3:2£ 10'°s. For example,the ageof
the Earth is more corveniertly written as4:6Gyr than as1:5£ 10's.

In addition to dealing with very large things, cosmologyalso dealswith
very small things. Early in its history, as we shall see,the universe was
very hot and dense,and someinteresting particle physics phenomenawere
occurring. Consequetly, particle physicists have plunged into cosmology
introducing someterminology and units of their own. For instance, particle
physiciststend to measureenergyunits in electronvolts (eV) insteadof joules
(J). The conversionfactor betweenelectronvolts and joulesis 1eV = 1.6 £
10 *°J. The rest energyof an electron, for instance,is m¢c®> = 511,000eV =
0:511MeV, and the rest energyof a proton is mpc? = 9383 MeV.

When you stop to think of it, you realize that the units of meters,
megaparsecskilograms, solar massessecondsand gigayearscould only be
devised by ten- ngered Earthlings obsessedwith the properties of water.
An eighteen-tertacled silicon-basedlifeform from a planet orbiting Betel-
geusewould devisea di®erent set of units. A more universal, less cultur-
ally biased, system of units is the Planck system, basedon the universal
constarts G, ¢, and h. Combining the Newtonian gravitational constart,
G= 67£ 10 ' mikg s 2, the speedof light, c= 3:0£ 10®ms !, and the
reducedPlanck constart, h = h=2%) = 1:1£ 10 **Js= 6.6 £ 10 %eVs,
yields a unique length scale,known asthe Pland length:

A 1
e

b = = 1:6£ 10 *m:: (1.1)
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The sameconstarts can be combined to yield the Planck mass!

A 1o
hc .
Mp S = 2:2£ 10 8kg : (1.2)
and the Planck time,
A
. Gh .
tp = = 54£ 10 s (1.3)

Using Einstein's relation between massand energy we can also de ne the
Planck energy

Ep = Mpc? = 20£ 10°J = 1:2£ 10%eV: (1.4)

By bringing the Boltzmann constan, k = 8:6 £ 10 °eVKi !, into the act,
we can alsode ne the Planck temperature,

Te = Ep=k= 1:4£ 10K : (1.5)

When distance,mass,time, and temperature are measuredn the appropriate

Planck units, thenc= k = h = G = 1. This is corvenien for individuals who

have dixcult y in remenbering the numerical values of physical constarts.

Howeer, using Plandck units can have potertially confusingside e®ects.For

instance, many cosmologytexts, after noting that c = k = h = G =1

when Planck units are used,then proceedto omit c, k, h, and/or G from all

equations. For instance, Einstein's celebratedequation, E = mc?, becomes
E = m. The blatant dimensionalincorrectnessof suc an equationis jarring,

but it simply meansthat the rest energyof an object, measuredin units of

the Plandk energy is equalto its mass,measuredn units of the Planck mass.
In this book, howewer, | will retain all factors of c, k, h, and G, for the sake

of clarity.

In this book, we will be dealingwith distancesranging from the Planck
length to 10* Mpc or so, a spanof some61 ordersof magnitude. Dealing with
sudh a wide range of length scalesrequiresa stretch of the imagination, to
be sure. Howewer, cosmologistsare not permitted to let their imaginations
run totally unfettered. Cosmology | emphasizestrongly, is ultimately based

1The Planck massis roughly equal to the mass of a grain of sand a quarter of a
millimeter across.



Figure 1.2: The anciert Egyptian view of the cosmos:the sky goddessNut,
supported by the air god Shu, arches over the earth god Geb (from the
Green eld Papyrus, ca. 1025BC). [°c Copyright The British Museum]

on obsenation of the universearound us. Evenin ancient times, cosmology
was basedon obsenations; unfortunately, those obsenations werefrequertly

imperfect and incomplete. Ancient Egyptians, for instance, looked at the

desertplains stretching away from the Nile valley and the blue sky overhead.
Basedon their obsenations, they deweloped a model of the universein which

a‘at Earth (symbolizedby the earth god Gebin Figure 1.2) wascoveredby a
solid dome(symbolizedby the sky goddessNut). Greekcosmologywasbased
on more preciseand sophisticatedobsenations. Ancient Greek astronomers
deduced,from their obsenations, that the Earth and Moon are spherical,
that the Sun is much farther from the Earth than the Moon is, and that

the distance from the Earth to the stars is much greater than the Earth's

diameter. Based on this knowledge, Greek cosmologistsdevised a \t wo-

sphere” model of the universe,in which the spherical Earth is surrounded
by a much larger celestial sphere, a spherical shell to which the stars are
attached. Betweenthe Earth and the celestial sphere,in this model, the

Sun, Moon, and planets move on their complicated apparatus of epicycles
and defererts.

Although cosmologyis ultimately basedon obsenation, sometimesobser-
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vationstemporarily lag behindtheory. During periods whendata are lacking,

cosmologistamay adopt a new model for aestheticor philosophicalreasons.
For instance, when Copernicus proposeda new Sun-cettered model of the

universe,to replacethe Earth-certered two-spheremodel of the Greeks,he
didn't basehis model on new obsenational discoveries. Rather, he believed
that putting the Earth in motion around the Sunresultedin a conceptually
simpler, more appealingmodel of the universe. Direct obsenational evidence
didn't revealthat the Earth revolvesaround the Sun, rather than vice versa,
until the discovery of the aberration of starlight in the year 1728,nearly two

certuries after the death of Copernicus. Foucault didn't demonstratethe ro-

tation of the Earth, another prediction of the Copernican model, until 1851,
over three certuries after the death of Copernicus. Howewer, although obser-
vations sometimeslag behind theory in this way, every cosmologicalmodel

that isn't eventually supported by obsenational evidencemust remain pure

speculation.

The current standard modelfor the universeis the \Hot Big Bang" model,
which statesthat the universehasexpandedfrom an initially hot and dense
state to its current relatively cool and tenuousstate, and that the expansion
is still goingon today. To seewhy cosmologistshave enbracedthe Hot Big
Bangmodel, let usturn, in the next chapter, to the fundamertal obsenations
on which modern cosmologyis based.

Suggested reading

[Full referencesare givenin the \Annotated Bibliography" on page286.]

Cox (2000): Accurate valuesof physical and astronomical constars

Harrison (2000), ch. 1 { 4: A history of early (pre-Einstein) cosmology



Chapter 2

Fundamen tal Observ ations

Someof the obsenations on which modern cosmologyis basedare highly
complex,requiring elaborate apparatusand sophisticateddata analysis. How-
ever, other obsenations are surprisingly simple. Let's start with an obsena-
tion which is deceptive in its extreme simplicity.

2.1 The night sky is dark

Stepoutsideon a clear, moonlessnight, far from city lights, and look upward.

You will seea dark sky, with roughly two thousand stars scattered across
it. The fact that the night sky is dark at visible wavelengths, instead of
being uniformly bright with starlight, is known asOlbkers' Paradox after the

astronomerHeinrich Olbers, who wrote a scierti ¢ paper on the subject in

the year 1826. As it happens,Olberswasnot the rst personto think about

Olbers' Paradax. As early as 1576, Thomas Diggesmerntioned how strange
it is that the night sky is dark, with only a few pinpoints of light to mark
the location of stars’

Why should it be paradaical that the night sky is dark? Most of us
simply take for granted the fact that daytime is bright and nighttime is dark.
The darknessof the night sky certainly posedno problemsto the anciert
Egyptians or Greeks,to whom stars were points of light stuck to a domeor
sphere. Howewer, the cosmologicalmodel of Copernicus required that the

1The name \Olb ers' Paradox" is thus a prime example of what historians of science
jokingly call the law of misonomny: nothing is ever named after the person who really
discoversit.
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Figure 2.1: A star- lled sphericalshell, of radiusr and thicknessdr, certered
on the Earth.

distanceto stars be very much larger than an astronomical unit; otherwise,
the parallax of the stars, as the Earth goesaround on its orbit, would be
large enoughto seewith the naked eye. Moreover, since the Copernican
systemno longer requiresthat the stars be attached to a rotating celestial
sphere,the stars can be at di®eren distancesfrom the Sun. Theseliberating
realizationsled Thomas Digges,and other post-Copernican astronomers,to
embrace a model in which stars are large glowing spheres,like the Sun,
scatteredthroughout in nite space.

Let's compute how bright we expect the night sky to be in an in nite
universe. Let n be the averagenumber density of starsin the universe,and
let L be the averagestellar luminosity. The °ux received hereat Earth from
a star of luminosity L at a distancer is given by an inversesquarelaw:

L
f(0= 4

Now considera thin sphericalshell of stars, with radius r and thicknessdr,
certered on the Earth (Figure 2.1). The intensity of radiation from the shell
of stars (that is, the power per unit areaper steradian of the sky) will be

(2.1)

L
¢n ¢r2dr = "=dr - (2.2)

W)= &4
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The total intensity of starlight from a shellthus dependsonly onits thickness,
not on its distancefrom us. We can compute the total intensity of starlight
from all the starsin the universeby integrating over shellsof all radii:

J= dd = — dr=1: (2.3)

Thus, | have demonstratedthat the night sky is in nitely bright.

This is utter nonsense.

Therefore, one (or more) of the assumptionsthat wert into the above
analysis of the sky brightnessmust be wrong. Let's scrutinize someof the
assumptions.One assumptionthat | madeis that we have an unobstructed
line of sight to ewery star in the universe. This is not true. In fact, since
stars have a nite angular size as seenfrom Earth, nearby stars will hide
more distant stars from our view. Newvertheless,in an in nite distribution of
stars, every line of sight shouldend at the surfaceof a star; this would imply
a surfacebrightnessfor the sky equalto the surfacebrightnessof a typical
star. This is animprovemen on anin nitely bright sky, but is still distinctly
di®eren from the dark sky which we actually see. Heinrich Olbers himself
tried to resole Olbers' Paradak by proposingthat distant stars are hidden
from view by interstellar matter which absorbsstarlight. This resolution
will not work, becausethe interstellar matter will be heated by starlight
until it has the sametemperature as the surfaceof a star. At that point,
the interstellar matter emits as much light asit absorbs,and is glowing as
brightly asthe starsthemsehes.

A secondassumption| made is that the number density n and mean
luminosity L of stars are constant throughout the universe;more accurately
the assumptionmadein equation (2.3) is that the product nL is constart as
a function of r. This might not be true. Distant stars might be lessluminous
or lessnumerousthan nearby stars. If we arein a clump of starsof nite size,
then the absenceof stars at large distanceswill keepthe night sky from being
bright. Similarly, if distant stars are suzciently low in luminosity compared
to nearhy stars, they won't cortribute signi cantly to the sky brightness. In
order for the integrated intensity in equation (2.3) to be nite, the product
nL must fall o®morerapidly than nL / 1=rasr! 1 .

A third assumptionis that the universeis in nitely large. This might
not be true. If the universeonly extendsto a maximum distancer nax from
us, then the total intensity of starlight we seein the night sky will be J »
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nLr nax=(4%3. Note that this result will alsobe found if the universeis in nite
in space,but is dewid of stars beyond a distancer .

A fourth assumption,slightly more subtle than the previousones,is that
the universeis in nitely old. This might not be true. Sincethe speed of
light is nite, whenwe look farther out in space,we are looking farther out
in time. Thus, we seethe Sun asit was 8.3 minutes ago, Proxima Certauri
asit was4 yearsago,and M31 asit was2 million yearsago. If the universe
hasa nite agetg, the intensity of starlight we seeat night will be at most
J » nLcty=(4%). Note that this result will also be found if the universeis
in nitely old, but hasonly cortained stars for a nite time to.

A fth assumptionis that the °ux of light from a distant sourceis given
by the inversesquarelaw of equation (2.1). This might not be true. The
assumptionthat f / 1=r? would have seemedtotally innocuousto Olbers
and other nineteerth certury astronomers;after all, the inversesquarelaw
follows directly from Euclid's laws of geometry Howewer, in the twertieth
certury, Albert Einstein, that great questionerof assumptions,demonstrated
that the universemight not obey the laws of Euclideangeometry In addition,
the inversesquarelaw assumeshat the sourceof light is stationary relative
to the obsener. If the universeis systematically expanding or cortracting,
then the light from distant sourceswill be redshiftedto lower photon energies
or blueshiftedto higher photon energies.

Thus, the in nitely large, eternally old, Euclideanuniversewhich Thomas
Diggesand his successorpictured simply doesnot hold up to scrutiny. This
Is a textbook, not a suspensenovel, sol'll tell you right now: the primary
resolution to Olbers' Paradax comesfrom the fact that the universehas a
“nite age. The starsbeyond some nite distance,calledthe horizondistance,
are invisible to us becausetheir light hasn't had time to read us yet. A
particularly amusingbit of cosmologicalrivia is that the rst personto hint
at the correct resolution of Olbers' Paradax was Edgar Allen Poe? In his
essy \Eureka: A Prose Poem", completedin the year 1848, Poe wrote,
\W ere the successiorof stars endlessthen the badkground of the sky would
presen us an [sic] uniform densily ...since there could be absolutely no
point, in all that badkground, at which would not exist a star. The only
mode, therefore,in which, under sud a state of a®airs,we could comprehend
the voids which our telescogs nd in innumerabledirections, would be by
supposing the distance of the invisible badkground so immensethat no ray

2That's right, the \Nevermore" guy.
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from it hasyet beenable to read us at all.”

2.2 On large scales, the univ erse is isotropic
and homogeneous

What doesit meanto state that the universeis isotropic and homogeneous?
Saying that the universeis isotropic meansthat there are no preferreddirec-
tions in the universe;it looksthe sameno matter which way you point your
telesco. Saying that the universeis hom@en®us meansthat there are no
preferredlocationsin the universe;it looksthe sameno matter whereyou set
up your telescop. Note the very important quali er: the universeis isotropic
and homogeneou®n large sales In this cortext, \large scales"meansthat
the universeis only isotropic and homogeneou®n scalesof roughly 100Mpc
or more.

The isotropy of the universeis not immediately obvious. In fact, on small
scalesthe universeis blatantly anisotropic. Consider,for example,a sphere
3 meters in diameter, certered on your navel (Figure 2.2a). Within this
sphere,there is a preferred direction; it is the direction commonly referred
to as\down". It is easyto determinethe vector pointing down. Just let go
of a small denseobject. The object doesn't hover in midair, and it doesn't
move in a random direction; it falls down, toward the certer of the Earth.

On signi cantly larger scales,the universeis still anisotropic. Consider,
for example,a sphere3 AU in diameter, certered on your navel (Figure 2.2b).
Within this sphere,there is a preferreddirection; it is the direction pointing
toward the Sun, which is by far the most massive and most luminous object
within the sphere. It is easyto determine the vector pointing toward the
Sun. Just step outside on a sunry day, and point to that really bright disk
of light up in the sky.

On still large scales,the universeis still anisotropic. Consider, for ex-
ample, a sphere3 Mpc in diameter, certered on your navel (Figure 2.2c).
This spherecorntains the Local Group of galaxies,a small cluster of some40
galaxies. By far the most massive and most luminous galaxiesin the Local
Group are our own Galaxy and M31, which together cortribute about 86%of
the total luminosity within the 3 Mpc sphere. Thus, within this sphere,our
Galaxy and M31 de ne a preferreddirection. It is fairly easyto determine
the vector pointing from our Galaxy to M31; just step outside on a clear
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(b) 3 AU

Figure 2.2: (a) A sphere3 metersin diameter, certered on your navel. (b)
A sphere3 AU in diameter, certered on your navel. (c) A sphere3 Mpc
in diameter, certered on your navel. (d) A sphere200 Mpc in diameter,
certered on your navel. Shawn is the number density of galaxiessmaoothed
with a Gaussianof width 17 Mpc. The heavy contour is drawn at the mean
density; darker regions represem higher density, lighter regions represen
lower density (from Dekel et al. 1999,ApJ, 522,1, g. 2)
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night when the constellation Andromedais above the horizon, and point to
the fuzzy oval in the middle of the constellation.

It isn't until you getto considerablylarger scaleghat the universecanbe
consideredasisotropic. Considera sphere200Mpc in diameter, certered on
your navel. Figure 2.2d shaws a slicethrough sud a sphere,with superclus-
ters of galaxiesindicated asdark patches. The Perseus-Piscesuperclusteris
on the right, the Hydra-Certaurus superclusteris on the left, and the edgeof
the Comasuperclusteris just visible at the top of Figure 2.2d. Superclusters
are typically » 100Mpc along their longestdimensions,and are separated
by voids (low density regions)which are typically » 100Mpc across. These
are the largest structures in the universe,it seems;surveys of the universe
on still larger scalesdon't nd \superduperclusters".

On small scales,the universeis obviously inhomogeneouspr lumpy, in
addition to being anisotropic. For instance, a sphere3 metersin diameter,
certered on your navel, will have an averagedensity of » 100kgmi 3, in
round numbers. Howewer, the averagedensity of the universeas a whole is
Yo » 3£ 10 2’ kgmi 3. Thus, on a scaled » 3m, the patch of the universe
surrounding you is more than 28 orders of magnitude denserthan average.

On signi cantly larger scales,the universeis still inhomogeneous. A
sphere3 AU in diameter, certered on your navel, has an average density
of 4£ 10 >kgmi 3; that's 22 ordersof magnitude denserthan the averagefor
the universe.

On still larger scales,the universeis still inhomogeneous.A sphere3
Mpc in diameter, certered on your navel, will have an averagedensity of
» 3£ 10 2°kgmi 3, still an order of magnitude denserthan the universeasa
whole. It's only whenyou cortemplate a sphere» 100Mpc in diameter that
a spherecertered on your navel is not overdensecomparedto the universe
asawhole.

Note that homogeneiy doesnot imply isotropy. A sheetof paper printed
with stripes (Figure 2.3a) is homogeneou®n scaleslarger than the stripe
width, but it is not isotropic. The direction of the stripesprovidesa preferred
direction by which you can orient yourself. Note also that isotropy around
a single point doesnot imply homogeneiy. A sheetof paper printed with a
bullseye (Figure 2.3b) is isotropic around the certer of the bullseye, but is it
not homogeneousThe rings of the bullseye look di®eren far from the certer
than they do closeto the certer. You can tell whereyou are relative to the
certer by measuringthe radius of curvature of the nearestring.

In general,then, saying that somethingis homogeneouss quite di®erer
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Figure 2.3: (a) A pattern which is anisotropic, but which is homogeneousn
scaleslarger than the stripe width. (b) A pattern which is isotropic about
the origin, but which is inhomogeneous.

from saying it is isotropic. Howewver, modern cosmologistshave adopted
the cosmolaical principle, which states\There is nothing special about our
location in the universe." The cosmologicaprinciple holdstrue only on large
scales(of 100 Mpc or more). On smaller scales,your navel obviously is in
a special location. Most spheres3 meters acrossdon't cortain a sertient
being; most sphere3 AU acrossdon't cortain a star; most spheres3 Mpc
acrossdon't cortain a pair of bright galaxies. Howewver, most spheresover 100
Mpc acrossdo corntain roughly the samepattern of superclustersand voids,
statistically speaking. The universe,on scalesof 100 Mpc or more, appears
to be isotropic around us. Isotropy around any point in the universe,sud
as your navel, conmbined with the cosmologicalprinciple, implies isotropy
around ewery point in the universe;and isotropy around ewery point in the
universedoes imply homogeneiy.

The cosmologicalprinciple has the alternate name of the \Cop ernican
principle" asa tribute to Copernicus,who pointed out that the Earth is not
the certer of the universe. Later cosmologistsalsopointed out the Sunis not
the certer, that our Galaxy is not the certer, and that the Local Group is
not the certer. In fact, there is no certer to the universe.
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2.3 Galaxies show a redshift prop ortional to
their distance

When we look at a galaxy at visible wavelengths,we are primarily detecting
the light from the stars which the galaxy cortains. Thus, when we take
a galaxy's spectrum at visible wavelengths,it typically cortains absorption
lines createdin the stars' relatively cool upper atmospheres. Supposewe
consider a particular absorption line whose wavelength, as measuredin a
laboratory hereon Earth, is , .m. The wavelength we measurefor the same
absorption line in a distant galaxy's spectrum, , o», Will not, in general,be
the same.We sa that the galaxy hasa redshift z, given by the formula

77 ,0b i ,em: (2.4)
s em
Strictly speaking,whenz < 0, this quantity is called a blueshift, rather than
a redshift. Howewer, the vast majority of galaxieshave z > 0.

The fact that the light from galaxiesis generally redshifted to longer
wavelengths,rather than blueshiftedto shorter wavelengths,was not known
until the twertieth certury. In 1912 VestoSlipher, at the Lowell Obsenatory,
measuredthe shift in wavelength of the light from M31; this galaxy, as it
turns out, is one of the few which exhibits a blueshift. By 1925, Slipher
had measuredthe shifts in the spectral lines for approximately 40 galaxies,
‘nding that they were nearly all redshifted; the exceptionswere all nearby
galaxieswithin the Local Group.

By 1929,enoughgalaxy redshifts had beenmeasuredfor the cosmologist
Edwin Hubble to make a study of whether a galaxy's redshift depends on
its distance from us. Although measuringa galaxy's redshift is relatively
easy and can be donewith high precision,measuringits distanceis ditcult.
Hubble knew z for nearly 50 galaxies,but had estimated distancesfor only
20 of them. Newertheless,from a plot of redshift (z) versusdistance (r),
reproducedin Figure 2.4, he found the famouslinear relation now known as
Hubble's Law: H

zZ= ?Or ; (2.5)
whereH, is a constart (now calledthe Hubble constart). Hubble interpreted
the obsened redshift of galaxiesas being a Doppler shift due to their radial

3Galaxies cortaining active galactic nuclei will also show emission lines from the hot
gasin their nuclei.
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Figure 2.4: Edwin Hubble's original plot of the relation between redshift
(vertical axis) and distance (horizontal axis). Note that the vertical axis
actually plots cz rather than z { and that the units are acciderally written
as km rather than km/s. (from Hubble 1929, Proc. Nat. Acad. Sci., 15,
168)
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Figure 2.5: A more modern version of Hubble's plot, shaving cz versus
distance. In this case,the galaxy distanceshave been determined using
Cepheidvariable stars as standard candles,asdescrited in Chapter 6. (from
Freedman,et al. 2001,ApJ, 553,47)

velocity away from Earth. Sincethe valuesof z in Hubble's analysiswere all
small (z < 0:04), he was able to usethe classical,nonrelativistic relation for
the Doppler shift, z = v=¢ wherev is the radial velocity of the light source
(in this case,a galaxy). Interpreting the redshiftsasDoppler shifts, Hubble's
law takesthe form

v = Hor : (2.6)

Sincethe Hubble constart Hy can be found by dividing velocity by distance,
it is customarily written in the rather baroque units of kms' *Mpc' 1. When
Hubble rst discoveredHubble's Law, he thought that the numerical value of
the Hubble constart wasHo = 500kmsi *Mpci ! (seeFigure 2.4). Howe\er,
it turned out that Hubble was seerely underestimating the distancesto
galaxies.

Figure 2.5 shons a more recent determination of the Hubble constart
from nearby galaxies, using data obtained by (appropriately enough) the
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Figure 2.6: A triangle de ned by three galaxiesin a uniformly expanding
universe.

Hubble SpaceTelescop. The best current estimate of the Hubble constan,
combining the results of di®eren researt groups,is

Ho= 708 7kms *Mpc *: (2.7)

This is the value for the Hubble constart that | will usein the remainder of
this book.

Cosmologicalinnocerts sometimesexclaim, when rst encourering Hub-
ble's Law, \Surely it must be a violation of the cosmologicalprinciple to
have all those distant galaxiesmoving away from us! It looks asif we are
at a special location in the universe{ the point away from which all other
galaxiesare °eeing." In fact, what we seeherein our Galaxy is exactly what
you would expect to seein a universewhich is undergoinghomogeneousnd
isotropic expansion. We seedistant galaxiesmoving away from us; but ob-
senersin any other galaxy would alsoseedistant galaxiesmoving away from
them.

To seeon a more mathematical level what we mean by homogeneous,
Isotropic expansion,considerthree galaxiesat positionst, t», and 3. They
de ne a triangle (Figure 2.6) with sidesof length

ro ~ jRi £ (2.8)
ras = Jfoi £ (2.9)
rss = jfsi fj: (2.10)
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Homogeneousand uniform expansionmeansthat the shape of the triangle
is presened as the galaxiesmove away from ead other. Maintaining the
correctrelative lengthsfor the sidesof the triangle requiresan expansionlaw
of the form

riz(t) = a(t)riz(to) (2.11)
ra3(t) = a(t)ras(to) (2.12)
rsi(t) = a(t)raa(to) : (2.13)

Here the function a(t) is a sale factor which is equalto one at the presert
momert (t = tp) and which is totally independert of location or direction.
The scalefactor a(t) tells us how the expansion(or possibly cortraction) of
the universedependson time. At any time t, an obsener in galaxy 1 will
seethe other galaxiesrecedingwith a speed

dr a

Via(t) = S50 = @nalto) = _Taalt) (2.14)
dr a

vay(t) = d—il = ars(to) = 5731(0 : (2.15)

You can easily demonstrate that an obsener in galaxy 2 or galaxy 3 will
‘nd the samelinear relation betweenobsened recessiorspeedand distance,
with a=a playing the role of the Hubble constart. Sincethis argumert can
be applied to any trio of galaxies,it implies that in any universewherethe
distribution of galaxiesis undergoinghomogeneousisotropic expansion,the
velocity { distancerelation takesthe linear form v = Hr, with H = a=a
If galaxiesare currently moving away from ead other, this implies they
were closertogether in the past. Considera pair of galaxiescurrertly sep-
arated by a distancer, with a velocity v = Hyr relative to eat other. If
there are no forcesacting to accelerateor deceleratetheir relative motion,
then their velocity is constart, and the time that haselapsedsincethey were
in cortact is ; ; L
_r_r 1.
to = v Hor H (2.16)
independert of the currert separationr. The time Hj ! is referredto asthe
Hubbletime. For Ho = 708 7kms *Mpc' !, the Hubble time is Hj! =
1408 1:4Gyr. If the relative velocities of galaxieshave beenconstart in the
past, then oneHubble time ago,all the galaxiesin the universewerecrammed
togetherinto a small volume. Thus, the obsenation of galactic redshiftslead



20 CHAPTER 2. FUNDAMENTAL OBSERVATIONS

naturally to a Big Bang model for the ewlution of the universe. A Big Bang
model may be broadly de ned asa modelin which the universeexpandsfrom
an initially highly densestate to its current low-density state.

The Hubble time of » 14Gyr is comparableto the agescomputed for
the oldestknown starsin the universe. This rough equivalenceis reassuring.
Howeer, the ageof the universe{ that is, the time elapsedsinceits original
highly densestate { is not necessarilyexactly equal to the Hubble time.
We know that gravity exists, and that galaxiescortain matter. If gravity
working on matter is the only forceat work onlarge scalesthen the attractiv e
force of gravity will act to slow the expansion. In this case,the universe
was expandingmore rapidly in the past than it is now, and the universeis
youngerthan Hj 1. On the other hand, if the energydensity of the universe
is dominated by a cosmologicalconstart (an ertity which we'll examinein
more detail in Chapter 4), then the dominant gravitational forceis repulsive,
and the universemay be older than Hj ™.

Just as the Hubble time provides a natural time scalefor our universe,
the Hubble distance, c=H, = 43008 400Mpc, provides a natural distance
scale. Just asthe age of the universeis roughly equalto Hj* in most Big
Bang models,with the exactvalue dependingon the expansionhistory of the
universe,so the horizon distance (the greatestdistancea photon can travel
during the ageof the universe)is roughly equalto c=H,, with the exactvalue,
again, depending on the expansionhistory. (Later chapters will deal with
computing the exact valuesof the ageand horizon size of our universe.)

Note how Hubble's Law ties in with Olbers' Paradak. If the universeis
of "nite age,to » H{*, then the night sky can be dark, evenif the universe
is in nitely large, becauselight from distant galaxieshas not yet had time
to reach us. Galaxy surveystell usthat the luminosity density of galaxiesin
the local universeis

nL ¥%42£ 10°L- Mpci 3 : (2.17)

By terrestrial standards,the universeis not a well-lit place;this luminosity

density is equivalernt to a single 40 watt light bulb within a spherel AU in
radius. If the horizon distanceis dnor » C=Hy, then the total °ux of light we
receiwe from all the stars from all the galaxieswithin the horizon will be

Zy, oo 1
I:gal = 41/4Jgal YanL dr » nL —
0 Ho
» 9f 10"L- Mpc 2» 2£ 10 *'L- AU 2: (2.18)
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By the cosmologicalprinciple, this is the total °ux of starlight you would
expect at any randomly located spot in the universe. Comparing this to the
°ux we receiwe from the Sun,

1L-
4v,AU?

we nd that Fgy=Fsn » 3£ 10 . Thus, the total °ux of starlight at a
randomly selectedlocation in the universeis lessthan a billionth the °ux of
light we receiwe from the Sun hereon Earth. For the ertire universeto be as
well-lit asthe Earth, it would have to be over a billion times older than it is;
and you'd have to keepthe stars shining during all that time.

Hubble's Law occurs naturally in a Big Bang model for the universe,in
which homogeneousand isotropic expansioncauseghe density of the universe
to decreasesteadily from its initial high value. In a Big Bang model, the
propertiesof the universeewlve with time; the averagedensity decreaseshe
mean distance betweengalaxiesincreasesand so forth. Howewer, Hubble's
Law canalsobe explainedby a Steady State model. The Steady State model
was rst proposedin the 1940's by Hermann Bondi, Thomas Gold, and
Fred Hoyle, who were proponerts of the perfect cosmolaical principle, which
statesthat not only are there no privileged locationsin space,there are no
privileged momerts in time. Thus, a Steady State universeis onein which
the global properties of the universe,sud asthe meandensity ¥ and the
Hubble constart Hg, remain constart with time.

In a Steady State universe,the velocity { distancerelation

dr

— = Hor 2.20
5 = Ho (2.20)
can be easily integrated, sinceH, is constart with time, to yield an expo-

nertial law:

Y, 0:.08L- AU 2 ; (2.19)

Fsun =

r(t) / etot: (2.21)

Note that r I O only in the limit t ! 1 ; a Steady State universeis
in nitely old. If there existedan instant in time at which the universestarted
expanding (as in a Big Bang model), that would be a special momert, in
violation of the assumed\p erfect cosmologicalprinciple”. The volume of a
spherical region of space,in a Steady State model, increasesexponertially
with time:

1
V = %/“ﬁ/ ot . (2.22)



22 CHAPTER 2. FUNDAMENTAL OBSERVATIONS

Howewer, if the universeis in a steady state, the density of the spheremust
remain constari. To have a constart density of matter within a growing
volume, matter must be cortinuously createdat a rate

M= Y%\ = %3HoV ¢ (2.23)

If our own universe,with matter density ¥ » 3£ 10 2’ kgmi 3, happenedto
be a Steady State universe,then matter would have to be createdat a rate

Mss
\Y,

This correspndsto creating roughly one hydrogenatom per cubic kilometer
per year.

During the 1950sand 1960s,the Big Bang and Steady State models bat-
tled for supremacy Critics of the Steady State model pointed out that the
cortinuouscreation of matter violates mass-energyonsenation. Supporters
of the Steady State model pointed out that the cortinuouscreation of matter
IS no more absurdthat the instantaneouscreation of the ertire universein a
single\Big Bang" billions of yearsago? The Steady State model nally fell
out of favor when obsenational evidenceincreasinglyindicated that the per-
fect cosmologicalprinciple is not true. The properties of the universedo, in
fact, changewith time. The discovery of the CosmicMicrowave Badkground,
discussedelow in section2.5,is commonlyregardedasthe obsenation which
decisiwely tipp ed the scalesin favor of the Big Bang model.

= 3Ho% » 6£ 10 kgmi 3Gyri ! : (2.24)

2.4 The univ erse contains di®erent types of
particles

It doesn't take a brilliant obsener to con rm that the universecortains a
large variety of di®eren things: ships, shces, sealingwax, cabbageskings,
galaxies,and what have you. From a cosmologist'sviewpoint, though, cab-
bagesand kings are nearly indistinguishable { the main di®erencebetween
them is that the meanmassper king is greaterthan the meanmassper cab-
bage. From a cosmologicaliewpoint, the mostsigni cant di®erenceéetween
the di®erem componerts of the universeis that they are made of di®erer
elemenary particles. The properties of the most cosmologicallyimportant

4The name\Big Bang" was actually coined by Fred Hoyle, a supporter of the Steady
State model.
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Table 2.1: Particle Properties

particle symbol rest energy(MeV) charge
proton p 938.3 +1
neutron n 939.6 0
electron e 0.511 -1
neutrino 06,9:.,°, ? 0
photon ° 0 0
dark matter ? ? 0

particles are summarizedin Table 2.1.

The material objects which surroundusduring our everyday life are made
of protons neutrons, and electrons® Protons and neutronsare both examples
of baryons where a baryon is de ned as a particle made of three quarks. A
proton (p) cortains two \up" quarks, ead with an electrical chargeof +2=3,
and a \down" quark, with chargej 1=3. A neutron (n) contains one \up"
quark and two \down" quarks. Thus a proton has a net positive charge
of +1, while a neutron is electrically neutral. Protons and neutrons also
di®erin their mass{ or equivalertly, in their rest energies.The proton mass
is mpc® = 9383MeV, while the neutron massis m,c? = 9396MeV, about
0.1%greater. Freeneutronsare unstable,deca/ing into protonswith a deca
time of ¢, = 940s, about a quarter of an hour. By cortrast, experimens
have put a lower limit on the deca time of the proton which is very much
greater than the Hubble time. Neutrons can be presened againstdecg by
binding them into an atomic nucleuswith one or more protons.

Electrons (el ) are examplesof leptons a classof elemenary particles
which are not made of quarks. The massof an electron is much smaller
than that of a neutron or proton; the rest energy of an electronis mec? =
0:511MeV. An electronhasan electric chargeequalin magnitudeto that of
a proton, but opposite in sign. On large scales,the universeis electrically
neutral; the number of electronsis equalto the number of protons. Sincepro-
tons outmasselectronsby a factor of 1836to 1, the massdensity of electrons
is only a small perturbation to the massdensity of protons and neutrons.
For this reason,the componert of the universemade up of ions, atoms, and
moleculesis generallyreferredto as baryonic matter, sinceonly the baryons
(protons and neutrons) cortribute signi cantly to the massdensity. Protons

SFor that matter, we ourselves are made of protons, neutrons, and electrons.
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and neutrons are 800-pound gorillas; electronsare only 7-ouncebushbabies.

About three-fourths of the baryonic matter in the universeis currently in
the form of ordinary hydrogen,the simplestof all elemerts. In addition, when
we look at the remainder of the baryonic matter, it is primarily in the form
of helium, the next simplest elemen. The Sun's atmosphere,for instance,
cortains 70%hydrogenby mass,and 28% helium; only 2% s cortributed by
more massive atoms. When astronomerdook at a wide rangeof astronomical
objects{ starsand interstellar gasclouds,for instance{ they nd aminimum
helium massfraction of 24%. The baryonic componert of the universecan
be described, to lowest order, as a mix of three parts hydrogento one part
helium, with only minor cortamination by heavier elemers.

Another type of lepton, in addition to the electron, is the neutrino (°).
The most poetic summary of the properties of the neutrino was made by
John Updike, in his poem \Cosmic Gall"®:

Neutrinos, they are very small.

They have no charge and have no mass
And do not interact at all.

The earth is just a silly ball

To them, through which they simply pass,
Like dustmaidsdown a drafty hall

Or photonsthrough a sheetof glass.

In truth, Updike was using a bit of poetic licensehere. It is de nitely true
that neutrinos have no charge! Howeer, it is not true that neutrinos \do
not interact at all'; they actually are able to interact with other particles
via the weak nuclear force. The weak nuclear force, though, is very weak
indeed; a typical neutrino emitted by the Sun would have to passthrough
a few parsecsof solid lead before having a 50% chanceof interacting with a
lead atom. Since neutrinos passthrough neutrino detectorswith the same
facility with which they passthrough the Earth, detecting neutrinos from
astronomical sourcesis dixcult.

There arethreetypes,or \°a vors", of neutrinos: electronneutrinos, muon
neutrinos, and tau neutrinos. What Updike didn't know in 1960, when he
wrote his poem,is that someor all of the neutrino typesprobably have a small

8From COLLECTED POEMS 1953-1993by John Updike, °c 1993 by John Updike.
Used by permissionof Alfred A. Knopf, a division of Random House, Inc.
"Their name, given them by Enrico Fermi, meansl\little neutral one" in Italian.



2.4. TYPES OF PARTICLES 25

mass. The evidencefor massie neutrinos comesindirectly, from the seart
for neutrino oscillations. An \oscillation" is the transmutation of one °avor
of neutrino into another. The rate at which two neutrino °avors oscillate is
proportional to the di®erenceof the squaresof their masses.Obsenations of
neutrinos from the Sun are most easily explainedif electron neutrinos (the
°avor emitted by the Sun) oscillate into someother °avor of neutrino, with
the di®erencen the squaresof their masseseing ¢( m2c*) %4 5£ 10 SeV2,
Obsenations of muon neutrinos created by cosmicrays striking the upper
atmosphereindicate that muon neutrinos oscillate into tau neutrinos, with
¢(mac?) v 3£ 10 3eV? for thesetwo °avors. Unfortunately, knowing the
di®erencesf the squaresf the massesloesn't tell usthe valuesof the masses
themseles.

A patrticle which is known to be masslesss the photon Electromagnetic
radiation canbe thought of either asa wave or asa streamof particles, called
photons. Light, when regardedas a wave, is characterizedby its frequency
f orits wavelength, = c=f. When light is regardedas a stream of photons,
eat photon is characterizedby its energy E- = hf , whereh = 2¥h is the
Plandck constart. Photons of a wide range of energy from radio to gamma
rays, pervade the universe. Unlike neutrinos, photons interact readily with
electrons, protons, and neutrons. For instance, photons can ionize an atom
by kicking an electron out of its orbit, a processknown as photoionization
Higher energyphotons can break an atomic nucleusapart, a processknown
as photaissaiation.

Photons, in general,are easily created. One way to make photonsis to
take a dense,opaqueobject { sucd asthe Tament of an incandescen light-
bulb { and heat it up. If an object is opaque,then the protons, neutrons,
electrons,and photonswhich it cortains frequenly interact, and attain ther-
mal equilibrium. When a systemis in thermal equilibrium, the density of
photonsin the system,as a function of photon energy dependsonly on the
temperature T. It doesn't matter whetherthe systemis a tungsten lament,
or an ingot of steel, or a sphereof ionized hydrogen and helium. The en-
ergy density of photonsin the frequencyrangef ! f + d is given by the
blackledy function

8v/h f3d _
3 exphf=kT)j 1°

illustrated in Figure 2.7. The peak in the blackbody function occurs at
hf peax ¥4 2:82KT. Integrated over all frequencies,equation (2.25) yields a

“(F)d =

(2.25)
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Figure 2.7: The energydistribution of a blackbody spectrum.

=
N

total energydensity for blackbody radiation of
"o = @T*; (2.26)
where
_ Ak
~ 15R3c3
The number density of photonsin blackbody radiation canbe computedfrom
equation (2.25) as

= 7:56£ 10 ®*Jmi 3Ki 4 : (2.27)

n.="T3%; (2.28)

where
— 2404 k3
IRV NS
Division of equation(2.26) by equation (2.28) yields a meanphoton energyof
Emean = hf mean ¥4 2:70KT, closeto the peakin the spectrum. You have atem-
perature of 310K, and you radiate an approximate blackbody spectrum, with
a meanphoton energyof E ean ¥4 0:072eV, correspnding to a wavelengthof
. Yal:7£ 10 °m, in the infrared. By cortrast, the Sun producesan approx-
imate blackbody spectrum with a temperature T- % 5800K. This implies

= 2:03£ 10'mi 3Ki 3 : (2.29)
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a mean photon energy E mean ¥4 1:3€V, correspndingto , ¥4 9:0£ 10 'm,
in the nearinfrared. Note, howeer, that although the meanphoton energy
in a blackbody spectrum is » 3KT, Figure 2.7 shows us that there is a long
exponertial tail to higher photon energies.A large fraction of the Sun'sout-
put is at wavelengthsof (4! 7)£ 10 “m, which our eyesare equipped to
detect.

The most mysterious componert of the universeis dark matter. When
obsenational astronomersrefer to dark matter, they usually meanany mas-
sive componert of the universewhich is too dim to be detectedreadily using
current technology Thus, stellar remnarts sud as white dwarfs, neutron
stars, and bladk holes are sometimesreferred to as dark matter, since an
isolated stellar remnart is extremely faint and ditcult to detect. Substellar
objects sud asbrown dwarfs are alsoreferredto asdark matter, sincebrown
dwarfs, too low in massfor nuclear fusion to occur in their cores,are very
dim. Theoretical astronomerssometimesuse a more stringernt de nition of
dark matter than obsenersdo, de ning dark matter asany massive compo-
nert of the universewhich doesn't emit, absorb, or scatter light at all.® If
neutrinos have mass, for instance, as the recert neutrino oscillation results
indicate, they qualify as dark matter. In someextensionsto the Standard
Model of particle physics, there exist massiwe particles which interact, like
neutrinos, only through the weak nuclear force and through gravity. These
particles, which have not yet beendetectedin the laboratory, are generically
referredto as Weakly Interacting Massiwe Particles, or WIMPs.

In this book, | will generallyadopt the broaderde nition of dark matter
assomethingwhich is too dim for usto see,evenwith our bestavailable tech-
nology Detecting dark matter is, naturally, dixcult. The standard method
of detecting dark matter is by measuringits gravitational e®ecton luminous
matter, just as the planet Neptune was rst detected by its gravitational
e®ecton the planet Uranus. Although Neptune no longer quali es as dark
matter, obsenations of the motions of stars within galaxiesand of galaxies
within clustersindicate that there's a signi cant amourt of dark matter in
the universe. Exactly how much there is, and what it's madeof, is a topic of
great interest to cosmologists.

8Using this de nition, an alternate namefor dark matter might be\transparent matter"
or \invisible matter". Howewer, the name \dark matter" has received the sanction of
history.
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2.5 The universeis lled with a Cosmic Mi-
crowave Background

The discovery of the Cosmic Microwave Badkground (CMB) by Arno Pen-
zias and Robert Wilson in 1965 has entered cosmologicalfolklore. Using a
microwave antenna at Bell Labs, they found an isotropic badkground of mi-
crowave radiation. More recerly, the CosmicBadkground Explorer (COBE)
satellite hasrevealedthat the Cosmic Microwave Badkground is exquisitely
well tted by a blackbody spectrum (equation 2.25) with a temperature

To = 2:7258 0:.001K : (2.30)
The energydensity of the CMB is, from equation (2.26),
"o = 417£ 10 ¥Imi 3 (2.31)

This is equivalert to roughly a quarter of an MeV per cubic meter of space.
The number density of CMB photonsis, from equation (2.28),

ne = 411£ 16fmi 3 : (2.32)

Thus, there are about 411 CMB photons in ewery cubic certimeter of the
universeat the presen day. The meanenergyof CMB photons, howeer, is
quite low, only

Emean = 6:34£ 10 %eV: (2.33)

This is too low in energyto photoionizean atom, much lessphotodissciate
a nucleus. About all they do, from a terrestrial point of view, is causestatic
on television. The mean CMB photon energy correspndsto a wavelength
of 2 millimeters, in the microwave region of the electromagneticspectrum {
hencethe name\Cosmic MicrowaveBadkground".

The existenceof the CMB is a very important cosmologicalclue. In
particular, it is the clue which causedthe Big Bang model for the universe
to be favored over the Steady State model. In a Steady State universe,the
existenceof blackbody radiation at 2:725K is not easily explained. In a Big
Bang universe,however, a cosmicbadkground radiation arisesnaturally if the
universewasinitially very hot aswell asbeingvery dense.If massis consenred
in an expandinguniverse,then in the past, the universewas denserthan it
is now. Assumethat the early denseuniversewas very hot (T A 10°K, or
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kT A 1eV). At sud high temperatures,the baryonic matter in the universe
was completelyionized, and the free electronsrenderedthe universeopaque.
A dense,hot, opaquebody, asdescribed in Section2.4, producesblackbody
radiation. So, the early hot denseuniversewas full of photons, banging o®
the electronslike balls in a pinball madine, with a spectrum typical of a
blackbody (equation 2.25). Howewer, as the universe expanded,it cooled.
When the temperature dropped to » 3000K, ions and electronsconbined
to form neutral atoms. When the universeno longer cortained a signi cant
number of free electrons, the blackbody photons started streaming freely
through the universe,without further scattering o®free electrons.

The blackbody radiation that lls the universetoday can be explained
as a relic of the time when the universewas suxciently hot and denseto
be opaque. Howeer, at the time the universebecametransparert, its tem-
perature was » 3000K. The temperature of the CMB today is 2:725K, a
factor of 1100lower. The drop in temperature of the blackbody radiation is
a direct consequencef the expansionof the universe. Considera region of
volumeV which expandsat the samerate asthe universe,sothat V / a(t)3.
The bladkbody radiation in the volume can be thought asa photon gaswith
energydensity "- = ®T*. Moreover, sincethe photonsin the volume have
momertum aswell asenergy the photon gashasa pressure;the pressureof
a photon gasis P- = "-=3. The photon gaswithin our imaginary box must
follow the laws of thermodynamics;in particular, the boxful of photons must
obey the rst law

dQ = dE + PdV ; (2.34)

wheredQ is the amourt of heat °owing into or out of the photon gasin the
volume V, dE is the changein the internal energy P is the pressure,and
dV is the changein volume of the box. Since,in a homogeneousiniverse,
there is no net °ow of heat (everything's the sametemperature, after all),
dQ = 0. Thus, the rst law of thermodynamics, applied to an expanding
homogeneousiniverse,is

dE dv

— =i P(t)—: 2.35

=1 PO (2.35)
Since,for the photonsof the CMB, E = "-V = ®T4V andP = P- = ®T4=3,
equation (2.35) can be rewritten in the form

A !
dT dv 1 dv

3V 4~ Y - . = 42 Y
® 4T3V T = SET (2.36)
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or
1dT . 1dv

Tdt ~ '3vadt®
Howewer, sinceV / a(t)® asthe box expands,this meansthat the rate in
changeof the photons' temperature is related to the rate of expansionof the

universeby the relation

(2.37)

%(In T) = %(In a) : (2.38)

This implies the simplerelation T(t) / a(t)' !; the temperature of the cosmic
badground radiation has dropped by a factor of 1100 since the universe
becametransparert becausehe scalefactor a(t) hasincreasedby a factor of
1100sincethen. What we now seeas a Cosmic Microwave Badkground was
once, at the time the universebecametransparert, a Cosmic Near-Infr ared
Bacdkground, with a temperature slightly cooler than the surfaceof the star
Betelgeuse.

The evidencecited so far can all be explained within the framework of
a Hot Big Bang model, in which the universewas originally very hot and
very dense,and sincethen has beenexpandingand cooling. The remainder
of this book will be dewted to working out the details of the Hot Big Bang
model which best ts the universein which we live.

Suggested reading

[Full referencesare given in the \Annotated Bibliography" on page286.]

Bernstein (1995): The \Microp edia" which begins this text is a useful
overview of the cortents of the universe and the forceswhich work
on them

Harrison (1987): The de nitiv e treatment of Olbers' paradax

Problems

(2.1) Supposethat in Sherwood Forest, the averageradius of a tree is R =
1m and the averagenumber of trees per unit areais § = 0:005mi 2.
If Robin Hood shoots an arrow in a random direction, how far, on
average,will it travel beforeit strikesa tree?
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(2.2) Supposeyou arein an in nitely large,in nitely old universein which
the averagedensity of starsis n, = 10° Mpc' ® and the averagestellar
radius is equal to the Sun'sradius: R, = R- = 7£ 1®m. How far,
on average, could you seein any direction before your line of sigh
struck a star? (Assume standard Euclidean geometry holds true in
this universe.) If the stars are clumped into galaxieswith a density
ng = 1Mpc' ® and averageradius Ry = 2000pc, how far, on average,
could you seein any direction beforeyour line of sight hit a galaxy?

(2.3) Sinceyou are mademostly of water, you are very excient at absorbing
microwave photons. If you were in intergalactic space,approximately
how many CMB photonswould you absorbper second?(If youlike, you
may assumeyou are spherical.) What is the approximate rate, in watts,
at which you would absorbradiative energyfrom the CMB? Ignoring
other energyinputs and outputs, how long would it take the CMB to
raiseyour temperature by onenanoKelvin (10' °K)? (You may assume
your heat capacity is the sameas pure water, C = 4200Jkg' *K' 1))

(2.4) Supposethat the di®erencebetween the square of the massof the
electronneutrino andthat of the muon neutrino hasthe value[m(°: )?;
m(°.)?c* = 5£ 10 SeV?, and that the di®erencebetweenthe square
of the massof the muon neutrino and that of the tau neutrino hasthe
value [m(°,)% | m(°.)?]c* = 3£ 10 2eVA. (This is consisten with the
obsenational results discussedn section2.4.) What valuesof m(°,),
m(°.), and m(°,) minimize the summ(®¢) + m(°. )+ m(°,), giventhese
constrains?

(2.5) A hypothesisonce usedto explain the Hubble relation is the \tired
light hypothesis". The tired light hypothesisstatesthat the universe
is not expanding, but that photons simply lose energy as they move
through space(by someunexplainedmeans),with the energylossper
unit distancebeing given by the law

— = j KE; 2.

ar ; (2.39)
where K is a constart. Show that this hypothesis gives a distance-
redshift relation which islinear in the limit z ¢ 1. What must the value
of K bein orderto yield a Hubble constart of Ho = 70kms *Mpc 1?



Chapter 3

Newton Versus Einstein

On cosmologicalscales(that is, on scalesgreater than 100 Mpc or so), the
dominant forcedeterminingthe ewlution of the universeis gravity. The weak
and strong nuclear forcesare short-rangeforces;the weak force is e®ectie
only on scalesof °,, » 10 ¥ m or less,and the strong force on scalesof “s »
10 ™ m or less. Both gravity and electromagnetismare long rangeforces. On
small scales,gravity is negligibly small comparedto electromagneticforces;
for instance,the electrostatic repulsionbetweena pair of protonsis larger by
afactor » 10°® than the gravitational attraction betweenthem. However, on
large scales the universeis electrically neutral, sothere are no electrostatic
forceson large scales.Moreover, intergalactic magnetic elds are suzciently
small that magnetic forces are also negligibly tiny on cosmologicalscales.
Ironically then, gravity { the wealest of all forcesfrom a particle physics
standpoint { is the force which determinesthe ewlution of the universeon
large scales.

Note that in referring to gravity as a force, | am implicitly adopting
a Newtonian viewpoint. In physics, there are two useful ways of looking
at gravity { the Newtonian, or classical,viewpoint and the Einsteinian, or
generalrelativistic, viewpoint. In Isaac Newton's view, as formulated by
his Laws of Motion and Law of Gravity, gravity is a force which causes
massive bodies to be accelerated. By contrast, in Einstein's view, gravity
is a manifestation of the curvature of space-time. Although Newton's view
and Einstein's view are conceptually very di®eren, in most cosmological
cortexts they yield the samepredictions. The Newtonian predictions di®er
signi cantly from the predictionsof generalrelativity only in the limit of deep
potential minima (to useNewtonianlanguage)or strong spatial curvature (to

32
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usegeneralrelativistic language).In theselimits, generalrelativity yieldsthe
correct result.

In the limit of shallonv potential minima and weak spatial curvature, it
is permissibleto switch badk and forth betweena Newtonian and a general
relativistic viewpoint, adopting whichewer one is more cornveniert. | will
frequertly adopt the Newtonian view of gravity in this book because,in
many cortexts, it is mathematically simpler and conceptually more familiar.
The questionof why it is possibleto switch bad and forth betweenthe two
very di®eren viewpoints of Newton and Einstein is an intriguing one, and
desenescloserinvestigation.

3.1 Equiv alence principle

In Newton's view of the universe, spaceis unchanging and Euclidean. In
Euclidean, or \°at", space,all the axioms and theoremsof plane geometry
(ascodi ed by Euclid in the third certury BC) hold true. In Euclideanspace,
the shortestdistance betweentwo points is a straight line, the anglesat the
verticesof atriangle sumto Yaradians,the circumferenceof a circleis 2%itimes
its radius, and soon, through all the other axiomsand theoremsyou learned
in high sdool geometry In Newton's view, moreover, an object with no net
forceacting on it movesin a straight line at constart speed. Howewer, when
we look at objects in the Solar Systemsud as planets, moons, comets,and
asteroids,we nd that they move on curved lines, with constartly changing
speed. Why is this? Newton would tell us, \Their velocities are changing
becausehere is a force acting on them; the force called gravity."

Newton deviseda formula for computing the gravitational force between
two objects. Every object in the universe,said Newton, hasa property which
we may call the \gravitational mass". Let the gravitational massesof two
objects be My and my, and let the distance betweentheir certers ber. The
gravitational force acting betweenthe two objects (assumingthey are both
spherical)is

GMgm
F:iirg d .

(3.2)
The negative sign in the above equation indicatesthat gravity, in the New-
tonian view, is always an attractiv e force, tending to draw two bodies closer
together.
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What is the accelerationwhich resultsfrom this gravitational force? New-
ton had somethingto say about that, aswell. Every object in the universe,
said Newton, has a property which we may call the \inertial mass". Let the
inertial massof an object be m;. Newton's secondlaw of motion says that
force and accelerationare related by the equation

F=ma: (3.2)

In equations(3.1) and (3.2) | have distinguished,through the useof di®erert
subscripts,betweenthe gravitational massmgy and the inertial massm;. One
of the fundamertal principles of physicsis that the gravitational massand
the inertial massof an object are identical:

Mg = m; : (3.3

When you stop to think about it, this equality is a remarkable fact. The
property of an object that determineshow strongly it is pulled on by the
force of gravity is equal to the property that determinesits resistanceto
accelerationby any force, not just the force of gravity. The equality of
gravitational massand inertial massis calledthe equivalene principle, and it
is the equivalenceprinciple which led Einstein to devisehis theory of general
relativity.

If the equivalenceprinciple did not hold, then the gravitational accelera-
tion of an object toward a massM4 would be (combining equations3.1 and
3.2)

_ . GMg" mgﬂ

a= j —

r2.  m;
with the ratio mg=m; varying from object to object. Howewer, when Galileo
dropped objects from towersand slid objects down inclined planes,he found
that the acceleration(barring the e®ectsof air resistanceand friction) was
always the same,regardlessof the massand composition of the object. The
magnitude of the gravitational accelerationcloseto the Earth's surfaceis
g = GMgam =12, = 9:8ms 2. Modern tests of the equivalenceprinciple,
which are basically more sensitive versionsof Galileo's experimerts, reveal
that the inertial and gravitational massesare the sameto within onepart in

102,

To seehow the equivalenceprinciple led Einstein to devisehis theory of
generalrelativity, let's begin with a thought experiment of the sort Einstein
would devise. Supposeyou wake up onemorningto nd that you have been

X (3.4)
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sealedup (bed and all) within an opaque, soundproof, hermetically sealed
box. \Oh no!" you sa. \This is what I've always feared would happen.
I've beenabducted by spacealiens who are taking me away to their home
planet." So startled are you by this realization, you drop your teddy bear.
Observingthe falling bear, you nd that it falls toward the °oor of the box

with an accelerationa = 9:8ms 2. \Whew!" you sa, with somerelief. \A t

least| am still on the Earth's surface;they haven't taken me away in their

spaceshipyet.” At that momen, a window in the side of the box opensto

reveal (much to your horror) that you are inside an alien spaceshipwhich is
being acceleratedat 9:8ms 2 by a rocket engine. When you drop a teddy
bear, or any other object, within a sealedbox, the equivalence principle

permits two possibleinterpretations, with no way of distinguishing between
them. (1) The box is static, or moving with a constart velocity, and the

bear is being accelerateddownward by a constart gravitational force. (2)

The bearis moving at a constart velocity, and the box is being accelerated
upward at a constart rate. The behavior of the bearin eat case(Figure 3.1)
is identical. In ead case,a big bearfalls at the samerate asa little bear;in

ead case,a bear stu®edwith cotton falls at the samerate asa bear stu®ed
with lead; and in ead case,a senient anglophonebear would say, \Oh,

bother. I'm weightless." during the interval beforeit collideswith the °oor
of the box.!

Einstein's insight, starting from the equivalenceprinciple, led him to the
theory of generalrelativity. To understand Einstein's thought processes,
imagineyourselfbad in the sealedbox, being acceleratedhrough interplan-
etary spaceat 9:8ms 2. You grabthe °ashlight that you keepon the bedside
table and shinea beamof light perpendicularto the accelerationvector (Fig-
ure 3.2). Sincethe box is acceleratingupward, the path of the light beam
will appear to you to be bernt downward, asthe °oor of the box rushesup
to meetthe photons. Howewer, thanks to the equivalenceprinciple, we can
replacethe acceleratedbox with a stationary box experiencinga constart

INote that the equivalenceof the two boxesin Figure 3.1 dependson the gravitational
accelerationin the left-hand box being constart. In the real universe, though, gravita-
tional accelerationsare not exactly constart, but vary with position. For instance, the
gravitational accelerationnearthe Earth's surfaceis a vector g(+) which variesin direction
(always pointing toward the Earth's certer) and in magnitude (decreasingas the inverse
squareof the distance from the Earth's certer). Thus, in the real universe,the equivalence
principle canonly be applied to an in nitesimally small box { that is, a box sosmall that
the variation in g is too tiny to be measured.
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Figure 3.1: Equivalenceprinciple (teddy bear version). The behavior of a
bearin anacceleratedoox (left) isidentical to that of a bearbeingaccelerated

by gravity (right).
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Ve

Figure 3.2: Equivalenceprinciple (photon version) The path followed by a
light beamin an acceleratedbox (left) is identical to the path followed by a
light beamsubjected to gravitational acceleration(right).
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gravitational acceleration.Sincethere's no way to distinguish betweenthese
two cases,we are led to the conclusionthat the paths of photons will be
curved downward in the presenceof a gravitational eld. Gravity a®ects
photons, Einstein concluded,even though they have no mass. Contemplat-

ing the curved path of the light beam, Einstein had onemoreinsight. One of

the fundamertal principles of optics is Fermat's principle, which statesthat

light travelsbetweentwo points alonga path which minimizesthe travel time

required? In a vacuum, wherethe speedof light is constan, this translates
into the requiremern that light takesthe shortest path betweentwo points.

In Euclidean,or °at, spacethe shortestpath betweentwo points is a straight

line. Howewer, in the presenceof gravity, the path taken by light is not a
straight line. Thus, Einstein concluded,spaceis not Euclidean.

The presenceof mass,in Einstein's view, causesspaceto be curved. In
fact, in the fully dewloped theory of generalrelativity, massand energy
(which Newton thought of astwo separateertities) are interchangeable yvia
the famous equation E = mc2. Moreover, spaceand time (which Newton
thought of astwo separateertities) form a four-dimensionalspace-time. A
more accurate summary of Einstein's viewpoint, then, is that the presence
of mass-energycausesspace-timeto be curved. We now have a third way of
thinking about the motion of the teddy bear in the box: (3) No forcesare
acting on the bear; it is simply following a gesdesicin curved space-time3

We now have two ways of describinghow gravity works.

The Way of Newton:
Masstells gravity howto exert a force (F = | GM m=r?),
Force tells masshowto accelerate (F = ma).

The Way of Einstein:
Mass-enegy tells space-time howto curve,
Curved space-time tells mass-enegy howto move. #

Einstein's description of gravity givesa natural explanationfor the equiv-
alenceprinciple. In the Newtonian description of gravity, the equality of the

2More generally, Fermat's principle requires that the travel time be an extremum {
either a minimum or a maximum. In most situations, however, the path taken by light
minimizes the travel time rather than maximizing it.

3In this cortext, the word \geodesic" is simply a shorter way of saying \the shortest
distance betweentwo points".

4This pocket summary of generalrelativit y was coined by the physicist John Wheeler,
who also popularized the term \black hole".
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Figure 3.3: A °at two-dimensionalspace.

gravitational massand the inertial massis a remarkable coincidence.How-
ewver, in Einstein's theory of generalrelativity, curvature is a property of
space-timeitself. It then follows automatically that the gravitational accel-
eration of an object should be independen of massand composition { it's
just following a gealesic,which is dictated by the geometry of space-time.

3.2 Describing curv ature

In deweloping a mathematical theory of generalrelativity, in which space-
time curvature is related to the mass-energydensity, Einstein neededa way
of mathematically describing curvature. Since picturing the curvature of
a four-dimensional space-timeis, to say the least, ditcult, let's start by
consideringways of describingthe curvature of two-dimensionalspacesthen
extend what we have learnedto higher dimensions.

The simplest of two-dimensionalspacesis a plane, on which Euclidean
geometry holds (Figure 3.3). On a plane, a gealesicis a straight line. If a
triangle is constructedon a plane by connectingthree points with gealesics,
the anglesat its vertices(®, , and ° in Figure 3.3) obey the relation

®+ +° =V (3.5
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whereanglesare measuredn radians. On a plane, we can setup a cartesian
coordinate system,and assignto ewvery point a coordinate (x; y). On a plane,
the Pythagoreantheoremholds, sothe distanceds betweenpoints (x; y) and
(x + dx;y + dy) is given by the relation®

ds? = dx?+ dy?: (3.6)

Stating that equation(3.6) holdstrue everywherein a two-dimensionalspace
is equivalert to saying that the spaceis a plane. Of course,other coordinate
systemscanbe used,in placeof cartesiancoordinates. For instance,in a polar
coordinate system,the distance betweenpoints (r; ) and (r + dr; u+ dp) is

ds® = dr?+ r2d\2 : (3.7)

Although equations (3.6) and (3.7) are di®eren in appearance,they both
represen the same’at geometry as you can verify by making the simple
coordinate substitution X = r cosy, y = r SinjL

Now consider another simple two-dimensional space, the surface of a
sphere (Figure 3.4). On the surface of a sphere,a gealesicis a portion
of a great circle { that is, a circle whosecerter correspndsto the certer
of the sphere. If a triangle is constructed on the surface of the sphereby
connectingthree points with geaesics,the anglesat its vertices (®, , and
°) obey the relation

®+ ~ + ° = Y+ A=R?; (3.8)

where A is the area of the triangle, and R is the radius of the sphere. All
spacesin which ®+ =~ + ° > Y,are called \p ositively curved" spaces. The
surfaceof a sphereis a positively curved two-dimensionalspace. Moreover,
it is a spacewhere the curvature is homogeneousnd isotropic; no matter
whereyou draw a triangle on the surfaceof a sphere,or how you oriert it, it
must always satisfy equation (3.8).

On the surfaceof a sphere,we can set up a polar coordinate system by
picking a pair of antip odal points to be the \north pole" and \south pole"
and by picking a gealesicfrom the north to south pole to be the \prime
meridian”. If r is the distancefrom the north pole, and p is the azimuthal

SStarting with this equation, | am adopting the corvertion, commonly used among
relativists, that ds? = (ds)?, and not d(s?). Omitting the parenthesessimply makesthe
equationslesscluttered.
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Figure 3.4: A positively curved two-dimensionalspace.

anglemeasuredrelative to the prime meridian, then the distanceds between
apoint (r; ) and another nearby point (r + dr; u+ dp) is given by the relation

ds? = dr? + RZsin’(r=R)d}¢ : (3.9)

Note that the surfaceof a spherehas a nite area, equalto 4¥R?, and a
maximum possibledistance between points; the distance betweenantip odal
points, at the maximum possibleseparation, is ¥R. By cortrast, a plane
hasin nite area,and has no upper limits on the possibledistance between
points.®

In addition to °at spacesand positively curved spaces.there exist neg-
atively curved spaces. An example of a negatively curved two-dimensional
spaceis the hyperboloid, or saddle-shape, shovn in Figure 3.5. For illustra-
tive purposes,| would like to shav you a surfaceof constant negative cur-
vature, just asthe surfaceof a spherehas constart positive curvature.” Un-

6Sincethe publishers objected to producing a book of innite size, Figure 3.3 actually
shows only a portion of a plane.

A spacewith constart curvature is one where the curvature is homogeneousand
isotropic.
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Figure 3.5: A negatiwely curved two-dimensionalspace.

fortunately, the mathematician David Hilb ert provedthat a two-dimensional
surface of constart negative curvature cannot be constructed in a three-
dimensionalEuclidean space.The saddle-shap illustrated in Figure 3.5 has
constart curvature only in the certral region, near the \seat" of the saddle.

Despitethe dixculties in visualizing a surfaceof constart negative curva-
ture, its properties can easily be written down. Considera two-dimensional
surfaceof constart negative curvature, with radius of curvature R. If atrian-
gle is constructed on this surfaceby connectingthree points with gealesics,
the anglesat its vertices(®, , and °) obey the relation

®+  +° = Y A=R?; (3.10)

whereA is the areaof the triangle.

On a surfaceof constart negative curvature, we can set up a polar coor-
dinate systemby choosingsomepoint asthe pole, and somegeaesicleading
away from the pole asthe prime meridian. If r is the distancefrom the pole,
and [ is the azimuthal angle measuredrelative to the prime meridian, then
the distanceds betweena point (r; 1) and a nearby point (r + dr;u+ dp) is
given by

ds® = dr? + R%sin?(r=R)d\£ : (3.11)



3.2. DESCRIBING CURVATURE 43

A surfaceof constart negative curvature hasin nite area,and hasno upper
limit on the possibledistancebetweenpoints.

Relationslike those preserted in equations(3.7), (3.9), and (3.11), which
give the distanceds betweentwo nearby points in space,are known as met-
rics. In general, curvature is a local property. A tablecloth can be badly
rumpled at one end of the table and smooth at the other end; a bagel (or
other toroidal object) is negatively curved on part of its surfaceand pos-
itiv ely curved on other portions.2 Howewer, if you want a two-dimensional
spaceto be homogeneousnd isotropic, there are only three possibilitiesthat
‘'t the bill: the spacecanbe uniformly °at, it can have uniform positive cur-
vature, or it canhave uniform negative curvature. Thus, if a two-dimensional
spacehas curvature which is homogeneousnd isotropic, its geometry can
be speci ed by two quartities, -, and R. The number -, calledthe curvature
constant is - = O for a °at space,- = +1 for a positively curved space,
and - = j 1 for a negatively curved space. If the spaceis curved, then the
guantity R, which hasdimensionsof length, is the radius of curvature.

The results for two-dimensionalspacecan be extendedstraightforwardly
to three dimensions. A three-dimensionalspace,if its curvature is homoge-
neousand isotropic, must be °at, or have uniform positive curvature, or have
uniform negative curvature. If a three-dimensionalspaceis °at (- = 0), it
hasthe metric

ds® = dx® + dy? + dz° ; (3.12)

expressedn cartesiancoordinates, or
ds? = dr? + r?[dif + sin® udA? ; (3.13)

expressedn spherical coordinates.
If athree-dimensionalspacehasuniform positive curvature (- = +1), its
metric is
ds® = dr? + RZsir?(r=R)[d}f + sin® pdA?] : (3.14)

A positively curved three-dimensionalspacehas nite volume,just asa pos-
itiv ely curved two-dimensionalspacehas nite area. The point at r = ¥R is
the antip odal point to the origin, just asthe south pole, at r = ¥R, is the
antip odal point to the north pole, at r = 0, on the surfaceof a sphere. By
traveling a distanceC = 2¥R, it is possibleto \circumnavigate" a spaceof
uniform positive curvature.

8You can test this assertion, if you like, by drawing triangles on a bagel.



44 CHAPTER 3. NEWTON VERSUSEINSTEIN

Finally, if a three-dimensionalspacehasuniform negative curvature (- =
i 1), its metric is

ds? = dr? + R?sinh?(r=R)[d}Z + sin? udA?] : (3.15)

Like °at space,negatively curved spacehasin nite volume.
The three possiblemetricsfor ahomogeneoussotropic, three-dimensional
spacecan be written more compactly in the form

ds? = dr2+ S.(r)%d- ?; (3.16)
where
d- 27 dif + sin? pdA (3.17)
and 8
2 Rsin(r=R) (- = +1)
S(r)=_r (- =0 (3.18)
Rsinh(r=R) (- =j 1):

Note that in the limit r ¢ R, S. % r, regardlessof the value of - . When
spaceis °at, or negatively curved, S. increasesmonotonically with r, with
S ! 1 asr ! 1. By cortrast, when spaceis positively curved, S.
increasedo a maximum of S« = R at r=R = ¥&#2, then decreasesgainto
0 at r=R = ¥4 the antip odal point to the origin.

The coordinate system (r; ; A) is not the only possiblesystem. For in-
stance, if we switch the radial coordinate from r to x © S.(r), the metric
for a homogeneousisotropic, three-dimensionalspacecan be written in the
form 4

_ X 24, 2 .
ds’ = T xo=e X d- 2 (3.19)
Although the metrics written in equations(3.16) and (3.19) appear di®eren
on the page,they represem the samehomogeneousisotropic spaces. They
merely have a di®eren functional form becauseof the di®eren choice of
radial coordinates.

3.3 The Rob ertson-W alker metric

So far, we've only consideredthe metrics for simple two-dimensionaland
three-dimensionalspaces.Howeer, relativit y teachesus that spaceand time
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together comprisea four-dimensional space-time. Just as we can compute
the distance betweentwo points in spaceusing the appropriate metric for
that space,so we can compute the four-dimensional distance between two
evernts in space-time. Considertwo everts, one occurring at the space-time
location (t; r;; A), and another occurring at the space-timelocation (t +

dt;r + dr;pu+ dpyA+ dA). According to the laws of special relativity, the
space-timeseparationbetweenthesetwo ewvens is

ds? = j cdt?+ dr? + r2d- 2 : (3.20)

The metric givenin equation (3.20) is called the Minkowski metric, and the
space-timewhich it describesis called Minkowski space-time. Note, from a
comparisonwith equation (3.16), that the spatial componert of Minkowski
space-timeis Euclidean, or °at.

A photon's path through space-timeis a four-dimensionalgealesic{ and
not just any gealesic,mind you, but a special variety called a null geodesic
A null gedesicis one for which, along ewery in nitesimal segmen of the
photon's path, ds = 0. In Minkowski space-time then, a photon's tra jectory
obeysthe relation

ds? = 0= j dt*+ dr? + r%d- 2 : (3.21)

If the photon is moving alonga radial path, towards or away from the origin,
this means,sincep and A are constart,

c2dt? = dr? ; (3.22)
or q
r

i §c: (3.23)

The Minkowski metric of equation (3.20) appliesonly within the context
of special relativity, so called becauset dealswith the special casein which
space-timeis not curved by the presenceof massand energy Without any
gravitational e®ectsMinkowski space-timeis °at and static. When gravity
is added, howeer, the permissiblespace-timesare more interesting. In the
1930's, the physicists Howard Robertson and Arth ur Walker asked \What
form can the metric of space-timeassumeif the universeis spatially homo-
geneousand isotropic at all time, and if distancesare allowed to expand
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(or cortract) asa function of time?" The metric which they derived, inde-
penderily of ead other, is called the Rokertson-Walker metric. It is most
generallywritten in the form

#

2
> g2 (3.24)

- . 2 2
ds® = | dt? + a(t) T x=Re

Note that the spatial componert of the Robertson-Walker metric consists
of the spatial metric for a uniformly curved spaceof radius Rq (compare
equation 3.19), scaledby the squareof the scalefactor a(t). The scalefac-

tor, rst introducedin Section2.3, descrikeshow distancesin ahomogeneous,
isotropic universeexpandor cortract with time. The Robertson-Walker met-

ric can alsobe written in the form (seeequation 3.16)

h
ds? = | Adt? + a(t)? dr2+ S.(r)2d- 2 . (3.25)

with the function S.(r) for the three di®eren typesof curvature given by
equation (3.18).

The time variable t in the Robertson-Walker metric is the cosmological
proper time, called the cosmic time for short, and is the time measuredby
an obsener who seesthe universe expanding uniformly around him. The
spatial variables(x; w; A) or (r; ; A) are called the comoving coordinates of a
point in space;if the expansionof the universeis perfectly homogeneousnd
isotropic, the comoving coordinates of any point remain constart with time.

The assumptionof homogeneiy and isotropy is a very powerful one. If
the universeis perfectly homogeneousind isotropic, then everything we need
to know about its geometryis contained within a(t), -, and Ro. The scale
factor a(t) is a dimensionlesgunction of time which descriteshow distances
grow or decreasewith time; it is normalizedsothat a(tg) = 1 at the preser
momert. The curvature constart - is a dimensionlessiumber which cantake
on oneof three discretevalues: - = 0 if the universeis spatially °at, - = j 1
if the universe has negative spatial curvature, and - = +1 if the universe
has positive spatial curvature. The radius of curvature Ry has dimensions
of length, and givesthe radius of curvature of the universeat the presen
momert. Much of moderncosmologyaswe'll seein later chapters,is dewoted
in oneway or anotherto nding the valuesof a(t), - , and Ro. The assumption
of spatial homogeneiy and isotropy is so powerful, Robertson and Walker
madeit in the 1930's,long beforethe available obsenational evidencegave
any support for such an assumption. If homogeneiy and isotropy did not
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exist, as Voltaire might have said, it would be necessaryto invert them {
at leastif your desireis to have a simple, analytically tractable form for the
metric of space-time.

In truth, the obsenations reveal that the universeis not homogeneous
and isotropic on small scales. Thus, the Robertson-Walker metric is only
an appraximation which holds good on large scales. On smaller scales,the
universeis \lumpy", and hencedoes not expand uniformly. Small, dense
lumps, such as humans, teddy bears, and interstellar dust grains, are held
together by electromagneticforces,and hencedo not expand. Larger lumps,
aslong asthey are sutciently dense,are held together by their own gravity,
and hencedo not expand. Examplesof sut gravitationally bound systems
are planetary systems(such asthe Solar Systemin which we live), galaxies
(such asthe Galaxy in which we live), and clusters of galaxies(such asthe
Local Group in which we live). It's only on scaleslarger than » 100Mpc
that the expansionof the universecan be treated asthe ideal, homogeneous,
isotropic expansiondescribed by the single scalefactor a(t).

3.4 Prop er distance

Consider a galaxy which is far away from us { suzxciently far away that
we may ignore the small scale perturbations of space-timeand adopt the
Robertson-Walker metric. One question we may ask is, \Exactly how far
away is this galaxy?" In an expanding universe,the distance betweentwo
objects is increasingwith time. Thus, if we want to assigna spatial distance
D betweentwo objects, we must specify the time t at which the distanceis
the correctone. Supposethat you areat the origin, and that the galaxywhich
you are observingis at a comoving coordinate position (r; i A), asillustrated
in Figure 3.6. The proper distancedy(t) betweentwo points is equalto the
length of the spatial gealesic betweenthem when the scalefactor is xed
at the value a(t). The proper distance betweenthe obsener and galaxy in
Figure 3.6 can be found using the Robertson-Walker metric at a xed time
t:

ds® = a(t)’[dr? + S.(r)%d- 9] : (3.26)

Along the spatial gealesicbetweenthe obsener and galaxy, the angle (; A)
Is constart, and thus

ds= a(t)dr : (3.27)
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(r,6,0)

(0,0,0)

Figure 3.6: An obsener at the origin obsenesa galaxy at coordinate position
(r;i;A). A photon emitted by the galaxy at cosmictime t. reades the
obsener at cosmictime to.
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The proper distance d, is found by integrating over the radial comoving
coordinate r: Z,
do(t) = a(t) dr=a(t)r: (3.28)
0

Alternativ ely, if you wish to usethe spatial coordinates (x; | A) instead of
(r;w A), wherex = S.(r), you may invert the relations of equation (3.18) to
‘nd

2 (RSN Hx=Ro) (- = +1)
do(t) = a(t)r (x) = _ a(t)x (- = 0) (3.29)
"~ a(t)Rgsinhi }(x=Ro) (- =i 1):

Becausethe proper distance hasthe form d,(t) = a(t)r, with the comaving
coordinate r constart with time, the rate of changefor the proper distance
betweenus and a distant galaxy is

%:g:§w (3.30)

Thus, at the current time (t = tp), there is a linear relation betweenthe
proper distanceto a galaxy and its recessiorspeed:

Vp(to) = Hody(to) ; (3.31)
where
Vp(to) © do(to) (3.32)
and w
Ho = g_t:to : (3.33)

In a sensethis is just a repetition of what was demonstratedin Section2.3;
if the distance betweenpoints is proportional to a(t), there will be a linear
relation betweenthe relative velocity of two points and the distancebetween
them. Now, howewer, we are interpreting the changein distance between
widely separatedgalaxiesas being asseiated with the expansionof space.
As the distance between galaxiesincreases,the radius of curvature of the
universe,R(t) = a(t)Ry, increasesat the samerate.

Somecosmologybooks will cortain a statemert like \As spaceexpands,
it dragsgalaxiesaway from ead other.” Statemerns of this sort are mislead-
ing, sincethey make galaxiesappear to be ertirely passive. On the other
hand, a statemert like \As galaxiesmove apart, they drag spacealong with
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them" would be equally misleading, sinceit makes spaceappear to be en-
tirely passie. As the theory of generalrelativity points out, space-timeand
mass-energyare intimately linked. Yes,the curvature of space-timedoestell
mass-energyhow to move, but then it's mass-energywhich tells space-time
how to curve.

The linear velocity-distancerelation givenin equation (3.31) implies that
points separatedby a proper distancegreaterthan a critical value

dn (to) © c=Ho ; (3.34)
generally called the Hubbledistance, will have
Vp =0y > cC: (3.35)

Using the obsenationally determinedvalueof Ho = 708 7kms *Mpc !, the
current value of the Hubble distancein our universeis

dy (to) = 43008 400Mpc : (3.36)

Thus, galaxiesfarther than 4300megaparsec$rom us are currerntly moving
away from us at speedsgreater than that of light. Cosmologicalinnocerts
sometimesexclaim,\Gosh! Doesn't this violate the law that massiwe objects
can't travel faster than the speedof light?" Actually, it doesn't. The speed
limit that statesthat massie objects must travel with v < c relative to
ead other is one of the results of special relativity, and refersto the relative
motion of objects within a static space.In the cortext of generalrelativity,
there is no objection to having two points moving away from ead other at
superluminal speeddue to the expansionof space.

When we obsene a distant galaxy, we know its angular position very
well, but not its distance. That is, we can point in its direction, but we don't
know its currert proper distance dy(to) { or, for that matter, its comoving
coordinate distancer. We can, howewver, measurethe redshift z of the light
we receie from the galaxy. Although the redshift doesn't tell usthe proper
distance to the galaxy, it doestell us what the scalefactor a was at the
time the light from that galaxy was emitted. To seethe link betweena and
z, considerthe galaxy illustrated in Figure 3.6. Light that was emitted by
the galaxy at a time t. is obsened by us at a time to. During its travel
from the distant galaxy to us, the light traveled along a null gealesic,with
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ds= 0. The null gealesichasp and A constart.® Thus, alongthe light's null
gedalesic,

c2dt? = a(t)?dr? : (3.37)
Rearrangingthis relation, we nd
dt
c% = dr: (3.38)

In equation (3.38), the left-hand side is a function only of t, and the right-
hand side is independent of t. Supposethe distant galaxy emits light with
a wavelength , ., as measuredby an obsener in the emitting galaxy. Fix
your attention on a single wave crest of the emitted light. The wave crestis

emitted at a time t. and obsened at a time ty, sud that
z to dt z r
C — = dr=r: (3.39)

te a(t) 0

The next wave crest of light is emitted at a time t. + , .=C and is obsened
at atime to + , o=¢ where,in general,, o 6 , .. For the secondwave crest,

4 4

r

dr=r: (3.40)

to+.o0=C (t

C - =
te+, e=c a(1) 0
Comparing equations(3.39) and (3.40), we nd that

Zto dt _ Ztor.o=c di

. % = e s @: (3.41)

That is, the integral of dt=a(t) betweenthe time of emissionand the time
of obsenation is the samefor every wave crestin the emitted light. If we
subtract the integral

o dt
— 3.42
te+, o=c a(t) ( )
from ead side of equation (3.41), we nd the relation
Zier, ez dt L tor.o=c gt
= (3.43)

%In a homogeneousjsotropic universethere's no reasonfor the light to swerve to one
side or the other.
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That is, the integral of dt=a(t) betweenthe emissionof successig wave crests
is equalto the integral of dt=a(t) betweenthe obsenation of successig wave
crests. This relation becomesstill simpler when we realize that during the
time betweenthe emissionor obsenation of two wave crests, the universe
doesn't have time to expand by a signi cant amourt. The time scalefor
expansion of the universeis the Hubble time, Hiy! ¥ 14Gyr. The time
between wave crests, for visible light, is ,=c ¥4 2 £ 10 s ¥ 10 2H} ™.
Thus, a(t) is e®ectiely constart in the integrals of equation (3.43). Thus,
we may write

1 Z te+=e:C 1 Z t0+>0:C
dt = dt ; (3.44)
a(te) te a(to) to
or
s € _ 5 0 .
(3.45)

a(te)  a(to)

Using the de nition of redshift, z = (,0i ,e)=,e» We nd that the redshift
of light from a distant object is related to the expansionfactor at the time
it was emitted via the equation

_alty) -1
2= St - Aty

(3.46)

Here, | have usedthe usual convertion that a(tg) = 1.

Thus, if we obsene a galaxy with a redshift z = 2, we are observingit
as it was when the universehad a scalefactor a(te) = 1=3. The redshift
we obsene for a distant object dependsonly on the relative scalefactors
at the time of emissionand the time of obsenation. It doesn't depend on
how the transition betweena(te) and a(t;) was made. It doesn't matter if
the expansionwas gradual or abrupt; it doesn't matter if the transition was
monotonic or oscillatory. All that matters is the scalefactors at the time of
emissionand the time of obsenation.

Suggested reading

[Full referencesare givenin the \Annotated Bibliography" on page286.]

Harrison (2000), ch. 10 { 12: Curved spaceand relativity (both special
and general)
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Narlik ar (2002), ch. 2 { 3: Delvesdeeperinto generalrelativity while dis-
cussingthe Robertson-Walker metric

Peacock (2000), ch. 3.1:. Derivation anddiscussiorof the Robertson-Walker
metric

Rich (2001), ch. 3: Coordinatesand metricsin the cortext of generalrel-
ativity

Problems

(3.1) What evidencecan you provide to support the assertionthat the uni-
verseis electrically neutral on large scales?

(3.2) Supposeyou are a two-dimensionalbeing, living on the surfaceof a
spherewith radius R. An object of width ds ¢ R is at a distance
r from you (remenber, all distancesare measuredon the surface of
the sphere). What angular width du will you measurefor the object?
Explain the behavior of dpasr ! ¥R.

(3.3) Supposeyou are still a two-dimensional being, living on the same
sphereof radius R. Show that if you draw a circle of radius r, the
circle's circumferencewill be

C = 2YRsin(r=R) : (3.47)

Idealize the Earth as a perfect sphereof radius R = 6371km. If you
could measuredistanceswith an error of 8 1 meter, how large a circle
would you have to draw on the Earth's surfaceto corvince yourself
that the Earth is sphericalrather than °at?

(3.4) Consider an equilateral triangle, with sidesof length L, drawn on
a two-dimensional surface of constart curvature. Can you draw an
equilateral triangle of arbitrarily largeareaA on a surfacewith - = +1
and radius of curvature R? If not, what is the maximum possiblevalue
of A? Can you draw an equilateral triangle of arbitrarily large areaA

on a surfacewith - = 07? If not, what is the maximum possiblevalue
of A? Can you draw an equilateral triangle of arbitrarily large areaA
on a surfacewith - = j 1 and radius of curvature R? If not, what is

the maximum possiblevalue of A?
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(3.5) By making the substitutions x = rsinpcosA, y = r sinpusinA, and
z = r cosy, demonstratethat equations(3.12) and (3.13) represem the
samemetric.



Chapter 4

Cosmic Dynamics

In a universewhich is homogeneousnd isotropic, but which is allowed to
expandor cortract with time, everything you needto know about the cur-
vature is given by -, Ro, and a(t). The curvature constart - givesthe sign
of the curvature: positive (- = +1), negative (- = j 1), or °at (- = 0). If -
is non-zero,then Ry is the radius of curvature of the universe,as measured
at the preset momer (t = tp). Finally, the scalefactor a(t) tells how dis-
tancesin the universeincreasewith time asthe universeexpands,or decrease
with time asthe universecortracts. The scalefactor is normalized so that
a(tp) = 1 at the preserh momert.

The idea that the universecould be curved, or non-Euclidean, actually
long predatesEinstein's theory of generalrelativity. As early as 1829, half
a certury beforeEinstein's birth, Nikolai Ivanovich Lobadevski, one of the
foundersof non-Euclideangeometry proposedobsenational teststo demon-
strate whetherthe universewascurved. In principle, measuringthe curvature
of the universeis simple;in practice it is much more ditcult. In principle,
we could determinethe curvature by drawing a really, really big triangle, and
measuringthe angles®, , and ° at the vertices. Equations (3.5), (3.8), and
(3.10) generalizeto the equation

_ A
@+ +° = Yt — (4.1)
RO

whereA is the areaof the triangle. Therefore,if the ®+  + ° > Y4radians,
the universeis positively curved, and if ®+  + ° < Ysradians, the universe
is negatively curved. If, in addition, you measurethe area of the triangle,
you can determinethe radius of curvature Ry. Unfortunately for this elegan

55



56 CHAPTER 4. COSMIC DYNAMICS
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Figure 4.1: A two-dimensionalpositively curved universe,demonstratinghow
an obsener in sud a universecould seemultiple imagesof the samegalaxy.

geometricplan, the areaof the biggesttriangle we can draw is much smaller
than R3, and the deviation of ®+ ~ + ° from Yradians would be too small
to measure.

About all we can concludefrom geometricargumernts is that if the uni-
verseis positively curved, it can't have a radius of curvature R, that is
signi cantly smaller than the current Hubble distance, c=Hy, ¥4 4300Mpc.
To understandwhy this is so, recall that if our universeis positively curved,
it has nite size,with a circumferencecurrertly equalto Cy = 2¥Rg. In
the past, sinceour universeis expanding,its circumferencewaseven smaller.
Thus, if the current circumferenceCy is lessthan cty, then photonswill have
had time to circumnavigate the universe.If Cy ¢, cty » c=Hy, then photons
will have had time to circumnavigate the universemany times. To take an
extremeexample,supposethe universewere positively curved with a circum-
ferenceof only 10 million light years(roughly 3Mpc). The two-dimensional
analogto sud a universeis shavn in Figure 4.1. Looking toward the galaxy
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M31, which is 2 million light yearsaway from us, we would seeoneimage of
M31, comprisedof photonswhich had traveled 2 million light years,showving
M31 asit was 2 million yearsago. We would also seeanother image, com-
prised of photons which had traveled 12 million light years,shoning M31 as
it was12 million yearsago. And soon. Moreover, looking in the exact oppo-
site direction to M31, we would seean image of M31, comprisedof photons
which had traveled 8 million light years, shoving M31 as it was 8 million
yearsago. We would also seeanother image, comprisedof photons which
had traveled 18 million light years,shoving M31 asit was 18 million years
ago! And soon. Sincewe don't seeperiodicities of this sort, we conclude
that if the universeis positively curved, its radius of curvature Ry must be
very large{ comparableto or larger than the current Hubble distance c=H.

4.1 The Friedmann equation

Although 19th certury mathematiciansand physicists, suc as Lobadevski,
were able to conceie of curved space,it wasn't until Albert Einstein rst
publishedhis theory of generalrelativity in 1915that the curvature of space-
time was linked to its mass-energycortent. The key equation of general
relativity is Einstein's eld equation, which is the relativistic equivalert of
Poisson'sequationin Newtonian dynamics. Poisson'sequation,

r 20 = 4YGYs; (4.2)

gives a mathematical relation between the gravitational potential © at a
point in spaceand the massdensity Y2at that point. By taking the gradiert
of the potertial, you determine the acceleration,and then can compute the
trajectory of objects moving freely through space.Einstein's eld equation,
by cortrast, givesa mathematical relation betweenthe metric of space-time
at a point and the energyand pressureat that space-timepoint. The tra-
jectories of of freely moving objects then correspnd to geadesicsin curved
space-time.
In a cosmologicalcortext, Einstein's eld equationscan be usedto nd

the linkagebetweena(t), -, and Rq, which descrike the curvature of the uni-
verse,and the energydensity "(t) and pressureP (t) of the contents of the

1This assumesthat 2¥Ro=c ¢ H| 1 and that the universetherefore doesn't expand
signi cantly asa photon goesonceor twice around the universe.
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universe. The equationwhich links together a(t), - , Ro, and "(t) is known as
the Friedmannequation, after Alexander Alexandrovich Friedmann,who rst

derived the equationin 1922. Friedmann actually started his scierti ¢ career
as a meteorologist. Later, howewer, he taught himself generalrelativity, and
usedEinstein's eld equationsto describe how a spatially homogeneousnd
isotropic universeexpandsor cortracts asa function of time. It is intriguing

to note that Friedmann publishedhis rst results,implying an expandingor
cortracting universe,sewen yearsbefore Hubble published Hubble's Law in
1929. Unfortunately, Friedmann's papersreceiwed little notice at rst. Even
Einstein initially dismissedFriedmann's work as a mathematical curiosity,
unrelated to the universewe actually livein. It wasn't until Hubble's results
were publishedthat Einstein adknowledgedthe reality of the expandinguni-
verse. Alas, Friedmanndid not live to seehis vindication; he died of typhoid
fever in 1925,when he was only 37 yearsold.

Friedmann derived his eponymous equation starting from Einstein's eld
equation, using the full power of generalrelativity. Even without bringing
relativity into play, some(though not all) of the aspects of the Friedmann
equation can be understood with the useof purely Newtonian dynamics. To
seehow the expansionor cortraction of the universecan be viewed from a
Newtonian viewpoint, | will rst derive the non-relativistic equivalert of the
Friedmannequation, starting from Newton's Law of Gravity and Second_aw
of Motion. Then | will state (without proof) the modi cations that must be
madeto nd the more correct, generalrelativistic form of the Friedmann
equation.

To begin, considera homogeneousphereof matter, with total massMg
constart with time (Figure 4.2). The sphereis expanding or cortracting
isotropically, sothat its radius Rg(t) is increasingor decreasingwith time.
Place a test mass,of in nitesimal massm, at the surfaceof the sphere.The
gravitational force F experiencedby the test masswill be, from Newton's
Law of Gravity,

- GMgm

=i W . (43)

The gravitational accelerationat the surfaceof the spherewill then be, from
Newton's SecondLaw of Motion,

R, GM;

e = Rs(t)z . (44)
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Figure 4.2: A sphereof radius Rs(t) and massMg, expandingor corracting
under its own gravity.

Multiply ead side of the equation by dRs=dt and integrate to nd

2

A !
dRs ° _ GMs

dt Rs()

1
Z + U : 4,
5 u; (45)

where U is a constart of integration. Equation (4.5) simply statesthat the
sum of the kinetic energyper unit mass,

1R, 2
Ewn = = > 4.
kin 2 dt ) ( 6)
and the gravitational potential energyper unit mass,
Evot =i =—— 4.7
pot | Rs(t) ) ( )

is constart for a bit of matter at the surfaceof a sphere,asthe sphereexpands
or cortracts under its own gravitational in°uence.

Sincethe massof the sphereis constart asit expandsor corracts, we
may write

4Y.
Ms = 2 YORs(D)* (4.8)
Sincethe expansionis isotropic about the sphere'scerter, we may write the

radius Rg(t) in the form
Rs(t) = a(t)rs ; (4.9)
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where a(t) is the scalefactor and rg is the comoving radius of the sphere.
In terms of 4t) and a(t), the energy conseration equation (4.5) can be
rewritten in the form

4/

2a? =3 Gr2gt)a(t)® + U : (4.10)

Dividing ead side of equation (4.10) by r2a®=2 yields the equation

I\)Il—\

“al?_ev, 20 1
a 3 r2a(t)?’

(4.11)

Equation (4.11) givesthe Friedmann equation in its Newtonian form.

Note that the time derivative of the scalefactor only erters into equa-
tion (4.11) as @%; a cortracting sphere(a < 0) is simply the time reversal
of an expanding sphere(a > 0). Let's concertrate on the caseof a sphere
which is expanding, analogousto the expanding universein which we nd
ourseles. The future of the expandingspherefalls into one of three classes,
dependingon the sign of U. First, considerthe caseU > 0. In this case,the
right hand side of equation (4.11) is always positive. Therefore,a? is always
positive, and the expansionof the spherenever stops. Second,considerthe
caseU < 0. In this case,the right hand side of equation (4.11) starts out
positive. Howewer, at a maximum scalefactor

GMS .
Urg '

the right hand sidewill equalzero,and expansionwill stop. SinceAwill still
be negative, the spherewill then cortract. Third, and nally, considerthe
caseU = 0. This is the boundary casein whicha! Oast! 1 and?%!' O.

The three possiblefates of an expandingspherein a Newtonian universe
are analogousto the three possiblefates of a ball thrown upward from the
surfaceof the Earth. First, the ball can be thrown upward with a speed
greater than the escag speed;in this case,the ball continuesto go upward
forever. Second,the ball can be thrown upward with a speed less than
the escap speed;in this case,the ball readesa maximum altitude, then
falls back down. Third, and nally, the ball can be thrown upward with a
speedexactly equalto the esca speed;in this case,the speed of the ball
approadheszeroast! 1.

The Friedmann equation in its Newtonian form (equation 4.11) is useful
in picturing how isotropically expandingobjects behase under the in°uence

Amax = | (4.12)
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of their self-gravity. Howewer, its application to the real universemust be re-
gardedwith considerableskepticism. First of all, a sphericalvolume of nite
radius Rs cannot represeh a homogeneousjsotropic universe. In a nite
spherical volume, there exists a special location (the certer of the sphere),
violating the principle of homogeneiy, and at any point there existsa special
direction (the direction pointing toward the certer), violating the principle
of isotropy. We may instead regard the sphereof radius Ry as being carved
out of an in nite, homogeneousisotropic universe. In that case,Newtonian
dynamicstell us that the gravitational accelerationinside a hollow spheri-
cally symmetric shell is equalto zero. We divide up the region outside the
sphereinto concerric shells,and thus concludethat the test massm at Rg
experiencesno net accelerationfrom matter at R > Rg. Unfortunately, a
Newtonian argumen of this sort assumeghat spaceis Euclidean. A deriva-
tion of the correct Friedmann equation, including the possibility of spatial
curvature, hasto beginwith Einstein's eld equations.
The correct form of the Friedmann equation, including all generalrela-
tivistic e®ectsjs
Hal2  gus 6o €i 1
a 3 ©)i R2 a(t)?

Note the changesmadein going from the Newtonian form of the Friedmann
equation (equation4.11)to the correctrelativistic form (equation4.13). The
“rst changeis that the massdensity “2hasbeenreplacedby an energydensity
" divided by the squareof the speedof light. One of Einstein's insights was
that in determining the gravitational in°uence of a particle, the important
quartit y was not its massm but its energy

(4.13)

E = (m*c*+ p’)¥? : (4.14)

Here p is the momertum of the particle as seenby an obsener at the parti-
cle'slocation who seeghe universeexpandingisotropically around her. Any
motion which a particle has, in addition to the motion assaiated with the
expansionor cortraction of the universe,is called the particle's peculiar mo-
tion.? If a massiwe particle is non-relativistic { that is, if its peculiar velocity
v is much lessthan c { then its peculiar momertum will be p % mv, and its

2The adjective \p eculiar" comesfrom the Latin \p eculium”, meaning \priv ate prop-
erty". The peculiar motion of a particle is thus the motion which belongsto the particle
alone, and not to the global expansionor cortraction of the universe.
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energywill be

1
Enon; rel Yamc?(1 + v?=¢) Yamc? + émv2 . (4.15)
Thus, if the universecortained only massiw, slovly moving particles, then
the energydensity " would be nearly equalto %€, with only a small correction
for the kinetic energy mv?=2 of the particles. Howewer, photons and other
masslesgarticles also have an energy

Ere = pc= hf ; (4.16)

which alsocortributes to the energydensity ". Not only do photonsrespond
to the curvature of space-time,they also cortribute to it.

The secondchangethat must be madein goingfrom the Newtonian form
of the Friedmann equation to the correct relativistic form is making the
substitution

U «c?

2" 'R
In the corntext of generalrelativity, the curvature - is related to the Newto-
nian energyU of a test mass. The casewith U < 0 correspndsto positive
curvature (- = +1), while the casewith U > 0 correspndsto negative cur-
vature (- = j 1). The special casewith U = 0 correspndsto the special
casewherethe spaceis perfectly °at (- = 0). Although | have not given the
derivation of the Friedmannequationin the generalrelativistic case,it makes
sensdhat the curvature, givenby - and Ry, the expansionrate, givenby a(t),
and the energydensity " should be bound up togetherin the sameequation.
After all, in Einstein's view, the energydensity of the universedetermines
both the curvature of spaceand the overall dynamicsof the expansion.

The Friedmann equation is a Very Important Equation in cosmology?
Howewer, if we want to apply the Friedmann equation to the real universe,
we must have someway of tying it to obsenable properties. For instance,
the Friedmann equationcanbe tied to the Hubble constart, H,. Remenber,
in a universewhoseexpansion(or cortraction) is descriked by a scalefactor
a(t), there's a linear relation betweenrecessiorspeedv and proper distance
d:

(4.17)

v(t) = H()d() ; (4.18)

3You should considerwriting it in reverseon your foreheadsothat you can seeit every
morning in the mirror when you comb your hair.
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whereH (t) © a=a. Thus, the Friedmann equation can be rewritten in the
form

85 .c?
2 — n . .
HD"= 32" 01 maapyz (4.19)
At the preset momert,
H a‘ﬂ
Ho = H(to) = N = 708 7kms *Mpc *: (4.20)
t=to

As an etymological aside,| should point out that the time-varying function
H (t) is generallyknown asthe \Hubble parameter", while Hy, the value of
H(t) at the presen day, is known asthe \Hubble constart".

The Friedmann equation evaluated at the presert momert is

8/, c?
@ 0l Rig ’
using the corvertion that a subscript \O" indicates the value of a time-
varying quartity ewvaluated at the presen. Thus, the Friedmann equation
gives a relation among Hy, which tells us the current rate of expansion,
"0, Which tells us the current energydensity, and -=R 3, which tells us the
current curvature. Due to the ditcult y of measuringthe curvature directly
by geometricmeans,it is usefulto have an indirect method of determining -

and Ro. If we were ableto measureH, and "y with high precision,we could
useequation (4.21) to determinethe curvature. Even without knowledgeof
the current density "o, we can useequation (4.21) to place a lower limit on
Ro in a negatively curved universe. If we assume’ is non-negatiwe, then for
a given value of Hy, the product -=R 3 is minimized in the limit "¢ ! 0. In
the limit of a totally empty universe,with no energycortent, the curvature
is negative, with a radius of curvature

Ro(min) = c=Hp : (4.22)

HZ = (4.21)

This is the minimum radius of curvature which a negatively curved universe
can have, assumingthat generalrelativity correctly describesthe curvature.
Sincewe know that the universecortains matter and radiation, and hence
that "¢ > 0, the radius of curvature must be greaterthan the Hubble distance
if the universeis negatively curved?

4We also know from obsenations, as discussedearlier, that the radius of curvature
must be comparableto or greater than the Hubble distance if the universeis positively
curved.
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As we have seen,the Friedmann equation can generallybe written as

81/G,,(t)_ c?
32 /! RZat)

H(t)? = (4.23)
for all universeswith a Robertson-Walker metric whoseexpansionor cortrac-
tion is governedby the rules of generalrelativity. In a spatially °at universe
(- = 0), the Friedmann equation takesa particularly simple form:

8Y6

H(t)? = 3z

“(t) : (4.24)

Thus, for a given value of the Hubble parameter,there is a critical density,

3c?
8Y65

If the energydensity "(t) is greaterthan this value, the universeis positively
curved (- = +1). If "(t) is lessthan this value, the universeis negatively
curved (- = j 1). Sincewe know the current value of the Hubble parameter
to within 10%, we can compute the current value of the critical density to
within 20%:

3c?

"co = %Hg = (8:38 L.7)£ 10 °Jmi 3 = 52008 1000MeV m' 3 : (4.26)

The critical density is frequertly written asthe equivalert massdensity,

"o(t) H(t)? : (4.25)

Yoo "eo=C = (9:28 1:8)£ 10 *’kgmi > = (1:48§ 0:3)£ 10" M- Mpc ®:
(4.27)
Thus, the critical density is currently roughly equivalent to a density of one
hydrogen atom per 200 liters, or 140 solar massstars per cubic kiloparsec.
This is de nitely not a large density, by terrestrial standards. It's not evena
large density by the standardsof interstellar spacewithin our Galaxy, where
eventhe hottest, mosttenuousregionshave a few protons per liter. Howewer,
you must keepin mind that most of the volume of the universeconsistsof
intergalactic voids, wherethe densily is extraordinarily low. When averaged
over scalesof 100 Mpc or more, the meandensity of the universe,asit turns
out, is closeto the critical density.
In discussingthe curvature of the universe,it is more corveniert to use
not the absolutedensity ", but the ratio of the density to the critical density
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".. Thus,whentalking about the energydensity of the universe,cosmologists
often usethe dimensionlessiensity parameter

(0 - (t) .
o(t)
The most consenrative limits on - { that is, limits that even the most bel-
ligerert cosmologistwill hesitate to quarrel with { state that the current
value of the density parameterliesin the range0:1< - o < 2.
In terms of the density parameter,the Friedmannequationcanbe written
in yet another form:

(4.28)

.C 2
Rfa(t)?H ()2 -
Note that sincethe right hand side of equation (4.29) cannot change sign
as the universe expands, neither can the left hand side. If - < 1 at any
time, it remainslessthan one for all time; similarly, if - > 1 at any time,
it remainsgreater than onefor all times, and if - = 1 at any time, - = 1
at all times. A leopard can't changeits spots; a universegoverned by the
Friedmann equation can't changethe sign of its curvature. At the presen
momern, the relation amongcurvature, density, and expansionrate can be
written in the form

i (9= (4.29)

.c?

R2H2 ; (4.30)

li -o0=1i

or
_Hé

R} ¢
If you know - o, you know the sign of the curvature (- ). If, in addition, you
know the Hubble distance, c=Hy, you can compute the radius of curvature

(Ro).

(-oi 1): (4.31)

4.2 The °uid and acceleration equations

Although the Friedmann equation is indeedimportant, it cannot, all by it-
self, tell us how the scalefactor a(t) ewlves with time. Even if we had
accurateboundary conditions (precisevaluesfor "¢ and Hg, for instance), it
still remainsa single equationin two unknowns, a(t) and "(t).°

50r, if we prefer, we may take the unknown functions as H (t) and -( t); in any case,
there are two of them.
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We need another equation involving a and " if we are to solwe for a
and " as functions of time. The Friedmann equation, in the Newtonian
approximation, is a statemen of energy consenation; in particular, it says
that the sum of the gravitational potertial energy and the kinetic energy
of expansionis constart. Energy consenration is a generally useful concept,
solet's look at another manifestation of the sameconcept{ the rst law of
thermodynamics:

dQ = dE + PdV ; (4.32)

wheredQ is the heat °ow into or out of a region, dE is the changein internal

energy P is the pressure,and dV is the changein volume of the region.
This equation was applied in Section2.5to a comoving volume Tled with

photons, but it applies equally well to a comaving volume Tled with any
sort of °uid. If the universeis perfectly homogeneousthen for any volume
dQ = 0; that is, thereis no bulk °ow of heat. (Processe$or which dQ = O are
known as adialatic processes.Saying that the expansionof the universeis
adiabaticis alsoa statemert about ertropy. The changein entropy dS within

a region is given by the relation dS = dQ=T; thus, an adiabatic processis
onein which entropy is not increased. A homogeneousisotropic expansion
of the universedoesnot increasethe universe'sentropy.) SincedQ = O for a
comaving volume as the universeexpands,the rst law of thermodynamics,
asapplied to the expandinguniverse,reducesto the form

E+P\V=0: (4.33)

For concretenessconsidera sphereof comawving radius rs expanding along
with the universalexpansion,sothat its proper radiusis R¢(t) = a(t)rs. The
volume of the sphereis

V(t) = %1/4r§a(t)3 : (4.34)
sothe rate of changeof the sphere'svolumeis
L= %1/4r§(3a2g) = v usg—ﬂ : (4.35)
The internal energyof the sphereis
E(t)=V®)"({); (4.36)
sothe rate of changeof the sphere'sinternal energyis
E=V'+\' =V u"_+ 394'1] : (4.37)

a
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Combining equations(4.33), (4.35), and (4.37), we nd that the rst law of
thermodynamicsin an expanding (or cortracting) universetakesthe form

U 1
v "+32 432 -o0: (4.38)
a a

or
"t 32—(" +P)=0: (4.39)

The above equationis called the °uid equation, and is the secondof the key
equationsdescribingthe expansionof the universe®

The Friedmann equationand °uid equation are statemerts about energy
consenation. By combining the two, we can derive an accelerationequation
which tells how the expansionof the universespeedsup or slows down with
time. The Friedmann equation (equation 4.13), multiplied by a?, takesthe

form ,
2 — 81/G" 2. 'C

— 4.4
Taking the time derivative yields
1
224 = ?CS('@Z + 2"aa) : (4.41)
Dividing by 2aa tells us
A 1 H 1
A_dLR.a, o (4.42)

a 3 =

Using the °uid equation (equation 4.39), we may make the substitution

"—=i 3"+ P) (4.43)

o

to nd the usualform of the acceleration egquation,

A 4G ¢

a ! 3
Note that if the energydensity " is positive, it providesa negative acceleration
{ that is, it decreaseghe value of a and reducesthe relative velocity of

+3P) ! (4.44)

SWrite it on your foreheadjust underneath the Friedmann equation.
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any two points in the universe. The accelerationequation also includesthe
pressureP which is assaiated with the material Tling the universe’

A gas made of ordinary baryonic matter has a positive pressureP, re-
sulting from the random thermal motions of the moleculesatoms, or ions of
which the gasis made. A gasof photonsalsohasa positive pressure asdoes
a gasof neutrinos or WIMPs. The positive pressureassaiated with these
componerts of the universewill causethe expansionto slov down. Suppose,
though, that the universehad a componert with a pressure

P<i"=3: (4.45)

Inspection of the accelerationequation (equation 4.44) shaws us that sud
a componert will causethe expansionof the universeto speedup rather
than slov down. A negative pressure(also called \tension") is certainly
permissible by the laws of physics. Compressa piece of rubber, and its
internal pressurewill be positive; stretch the samepieceof rubber, and its
pressurewill be negative. In cosmology the much-discussedcosmolaical
constant is a componert of the universewith negative pressure. As we'll
discussin more detail in Section4.4, a cosmologicalconstart hasP = j ",
and thus causesa positive accelerationfor the expansionof the universe.

4.3 Equations of state

To recap,we now have three key equationswhich descrike how the universe
expands. There's the Friedmann equation,

Hal2 gus, 2

= — 4.4

a 32 ' RZa?’ (4.46)
the °uid equation,

L+ 32+ P)=0; (4.47)
and the accelerationequation,

A 465

— = "+ 3P): 4.48

S= 0 g (3P (4.48)

"Although we think of " as an energy per unit volume and P as a force per unit area,
they both have the samedimensionality: in Sl units, 1Jmi 2= 1INmi 2= 1kgmi s 2,
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Of the above three equations,only two areindependen, sinceequation(4.48),
aswe've just seen,can be derived from equations(4.46) and (4.47). Thus,
we have a system of two independernt equationsin three unknowns { the
functions a(t), "(t), and P(t). To solwe for the scalefactor, energydensity,
and pressureas a function of cosmictime, we needanother equation. What
we needis an equation of state; that is, a mathematical relation betweenthe
pressureand energydensity of the stu®that Ils up the universe.If only we
had a relation of the form

P=P("); (4.49)

life would be complete{ or at least, our set of equationswould be complete.
We could then, giventhe appropriate boundary conditions, solvethemto nd
how the universeexpandedin the past, and how it will expand(or cortract)
in the future.

In general,equationsof state can be dauntingly complicated. Condensed
matter physicists frequertly deal with substancesn which the pressureis a
complicated nonlinear function of the density. Fortunately, cosmologyusu-
ally dealswith dilute gases,for which the equation of state is simple. For
substancesf cosmologicaimportance, the equation of state can be written
in a simple linear form:

P=w"; (4.50)

wherew is a dimensionlessiumber.

Consider, for instance, a low-density gasof non-relativistic massiwe par-
ticles. Non-relativistic, in this case,meansthat the random thermal motions
of the gasparticles have peculiar velocities which are tiny comparedto the
speedof light. Sud a non-relativistic gasobeysthe perfect gaslaw,

P = i—/iT : (4.51)

where! isthe meanmassof the gasparticles. The energydensity " of a non-
relativistic gasis almostertirely cortributed by the massof the gaspatrticles:
" Y41%@. Thus, in terms of ", the perfect gaslaw is
kT n .

102

P Y (4.52)

For a non-relativistic gas,the temperature T and the root meansquarether-
mal velocity hv?i are asseiated by the relation

3KT = 1hi : (4.53)
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Thus, the equation of state for a non-relativistic gascan be written in the
form

I:)noni rel = W"noni rel s (4-54)
where .
wie Mg (4.55)
4 32 é : .

Most of the gaseswe encourter in everyday life are non-relativistic. For in-
stance,in air at room temperature, the nitrogen moleculesare slov-poking
along with a root mean squarevelocity of » 500ms !, yielding w » 10 2.
Evenin astronomicalcortexts, gasesare mainly non-relativistic at the presert
momert. Within a gasof ionized hydrogen, for instance, the electronsare
non-relativistic aslong as T ¢ 6£ 10°K; the protons are non-relativistic
whenT ¢ 10SK.

A gasof photons, or other masslesgarticles, is guararteed to be rela-
tivistic. Although photons have no mass,they have momertum, and hence
exert pressure.The equation of state of photons, or of any other relativistic

gas,is L
Prel = énrel : (4.56)

(This relation has already been usedin Section 2.5, to compute how the
Cosmic Microwave Badkground cools as the universe expands.) A gas of
highly relativistic massiwe particles (with hv2i » ¢?) will alsohavew = 1=3; a
gasof mildly relativistic particles(with 0< hv?i < ¢) will have0 < w < 1=3.

The equation-of-stateparameterw can't take on arbitrary values. Small
perturbations in a substancewith pressureP will travel at the speedof sound.
For adiabatic perturbations in a gaswith pressureP and energydensity ",
the soundspeedis given by the relation

A
dP
dll

=07 (4.57)

In a substancewith w > 0, the soundspeedis thus ¢cs = P wc.® Soundwaves
cannot travel faster than the speedof light; if they did, you would be ableto
senda soundsignalinto the past, and violate causality. Thus, w is restricted
to valuesw - 1.

8In a substancewith w < 0, the sound speedis an imaginary number; this implies that
small pressure perturbations to a substancewith negative pressurewill not constitute
stably propagating soundwaves, but will have amplitudes which grow or decay with time.
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Somevaluesof w are of particular interest. For instance,the casew = 0

is of interest, becausewe know that our universe cortains non-relativistic
matter. The casew = 1=3 is of interest, becausewe know that our universe
contains photons. For simplicity, | will referto the componert of the universe
which consistsof non-relativistic particles (and hencehasw ¥4 0) as\matter".
I will referto the componernt which consistsof photonsand other relativistic
particles (and hencehasw = 1=3) as\radiation". The casew < j 1=3is
of interest, becausea componert with w < j 1=3 will provide a positive
acceleration(4 > 0 in equation 4.48). A componert of the universewith
w < j 1=3 is sometimesreferredto generically as\dark energy" (a phrase
coined by the cosmologistMichael Turner). One form of \dark energy" is
of special interest; someobsenational evidence which we'll reviewin future
chapters, indicatesthat our universemay cortain a cosmol@ical constant A
cosmologicakonstart may be simply de ned asa componert of the universe
which hasw = j 1, and hencehas P = | ". The cosmologicalconstart,
alsodesignatedby the Greekletter &, hashad a cortroversial history, and is
still the subject of debate. To learn why cosmologistshave had sud a long-
standing love/hate a®airwith the cosmologicakonstart @, it is necessaryo
make a brief historical review.

4.4 Learning to love lambda

The cosmologicalconstart @ was rst introducedby Albert Einstein. After
publishing his rst paper on generalrelativity in 1915, Einstein, naturally
enough,wanted to apply his eld equationto the real universe. He looked
around, and noted that the universe cortains both radiation and matter.
SinceEinstein, along with ewery other earthling of his time, was unaware of
the existenceof the Cosmic Microwave Badkground, he thought that most
of the radiation in the universewasin the form of starlight. He also noted,
quite correctly, that the energydensity of starlight in our Galaxy is much
lessthan the rest energydensity of the stars® Thus, Einstein concludedthat
the primary cortribution to the energydensity of the universewasfrom non-
relativistic matter, and that he could safelymake the approximation that we
live in a pressurelessiniverse.

Sofar, Einstein was on the right track. Howewer, in 1915, astronomers
wereunaware of the existenceof the expansionof the universe.In fact, it was

9That is, stars have only corverted a small fraction of their initial massinto light.
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by no meanssettled that galaxiesbesidesour own actually existed. After
all, the sky is full of faint fuzzy patchesof light. It took sometime to sort
out that someof the faint fuzzy patchesare glowing cloudsof gaswithin our
Galaxy and that someof them are galaxiesin their own right, far beyond
our own Galaxy. Thus, when Einstein asked, \Is the universeexpandingor
cortracting?" helooked, not at the motions of galaxies,but at the motions of
starswithin our Galaxy. Einstein notedthat somestarsare moving toward us
and that othersare moving away from us, with no evidencethat the Galaxy
Is expandingor cortracting.

The incomplete evidenceavailable to Einstein led him to the belief that
the universeis static { neither expandingnor cortracting { and that it has
a positive energy density but negligible pressure. Einstein then had to ask
the question,\Can auniverse lled with non-relativistic matter, and nothing
else,be static?" The answer to this questionis \No!" A universecortaining
nothing but matter must, in general, be either expanding or cortracting.
The reasonwhy this is true canbeillustrated in a Newtonian cortext. If the
massdensity of the universeis %; then the gravitational potertial © is given
by Poisson'sequation:

r 20 = 4YGYs: (4.58)

The gravitational accelerationa at any point in spaceis then found by taking
the gradiert of the potertial:
a=jro: (4.59)

In a static universe,a must vanish everywherein space. Thus, the poten-
tial © must be constart in space. Howewer, if © is constart, then (from
equation 4.58)

Yo r20=0: (4.60)

The only permissiblestatic universe,in this analysis,is a totally empty uni-
verse. If you create a matter- lled universewhich is initially static, then
gravity will causeit to cortract. If you createa matter- lled universewhich
isinitially expanding,then it will either expandforewver (if the Newtonianen-
ergy U is greaterthan or equalto zero) or reach a maximum radius and then
collapse(if U < 0). Trying to make a matter- lled universewhich doesn't
expand or collapseis like throwing a ball into the air and expecting it to
hover there.
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How did Einstein surmourt this problem? How did he reconcilethe fact
that the universecontains matter with his desirefor a static universe? Ba-
sically, he addeda fudge factor to the equations. In Newtonian terms, what
he did was analogousto rewriting Poisson'sequationin the form

r 20+ o = 4YGY: (4.61)

The new term, symbolized by the Greekletter @, cameto be known asthe
cosmolmical constant Note that it hasdimensionality (time)i 2. Introducing
a into Poisson'sequationallowsthe universeto be static if you seta = 4¥GY%2

In generalrelativistic terms, what Einstein did wasto add an additional
term, involving o, to his eld equation (the relativistic equivalert of Pois-
son'sequation). If the Friedmann equationis re-derived from Einstein's eld

equation, with the & term added,it becomes
HoT2 2
a 8Y45 -C a
= = " =+ =: 4.62
a 32 ' RZa2 3 (4.62)

The °uid equationis una®ectedby the presenceof a @ term, soit still has
the form

" 32—(" +P)=0: (4.63)
With the & term presen, the accelerationequation becomes
A 445 o
— = "+ 3P)+ - 4.64
S0 g (P o (4.64)

A look at the Friedmann equation (4.62) tells us that adding the @ term is
equivalent to adding a new componert to the universewith energydensity

" 4 Cz .

o 8VGD : (4.65)
If @ remainsconstant with time, then so doesits assaiated energy density
"s. The °uid equation (4.63) tells usthat to have ", constart with time, the

a term must have an asseiated pressure

2
8Y45

Thus, we can think of the cosmologicalconstart asa componert of the uni-
versewhich hasa constart density ", and a constart pressureP, = j "s.

Po=1i"a=i o (4.66)
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By introducing a & term into his equations,Einstein got the static model
universehe wanted. For the universeto remain static, both a and & must
be equalto zero. If 4 = 0, then in a universewith matter density %and
cosmologicalconstart @, the accelerationequation (4.64) reducesto

465 a
0= Yot — 4.67
P (4.67)
Thus, Einstein had to seta = 4%4%in order to produce a static universe,
just as in the Newtonian case. If a = 0, the Friedmann equation (4.62)
reducesto

8vG .c? o .c?2
0= Yo — + = = 4/GY —5 4.68
3 2 R% 3 2 Rg ( )
Einstein's static model thereforehad to be positively curved (- = +1), with
a radius of curvature

— C — C .
- 2(VGI2 T pl=2

Ro (4.69)
Although Einstein publishedthe details of his static, positively curved, matter-
lled model in the spring of 1917, he was dissatis ed with the model. He
believed that the cosmologicalkonstart was\gravely detrimental to the for-
mal beauty of the theory". In addition to its aesthetic shortcomings,the
model had a practical defect; it was unstable. Although Einstein's static
model wasin equilibrium, with the repulsive force of @ balancingthe attrac-
tiveforceof ¥ it wasan unstableequilibrium. ConsiderexpandingEinstein's
universejust a tiny bit. The energydensity of @ remains unchanged, but
the energydensity of matter drops. Thus, the repulsive forceis greaterthan
the attractiv e force, and the universeexpandsfurther. This causeshe mat-
ter density to drop further, which causeshe expansionto accelerate which
causeghe matter density to drop further, and soforth. Expanding Einstein's
static universetriggers runaway expansion;similarly, compressingit causes
a runaway collapse.

Einstein was willing, even eager,to dispose of the \ugly"” cosmological
constart in his equations. Hubble's 1929paper on the redshift { distancere-
lation gave Einstein the necessarexcusefor tossinga onto the rubbish heap.
(Einstein later described the cosmologicalconstart & as\the greatestblun-
der of my career.") Ironically, howewer, the samepaper that causedEinstein
to abandonthe cosmologicalconstart causedother sciertists to embraceit.
In his initial analysis,remenber, Hubble badly underestimatedthe distance
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to galaxies,and henceoverestimatedthe Hubble constart. Hubble's initial

value of Hy = 500kms *Mpci ! leadsto a Hubble time of Hy* = 2Gyr,
lessthan half the ageof the Earth, as known from radioactive dating. How
could cosmologistsreconcilea short Hubble time with an old Earth? Some
cosmologistgpointed out that oneway to increasethe ageof the universefor
a given value of Hj ! wasto introduce a cosmologicalconstart. If the value
of o is large enoughto make A> 0, then a was smallerin the pastthan it is
now, and consequetly the universeis older than Hj *.

If @ hasa value greaterthan 4¥4%,, then the expansionof the universeis
accelerating,and the universecan be arbitrarily old for a givenvalueof H} *.
Since 1917, the cosmologicalconstart has gonein and out of fashion, like
sideburnsor short skirts. It hasbeenparticularly fashionableduring periods
when the favored value of the Hubble time H{ ' has been embarrassingly
short comparedto the estimated agesof astronomical objects. Currently,
the cosmologicalconstart is popular, thanks to obsenations, which we will
discussin Chapter 7, that indicate that the expansionof the universedoes,
indeed, have a positive acceleration.

A question which has been asked sincethe time of Einstein { and one
which I've assiduouslydodgeduntil this momert { is \What is the physical
causeof the cosmologicalconstart?" In order to give @ a real physical
meaning, we needto identify somecomponert of the universewhoseenergy
densily ", remainsconstart asthe universeexpandsor cornracts. Currently,
the leading candidate for this componert is the vacuumenegy.

In classicalphysics, the idea of a vacuum having energyis nonsense.A
vacuum, from the classicalviewpoint, cortains nothing; and as King Lear
would say, \Nothing can comeof nothing." In quantum physics, howeer, a
vacuum is not a sterile void. The Heiserberg uncertainty principle permits
particle-antiparticle pairsto spontaneouslyappear and then annihilate in an
otherwiseempty vacuum. The total energy¢ E and the lifetime ¢ t of these
pairs of virtual particles must satisfy the relation'®

¢CECt- h: (4.70)

Just as there's an energy density assaiated with the real particles in the
universe,there is an energydensity ", asseiated with the virtual particle-
antiparticle pairs. The vacuumdensity ", is a quantum phenomenorwhich

10The usual analogy that's madeis to an embezzling bank teller who takesmoney from
the till but who always replacesit beforethe auditor comesaround. Naturally, the more
money a teller is erntrusted with, the more frequertly the auditor cheds up on her.
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doesn't give a hoot about the expansionof the universeand is independert
of time asthe universeexpandsor corracts.

Unfortunately, computing the numerical value of ", is an exercisein
guartum eld theory which has not yet beensuccessfullyjcompleted. It has
beensuggestedhat the natural value for the vacuum energydensity is the
Planck energydensity,

"ac » I\E—sp (???) (4.71)
P
As we've seenin Chapter 1, the Plandk energyis large by particle physics
standards(Ep = 1:2£ 10?8 eV), while the Planck length is small by anybody's
standards("p = L:6£ 10 **m). This givesan energydensity

"ac» 3£ 108%%evmid® (1) (4.72)

This is 124 orders of magnitude larger than the current critical density for
our universe,and represeis a spectacularly bad match betweentheory and
obsenations. Obviously, we don't know much yet about the energydensity
of the vacuum! This is a situation where astronomerscan help particle
physicists, by deducingthe value of ", from obsenations of the expansion
of the universe. By looking at the universeat extremely large scaleswe are
indirectly examiningthe structure of the vacuum on extremely small scales.

Suggested reading
[Full referencesare given in the \Annotated Bibliography" on page286.]

Bernstein (1995), ch. 2: Friedmann equation, with applications
Harrison (2000), ch. 16: Newtonian derivation of Friedmann equation

Liddle (1999), ch. 3: Derivation of Friedmann,°uid, and accelerationequa-
tions

Linder (1997), ch. 2: Dynamicsof the universe,including a discussionof
equationsof state

Rich (2001), ch. 4: \Relativistically correct" derivation of the Friedmann
equation
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Problems

(4.1) Supposethe energydensity of the cosmologicaktonstart is equalto the
preset critical density ", = "o = 5200MeV mi 3. What is the total
energy of the cosmologicalconstart within a sphere1 AU in radius?
What is the rest energyof the Sun(E- = M- c¢?)? Comparingthesetwo
numbers, do you expect the cosmologicakonstart to have a signi cant
e®ecton the motion of planets within the Solar System?

(4.2) Consider Einstein's static universe, in which the attractiv e force of
the matter density %2is exactly balancedby the repulsive force of the
cosmologicalconstart, @ = 4¥{% Supposethat someof the matter
is converted into radiation (by stars, for instance). Will the universe
start to expandor cortract? Explain your answer.

(4.3) If o= 3£ 10 ?"kgm' 3, what is the radius of curvature R, of Einstein's
static universe? How long would it take a photon to circumnavigate
sud a universe?

(4.4) Supposethat the universewere full of regulation baseballs,eat of
massmy, = 0:145kg and radius rp, = 0:0369m. If the baseballswere
distributed uniformly throughout the universe,what number density
of baseballswould be requiredto make the density equalto the critical
density? (Assume non-relativistic baseballs.) Given this density of
baseballs how far would you be ableto see,on average,beforeyour line
of sight intersecteda baseball?In fact, we canseegalaxiesat a distance
» Cc=Hy » 4000Mpc; doesthe transparency of the universeon this
length scaleplace useful limits on the number density of intergalactic
baseballs?[Note to readersoutside North America or Japan: feelfree
to substitute regulation cricket balls, with m,, = 0:160kg and r, =
0:0360m.]

(4.5) The principle of wave-particle duality tells us that a particle with
momertum p hasan assaiated de Broglie wavelengthof , = h=p; this
wavelength increasesas , / a as the universe expands. The total
energydensity of a gasof particles can be written as" = nE, wheren
is the number density of particles, and E is the energyper particle. For
simplicity, let's assumethat all the gas particles have the samemass
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m and momertum p. The energyper particle is then simply
E = (m?c*+ p*?)™? = (m?c* + h?c?= %) . (4.73)

Compute the equation-of-stateparameterw for this gasas a function
of the scalefactor a. Show that w = 1=3 in the highly relativistic limit
(@a! 0,p! 1) andthat w= 0in the highly non-relativistic limit

(a! 1,p! 0).



Chapter 5

Single-Comp onent Univ erses

In a spatially homogeneousand isotropic universe,the relation among the
energydensity "(t), the pressureP(t), and the scalefactor a(t) is given by
the Friedmann equation,

Hal2 gus 2
a

= @ | R ; (5.1)
the °uid equation,
"y 32—(" +P)=0; (5.2)
and the equation of state,
P=w": (5.3)

In principle, given the appropriate boundary conditions, we can solve equa-
tions (5.1), (5.2), and (5.3) to yield "(t), P(t), and a(t) for all times, past
and future.

5.1 Evolution of energy density

In reality, the ewlution of our universeis complicated by the fact that it
corntains di®eren componerts with di®eren equations of state. We know
that the universecornains non-relativistic matter and radiation { that's a
conclusionas rm asthe earth underyour feetand asplain asdaylight. Thus,
the universecontains componerts with both w = 0 and w = 1=3. It may
well contain a cosmologicaktonstart, with w = j 1. Moreover, the possibility
existsthat it may cortain still more exotic componerts, with di®eren values

79
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of w. Fortunately for the causeof simplicity, the energydensity and pressure
for the di®eren componerts of the universe are additive. We may write

the total energydensity " asthe sum of the energydensity of the di®erer

componerts: X

= "w; (5.4)

where",, represeis the energydensity of the componert with equation-of-
state parameterw. The total pressureP is the sum of the pressuresof the
di®ere componerts: X X
P= Pp= W'y: (5.5)
W w
Becauseéhe energydensitiesand pressuresadd in this way, the °uid equation
(5.2) must hold for eady componert separately aslong asthere is no inter-
action betweenthe di®eren componerts. If this is so, then the component
with equation-of-stateparameterw obeysthe equation

"wt 32—("w +Py)=0 (5.6)
or
"y 32—(1+ W)y = 0: (5.7)
Equation (5.7) can be rearrangedto yield
d",

w

=301+ W)dT:I: (5.8)

If we assumethat w is constart, then
"w(@) = "yoal W (5.9)

Here, I've usedthe usual normalization that ag = 1 at the presen day, when
the energydensity of the w componert is" ;.. Note that equation(5.9) is de-
rived solelyfrom the °uid equationand the equation of state; the Friedmann
equation doesn't enter into it.

Starting from the generalresult of equation (5.9), we concludethat the
energy densily ", asseiated with non-relativistic matter decreasesas the
universeexpandswith the dependence

"m(@) = "m;O:a'3 : (5.10)
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Matter
.
Radiation
.

Figure 5.1: The dilution of non-relativistic particles (\matter") and relativis-
tic particles (\radiation”) asthe universeexpands.

The energydensity in radiation, ", drops at the steeper rate
"r(a) = "r;0:a4 : (511)

Why this di®erencebetween matter and radiation? We may write the en-
ergy density of either componert in the form " = nE, wheren is the number
density of particles and E is the mean energy per particle. For both rela-
tivistic and non-relativistic particles, the number density hasthe dependence
n/ a 2 asthe universeexpands,assumingthat particles are neither created
nor destroyed.

Consider, once again, a sphereof comoing radius rg, which expands
along with the general expansionof the universe (Figure 5.1). When its
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proper radius expandsby a factor 2, its volume increasesuy a factor 8, and
the density of particles which it cortains falls to 1/8 its previousvalue. The
energyof non-relativistic particles (shown in the upper panelof Figure 5.1) is
cortributed solelyby their rest mass(E = mc?) and remainsconstart asthe
universeexpands. Thus, for non-relativistic matter, ", = nE = n(mc?) /
a 3. The energyof photons or other masslesgarticles (showvn in the lower
panel of Figure 5.1) hasthe dependenceE = hc=, / ai !, since,asshavn in
equation (3.45),, / a asthe universeexpands.Thus, for photonsand other
masslesgarticles,", = nE = n(hc=,)/ ai3a '/ a*

Although I've explainedwhy photons have an energydensity ", / ai 4,
the explanation required the assumptionthat photons are neither created
nor destroyed. Sud an assumptionis not, strictly speaking, correct; pho-
tons are cortinuously being created. The Sun, for instance, is emitting out
roughly 10*° photons every second. Howewer, so numerousare the photons
of the Cosmic Microwave Background, it turns that the energy density of
the CMB is larger than the energydensity of all the photons emitted by all
the starsin the history of the universe. To seewhy this is true, remenber,
from Section 2.5, that the presen energydensity of the CMB, which hasa
temperature To = 2:725K, is

"oms o = ®Ty = 417£ 10 *JImi 3 = 0:260MeVmi 3 : (5.12)
yielding a density parameterfor the CMB of

"CMB;O _ 0:260MeV mi 3

a - S i 5 .
CMB ;0 "o 5200MeV mi 3 50£ 10 °: (5.13)

Although the energydensity of the CMB is small comparedto the critical
density, it is large comparedto the energydensity of starlight. Remenber
from Section2.3 that the presen luminosity density of galaxiesis

nL %2£ 10°L- Mpc 3 Y% 2.6 £ 10 3wattsmi 3 : (5.14)

As a very rough estimate, let's assumethat galaxieshave been emitting
light at this rate for the ertire age of the universe,ty ¥ H{* ¥4 14Gyr Y4
4.4 £ 10 s. This givesan energydensity in starlight of

"sarighto » NLto » (2:6£ 10 *3Js 'mi 3)(4:4£ 10's)
» 1£ 10 ®JImi®» 0:007MeVmi3: (5.15)
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Thus, the averageenergydensity of starlight is currertly only » 3% of the
energydensity of the CMB. In fact, the estimate given above is a very rough
one indeed. Measuremets of badkground radiation from ultraviolet wave-
lengthsto the nearinfrared, which includesboth direct starlight and starlight
absorbed and reradiated by dust, yield the larger value " sariight ="cms ¥4 0:1.
In the past, the ratio of starlight density to CMB density was even smaller
than it is today. For most purposesit is an acceptableapproximation to ig-
nore non-CMB photonswhencomputing the meanenergydensity of photons
in the universe.

The Cosmic Microwave Badkground, remenber, is a relic of the time
whenthe universewas hot and denseenoughto be opaqueto photons. If we
extrapolate further badk in time, we reat a time whenthe universewas hot
and denseenoughto be opaqueto neutrinos. As a consequencethere should
be a CosmicNeutrino Backgroundtoday, analogoudo the CosmicMicrowave
Badkground. The energydensity in neutrinos should be comparableto, but
not exactly equalto, the energydensity in photons. A detailed calculation
indicatesthat the energydensity of ead neutrino °avor should be

. 7 H 4 T 4=3 . .
= é ﬁ CMB Y4 0:227 CMB - (516)
(The above result assumeghat the neutrinosarerelativistic, or, equivalerly,
that their energyis much greaterthan their rest energyms.c?.) The density
parameterof the CosmicNeutrino Background, taking into accourt all three
°avors of neutrino, should then be

-0 = 0:681- cup | (5.17)

aslong asall neutrino °avors are relativistic. The meanenergyper neutrino
will be comparableto, but not exactly equalto, the meanenergyper photon:

5£ 10 eV
Eo Yo —— ; (5.18)

aslongasE. > m.c?. When the meanenergyof a particular neutrino species
dropsto » m.c?, then it makesthe transition from being\radiation" to being
\matter".

The neutrinos of the Cosmic Neutrino Badkground, | should note, have
not yet beendetected. Although neutrinos have beendetectedfrom the Sun
and from Supernova 1987A, current technology permits the detection only
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of neutrinos with energyE > 0:1MeV, far more energeticthan the neutrinos
of the CosmicNeutrino Background.

If all neutrino speciesare e®ectiely masslesgoday, with m.c ¢ 5£
10 “eV, then the presen density parameterin radiation is

- 0= -cmBoot -o0=50£ 10°+ 34£ 10°=84£ 10°: (5.19)

We know the energydensity of the CosmicMicrowave Badkground with high
precision. We can calculatetheoretically what the energydensity of the Cos-
mic Neutrino Badkground shouldbe. Unfortunately, the total energydensity
of non-relativistic matter is poorly known, as is the energy density of the
cosmologicalconstari. As we shall seein future chapters, the available evi-
dencefavors a universein which the density parameterfor matter is currently
- m0 » 0:3, while the density parameterfor the cosmologicakonstart is cur-
rently - 5.0 » 0:7. Thus,when| want to employ a model which matchesthe
obsened properties of the real universe,| will usewhat | call the \Bench-
mark Model"; this model has- ;o = 84 £ 10 ° in radiation, - .0 = 0:3in
non-relativistic matter, and - ..o = 1j - 0j - mo ¥4 0:7 in a cosmological
constart.!

In the Bendhmark Model, at the presert momert, the ratio of the energy
density in & to the energydensity in matter is

"ao - a 7
9 = 'O%%éwzs: (5.20)

m;0

m;0

In the languageof cosmologists,the cosmologicalconstart is \dominant"
over matter today in the Benchmark Model. In the past, however, whenthe
scalefactor was smaller, the ratio of densitieswas

Ilu(a) Iln.0 "n.o 3
= = ———=-—a’: 5.21
0@ o=@ Tmo (5:21)
If the universehasbeenexpandingfrom an initial very densestate, at some
momert in the past, the energy density of matter and @ must have been
equal. This momert of matter-a equality occurredwhenthe scalefactor was

A ! 13 M 03“ 1=3

m; 0 v, =2 1,075: 22
- “ 07 4075 (5.22)

Ano =

!Note that the Benchmark Model is spatially °at.
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Similarly, the ratio of the energydensity in matter to the energydensity in
radiation is currertly
"m;o = 0.3

— _mo0, 1
" - /a S4E 105 /4 3600 (5.23)

if all three neutrino °avors in the Cosmic Neutrino Badkground are still
relativistic today; it's ewven larger if someor all of the neutrino °avors are
currertly non-relativistic. Thus, matter is now strongly dominant over ra-
diation. Howewer, in the past, the ratio of matter density to energydensity
was . .
m(a) — m;Oa :
"r(a) "r;O

Thus, the momen of radiation-matter equality took place when the scale
factor was

(5.24)

&m = ”m;o Ya

Y, 2:8£ 10 * : 5.25
o 3600 (5.25)

Note that aslongasa neutrino's massis m.c? ¢, (3600)(5€ 10 “eV) » 2eV,
then it would have beenrelativistic at a scalefactor a = 1=3600,and hence
would have been\radiation” then ewvenif it is \matter" today.

To generalizejf the universecortains di®erert componerts with di®erert
valuesof w, equation (5.9) tells us that in the limit a! 0, the component
with the largest value of w is dominant. If the universe expandsforewer,
thenasa! 1, the componert with the smallestvalue of w is dominart.
The evidenceindicates we live in a universewhereradiation (w = 1=3) was
dominant during the early stages,followed by a period when matter (w = 0)
wasdominart. If the presernly available evidenceis correct, and we live in a
universedescribed by the Benchmark Model, we have only recerily entered
a period when the cosmologicalconstart @ (w = j 1) is dominart.

In a universe which is cortinuously expanding, the scalefactor a is a
monotonically increasingfunction of t. Thus, in a cortinuously expanding
universe,the scalefactor a can be usedas a surrogate for the cosmictime
t. We can refer, for instance,to the momert whena = 2:8£ 10 * with the
assurancethat we are referring to a unique momert in the history of the
universe. In addition, becauseof the simple relation between scale factor
and redshift,

1

a:
1+ 2z

: (5.26)
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cosmologistsoften use redshift as a surrogate for time. For example, they
make statemerts sud as,\Radiation-matter equality took placeat a redshift
Z'm ¥ 3600." That is, light that wasemitted at the time of radiation-matter
equality is obsened by us with its wavelengthincreasedby a factor of 3600.
Onereasonwhy cosmologistausescalefactor or redshift asa surrogatefor
time is that the conversionfrom a to t is not simpleto calculatein a multiple-
componert universelike our own. In a universewith many componerts, can
be written in the form
2 _ 8Y6G X v oi 1 3w C? .

a = 32 y w;0 i R—g : (5.27)
Ead term on the right hand side of equation (5.27) has a di®erent depen-
denceon scalefactor; radiation cortributes aterm/ a 2, matter cortributes
aterm/ ail, curvature cortributes a term independen of a, and the cos-
mological constart o cortributes a term / a?. Solving equation (5.27)
for a multiple-componert model, sud as the Benchmark Model, does not
yield a simple analytic form for a(t). Howewer, looking at simpli ed single-
componert universes,n which there is only oneterm on the right hand side
of equation (5.27), yields useful insight into the physics of an expanding
universe.

5.2 Curv ature only

A particularly simple universeis onewhich is empty { no radiation, no mat-
ter, no cosmologicalconstart, no cortribution to " of any sort. For this
universe,the Friedmann equation (5.27) takesthe form

2 c?

a =i —: 5.28

%3 | Rg ( )
One solution to this equationhasa = 0 and - = 0. An empty, static,

spatially °at universeis a permissiblesolution to the Friedmann equation.
This is the universewhosegeometryis descriked by the Minkowski metric
of equation (3.20), and in which all the transformations of special relativity
hold true.

Howewer, equation (5.28) tells us that it is alsopossibleto have an empty
universewith - = j 1. (Positively curved empty universesare forbidden,
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sincethat would require an imaginary value of a in equation 5.28.) A nega-
tively curved empty universemust be expandingor cortracting, with

c
=8§_—: 5.29
a=§ Ry (5.29)
In an expanding empty universe,integration of this relation yields a scale
factor of the form

a(t) = tt_o ; (5.30)

wherety, = Rp=c? In Newtonian terms, if there's no gravitational force at
work, then the relative velocity of any two points is constart, and thus the
scalefactor a simply increasedinearly with time in an empty universe.The
scalefactor in an empty, expandinguniverseis shavn asthe dashedline in
Figure 5.2. Note that in an empty universe,to = HJ *; with nothing to speed
or slowv the expansion,the ageof the universeis exactly equalto the Hubble
time.

An empty, expandinguniversemight seemnothing more than a mathe-
matical curiosity.®> Howewer, if a universehasa density " which is very small
comparedto the critical density " (that is, if - ¢ 1), then the linear scale
factor of equation (5.30) is a good approximation to the true scalefactor.

Supposeyou werein an expandinguniversewith a negligibly small value
for the density parameter-, sothat you could reasonablyapproximate it as
an empty, negatively curved universe,with to = Hi ' = Ro=c You obsene
a distant light source,sud as a galaxy, which has a redshift z. The light
which you obsene now, at t = to, was emitted at an earliertime, t = te. In
an empty expandinguniverse,

1 t
1+z= =2,
a(te) e

soit is easyto computethe time whenthe light you obsene from the source
was emitted:

(5.31)

to _ H§' .
1+z 1+z°
When observing a galaxy with a redshift z, in addition to asking \When
was the light from that galaxy emitted?" you may alsoask\How far away

(5.32)

te =

2Such an empty, negatively curved, expanding universeis sometimescalled a Milne
universe, after cosmologistto study its properties.
3If a universecontains nothing, there will be no obsenersin it to detect the expansion.
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Figure 5.2: The scalefactor asafunction of time for an expanding,empty uni-
verse(dashed),a °at, matter-dominated universe(dotted), a °at, radiation-
dominated universe(solid), and a °at, a-dominated universe(dot-dash).
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is that galaxy?" In Section 3.3 we saw that in any universedescriked by a
Robertson-Walker metric, the current proper distance from an obsener at
the origin to a galaxy at coordinate location (r; | A) is (seeequation 3.28)
Z r
dy(to) = a(to) . dr=r: (5.33)

Moreover, if light is emitted by the galaxy at time te and detected by the
obsener at time to, the null gedaesicfollowed by the light satis es equa-
tion (3.39):

Z to dt V4 r

C _ =

te a(t) 0
Thus, the current proper distancefrom you (the obsener) to the galaxy (the
light source)is

dr=r: (5.34)

Zto dt
te % .
Equation (5.35) holds true in any universewhosegeometryis descrited by

a Robertson-Walker metric. In the speci ¢ caseof an empty expandinguni-
verse,a(t) = t=to, and thus

do(to) = € (5.35)

‘o dt
dp(to) = ctp . T = Ctoln(tozte) . (536)

e

Expressedin terms of the redshift z of the obsened galaxy,
dolto) = — In(L+ 2) : (5.37)
Ho

This relation is plotted asthe dashedline in the upper panel of Figure 5.3.
In the limit z ¢ 1, there is a linear relation betweend, and z, as seen
obsenationally in Hubble'slaw. In the limit z A 1, howeer, d,/ Inzin an
empty expandinguniverse.

In an empty expandinguniverse,we can seeobjects which are currently
at an arbitrarily large distance. Howewer, at distancesd,(to) A c=Ho, the
redshift increasesexponertially with distance. At rst glance,it may seem
courterintuitiv e that you can seea light sourceat a proper distance much
greaterthan c=Hy, whenthe ageof the universeis only 1=H,. Howewer, you
must remenber that dy(to) is the proper distanceto the light sourceat the
time of obsenation; at the time of emission the proper distanced,(te) was
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Figure 5.3: The proper distanceto an object with obsened redshift z. The
upper panel shavs the proper distanceat the time the light is obsened; the
lower panelshownsthe proper distanceat the time the light wasemitted. The
line typesare the sameasthose of Figure 5.2.
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smallerby a factor a(te)=a(to) = 1=(1+ z). In an empty expandinguniverse,
the proper distanceat the time of emissionwas

clIn1+z)
Ho 1+ 2z ’

shavn as the dashedline in the lower panel of Figure 5.3. In an empty
expanding universe,d,(te) hasa maximum for objects with a redshift z =
ei 1% 1.7, whered,(te) = (1=¢)(c=Ho) ¥ 0:37(c=Hp). Objects with much
higherredshiftsare seenasthey werevery early in the history of the universe,
when their proper distancefrom the obsener was very small.

dp(te) = (5.38)

5.3 Spatially °at univ erses

Setting the energy density " equal to zero is one way of simplifying the
Friedmann equation. Another way is to set- = 0 and to demandthat the
universecortain only a singlecomponert, with a singlevalue of w. In such a
spatially °at, single-commnert universe,the Friedmann equation takesthe
simple form .
2 _ 0. 1+3w) .

a- = 32 a : (5.39)
To solwe this equation,we rst make the educatedguesshat the scalefactor
hasthe power law form a/ t9. The left hand side of equation (5.39) is then
/ t%9i 2 and the right hand sideis / ti #*3W)4, yielding the solution

2 -
3+ 3w’
with the restriction w 6 | 1. With the proper normalization, the scalefactor
in a spatially °at, single-commnert universeis

q= (5.40)

a(t) = (t=t)>=") (5.41)
wherethe ageof the universe,ty, is linked to the presen energydensity by
the relation i |

1 @ ¥
to = : 5.42
T 1+w VG, (542)
The Hubble constart in sud a universeis
HaT 2 .
Ho" = b (5.43)

a t:toz 3(1+ w) 0
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The ageof the universe,in terms of the Hubble time, is then

2 il.

to = WHO (544)

In a spatially °at universe,if w > | 1=3, the universeis younger than the
Hubble time. If w < j 1=3, the universeis older than the Hubble time.

As a function of scalefactor, the energy density of a componert with
equation-of-stateparameterw is

"(a) = "oal W ; (5.45)

soin aspatially °at universewith only a singlecomponert, the energydensity
asa function of time is (combining equations5.41and 5.45)

"(t) = "o(t=to) ?; (5.46)
regardlessof the value of w. Making the substitutions
n 1 — 302 2
0= "¢co0= %HO (5.47)
and 5
— il.
to = 30+ W) w)HO ; (5.48)
equation (5.46) can be written in the form
n —_ 1 Cz i 2.
(t) = AL+ wiG. (5.49)

Expressedin terms of Planck units (introducedin Chapter 1), this relation
betweenenergydensity and cosmictime is

"(1)

1 g, HtTiz
o (5.50)

-~ Eo
AL+ W)2 3

Supposeyourselfto be in a spatially °at, single-commnert universe. If
you seea galaxy, or other distant light source,with a redshift z, you canuse
the relation W, T oaeaw)

a(t to wreW
14 5= &) _"to

T alte) te

(5.51)
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to computethe time t, at which the light from the distant galaxywasemitted:

_ to _ 2 1 _
te = (1+ Z)3(1+w)=2 - 3(1+ W)H0(1+ 2)3(1+W):2 . (552)

The current proper distanceto the galaxy is

2t dt 3(1+ w)

Gplto) = C = o o

toat) [1i (te=t)2W™E=WT (5.53)

whenw 6 | 1=3. In terms of Hy and z rather than t, and t., the current
proper distanceis

dolte) = = 2 _[1} (1+ 2) 3w (5.54)

Hol+ 3w
The most distant object you cansee(in theory) is onefor which the light
emitted at t = 0 is just now reading us at t = to. The proper distance (at
the time of obsenation) to sud an object is called the horizon distance. *
Here on Earth, the horizon is a circle certered on you, beyond which you
cannot seebecauseof the Earth's curvature. In the universe,the horizon is
a spherical surfacecertered on you, beyond which you cannot seebecause
light from more distant objects hasnot had time to read you. In a universe
descriked by a Robertson-Walker metric, the current horizon distanceis

21 dt

Ghor (to) = € a (5.55)

In a spatially °at universe,the horizon distance has a nite value if w >
i 1=3. In sudh a case,computing the value of dy(to) in the limit te ! 0 (or,
equivalertly, z! 1) yields

3(1+w) _ ¢ 2
1+ 3w  Hel+ 3w

Ohor (to) = cto (5.56)
In a °at universedominatedby matter (w = 0) or by radiation (w = 1=3), an
obsener can seeonly a nite portion of the in nite volume of the universe.
The portion of the universelying within the horizon for a particular obsener
is referredto asthe visible universe for that obsener. The visible universe

“More technically, this is what's called the particle horizon distance; Il cortinue to
call it the horizon distance, for short.
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consistsof all points in spacewhich have had suzcient time to sendinforma-
tion, in the form of photonsor other relativistic particles, to the obsener. In
other words, the visible universeconsistsof all points which are causaly con-
nected to the obsener; nothing which happens outside the visible universe
can have an e®ecton the obsener.

In a °at universewith w - j 1=3, the horizon distanceis in nite, and
all of spaceis causally connectedto an obsener. In sud a universewith
w - j 1=3, you could seeewery point in space{ assumingthe universewas

transparert, of course.Howewer, for extremely distant points, you would see
extremely redshifted versionsof what they looked like extremely early in the
history of the universe.

5.4 Matter only

Let's now look at speci ¢ examplesof spatially °at universes,starting with
a universecortaining only non-relativistic matter (w = 0).°> The ageof suc
a universeis

2
to= —; 5.57
%7 3H, (5.57)
and the horizon distanceis
dhor(tO) = 3ctyg = 2¢c=Hp : (558)

The scalefactor, as a function of time, is
am(t) = (t=to)*> ; (5.59)

illustrated asthe dotted line in Figure 5.2. If you seea galaxy with redshift
Z in a °at, matter-only universe,the proper distanceto that galaxy, at the
time of obsenation, is

Z 1 dt 2c ) 1 #
do(to) = — = 3ct[li (te=tx)]= — 1ij p—— ; (5.60
p(to) = C W ()23 Clo[1i (te=to)™] Hy 1 Py (5.60)

illustrated as the dotted line in the upper panel of Figure 5.3. The proper
distanceat the time the light was emitted was smallerby a factor 1=(1 + z):

#
2c 1
dp(te) = Ho(1+ 2) 1j pﬁ ; (5.61)

5Sud a universeis sometimescalled an Einstein-de Sitter universe
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illustrated asthe dotted line in the lower panelof Figure 5.3. In a °at, matter-
only universe, dy(te) has a maximum for galaxieswith a redshift z = 54,
wheredy(te) = (8=27)c=Ho.

5.5 Radiation only

The caseof a spatially °at universecortaining only radiation is of particular
interest, sinceearly in the history of our own universe,the radiation (w =
1=3) term dominated the right-hand side of the Friedmann equation (see
equation 5.27). Thus, at early times { long before the time of radiation-
matter equality { the universewaswell described by a spatially °at, radiation-
only model. In an expanding,at universecortaining only radiation, the age

of the universeis 1

to= =— ;
%7 2H,

(5.62)
and the horizon distanceat tg is
dhor(tO) = 2ctp = ¢c=H, : (563)

In the special caseof a °at, radiation-only universe,the horizon distanceis
exactly equalto the Hubble distance, which is not generally the case. The
scalefactor of a °at, radiation-only universeis

a(t) = (t=to)*?; (5.64)

illustrated as the solid line in Figure 5.2. If, at a time ty, you obsene a
distant light sourcewith redshift z in a °at, radiation-only universe, the
proper distanceto the light sourcewill be

Zt  dt
te (t:to) 1=2

illustrated as the solid line in the upper panel of Figure 5.3. The proper
distanceat the time the light was emitted was

1
1+ 2z

do(to) = C = 20to[1 (te=tg)1?] = ;0 1i . (5.65)

C ' 1 > C z

o) = vy 1 15z TH,ar 2

illustrated as the solid line in the lower panel of Figure 5.3. In a °at,
radiation-dominated universe,d,(te) hasa maximum for light sourceswith a
redshift z = 1, wheredy(te) = (1=4)c=Ho.

(5.66)



96 CHAPTER 5. SINGLE-COMPONENT UNIVERSES

The energydensity in a °at, radiation-only universeis

o 3Ex Mt Tz Ep Mt Tz
(1) = "o(tte) 2= ona o Y0094 — (5.67)
3273 tp 3 tp

Thus, in the early stagesof our universe,whenradiation was strongly domi-
nant, the energydensity, measuredin units of the Planck density (Ep="3 »
3£ 10" eV mi 3), wascomparableto oneover the squareof the cosmictime,
measuredn units of the Plandk time (tp » 5£ 10 44s). Usingthe blackbody
relation betweenenergydensity and temperature, given in equations(2.26)
and (2.27), we may assigna temperature to a universedominated by black-
body radiation:
H 45 T1=4 Htﬂilzz Ut'”i1=2

TH)= — T — Y4 0:61Tp — : 5.68
0= 55z To g = OB o (5.68)
HereTp is the Planck temperature, Tp = 1:4£ 10°2K. The meanenergyper

photon in a radiation-dominated universeis then

Mt M=
Emean(t) ¥4 2:70KT (t) ¥ 1:66Ep o ; (5.69)
P

and the number density of photonsis (combining equations5.67 and 5.69)

n . ﬂ 3=2
(t) 0:057" t i
n(t) = — Y — — ; 5.70
( ) Emean(t) ?ﬁ tF’ ( )
Note that in a°at, radiation-only universe,ast! 0,",! 1 (equation5.67).

Thus, at the instant t = 0, the energy density of our own universe (well
approximated asa °at, radiation-only model in its early stages)wasin nite,
accordingto this analysis; this in nite energy density was provided by an
in nite number density of photons (equation 5.70), ead of in nite energy
(equation 5.69). Should we take thesein nities seriously? Not really, since
the assumptionsof generalrelativity, on which the Friedmann equation is
based,break down at t ¥4tp. Thus, extrapolating the results of this chapter
to times earlier than the Plandk time is not physically justi ed.

Why can't generalrelativit y be usedat times earlierthan the Plandk time?
Generalrelativity is a classicaltheory; that is, it doesnot take into accourt
the e®ectf quantum medanics. In cosmologicatorexts, generalrelativit y
assumeshat the energycorntent of the universeis smooth down to arbitrarily
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small scales,instead of being parceledinto individual quanta. As long asa
radiation-dominated universe has many, many quarta, or photons, within

a horizon distance, then the appraximation of a smooth, continuous energy
density is justi able, and we may safely usethe results of generalrelativit y.

Howewer, if there are only a few photons within the visible universe,then
guantum medanical e®ectsmust be taken into accour, and the classical
resultsof generalrelativity no longerapply. In a °at, radiation-only universe,
the horizon distancegrows linearly with time:

Mot 1
Ohor(t) = 2ct = 2'p oo (5.71)
P
sothe volume of the visible universeat time t is
41/ R M t ﬂ3
Vhor (1) = §4dﬁor 1,343 Lo (5.72)

Combining equations(5.72) and (5.70), we nd that the number of photons
inside the horizon at time t is
Hop Ta=2
N (t) = Vhor(t)N(t) %2 1:9 o : (5.73)
P

The quartization of the universecan no longer be ignored when N (t) % 1,
equivalert to atime t ¥ 0:7tp.

In order to accurately descriked the universeat its very earliest stages,
prior to the Plandk time, a theory of quantum gravity is needed. Unfor-
tunately, a completetheory of quantum gravity doesnot yet exist. Conse-
quertly, in this book, | will not dealwith times earlier than the Planck time,
t » tp » 5£ 10 **s, when the number density of photonswasn » 53 »
2£ 101%mi 3, and the meanphoton energywas Emean » Ep » 1£ 1078eV.

5.6 Lambda only

As seenin Section5.3, a spatially °at, single-commnert universewith w 6
i 1 hasa power-law dependenceof scalefactor on time:

al t¥FEBw . (5.74)

Now, for the sake of completenessconsiderthe casewith w = j 1; that
is, a universein which the energydensity is cortributed by a cosmological
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constart ©.° For sud a °at, lambda-dominated universe,the Friedmann
equation takesthe form

8vGa"
2 _ o 2.
a = as; 5.75
where", is constart with time. This equation can be rewritten in the form
a= Hoa; (5.76)
where
“ 8]/6" ﬂ 1=2
Ho= —— ; 5.77
0= 3 (5.77)

The solution to equation (5.76) in an expandinguniverseis
a(t) = etettito) - (5.78)

This scalefactor is showvn asthe dot-dashedline in Figure 5.2. A spatially °at
universewith nothing but a cosmologicalconstart is exponertially expand-
ing; we've seenan exponertially expanding universebefore,in Section 2.3,
underthe label \Steady State universe". In a Steady State universe,the den-
sity " of the universeremains constart becauseof the cortinuous creation
of real particles. If the cosmologicalconstart @ is provided by the vacuum
energy then the density " of a lambda-dominated universe remains con-
stant becauseof the corntinuouscreation and annihilation of virtual particle-
antiparticle pairs.

A °at universecortaining nothing but a cosmologicatonstart isin nitely
old, and has an in nite horizon distance dyo,. If, in a °at, lambda-only
universe,you seea light sourcewith a redshift z, the proper distanceto the
light source,at the time you obsenre it, is

Z 1 . c . c
do(tg) = ¢ hollei gt = T [gHoltoite) § 1]= “ 7, (5.79)
Ho Ho

e

shavn as the dot-dashedline in the upper panel of Figure 5.3. The proper
distanceat the time the light was emitted was

C Y4 )
H01+Z,

dp(te) = (5.80)

showvn asthe dot-dashedline in the lower panel of Figure 5.3.

6Sudh a universeis sometimescalled a de Sitter universe



5.6. LAMBD A ONLY 99

Note that an exponertially growing universe, sud as the °at lambda-
dominatedmodel, is the only universefor which dy(to) is linearly proportional
to z for all valuesof z. In other universesthe relation dy(ty) / z only holds
true in the limit z ¢ 1. Note alsothat in the limit z! 1, dy(to) ! 1
but dy(te) ! c=Hp. In a °at, lambda-dominateduniverse,highly redshifted
objects (z A 1) are at very large distances(d,(to) A c=H) at the time of
obsenation; the obsener seesthem asthey were just beforethey reated a
proper distance c=Hy. Once a light sourceis more than a Hubble distance
from the obsener, their recessiornvelocity is greaterthan the speedof light,
and photons from the light sourcecan no longerread the obsener.

The simplemodelsthat we've examinedin this chapter{ empty universes,
or °at universeswith a singlecomponert { cortinueto expandforewer if they
areexpandingat t = ty. Isit possibleto have universeswhich stop expanding,
then start to collapse? Is it possibleto have universesin which the scale
factor is not a simple power-law or exponertial function of time? The short
answver to thesequestionsis \y es". To study universeswith more complicated
behavior, howeer, it is necessaryo put asideour simpletoy universeswith
a singleterm on the right-hand side of the Friedmann equation, and look at
complicatedtoy universeswith multiple terms on the right-hand side of the
Friedmann equation.

Suggested reading

[Full referencesare givenin the \Annotated Bibiography" on page286.]

Liddle (1999), ch. 4: Flat universespoth matter-only and radiation-only

Linder (1997), ch. 2.4,2.5: Evolution of energydensity; ewlution of scale
factor in single-commnert universes

Problems

(5.1) The predicted number of neutrinos in the Cosmic Neutrino Back-
ground is ne = (3=11)n- = 1:12£ 10°mi 3 for ead of the three
species of neutrino. About how many cosmic neutrinos are inside
your body right now? What must be the sum of the neutrino masses,
m(®e) + m(°.)+ m(°,), in order for the density of the CosmicNeutrino
Badkground to be equalto the critical density, "¢0?
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(5.2) A light sourcein a °at, single-commpnert universe has a redshift z
when obsened at a time tg. Show that the obsened redshift changes
at arate q
z

gt = Ho(1+2) i Ho(1+ z)30rw=2 (5.81)
0

For what valuesof w doesthe redshift decreasewith time? For what
valuesof w doesthe redshift increasewith time?

(5.3) Supposeyou arein a °at, matter-only universewhich has a Hubble
constart Hy = 70kms *Mpc *. You obsene a galaxy with z = 1.
How long will you have to keepobservingthe galaxy to seeits redshift
changeby one part in 10°? [Hint: usethe result from the previous
problem.]

(5.4) In a °at universewith Hy = 70kms *Mpc' !, you obsene a galaxy
at a redshift z = 7. What is the current proper distanceto the galaxy,
d,(to), if the universecortains only radiation? What is dy(to) if the
universecortains only matter? What is dy(to) if the universecortains
only a cosmologicalconstant? What was the proper distance at the
time the light was emitted, dy(te), if the universecortains only radia-
tion? What wasd,(te) if the universecortains only matter? What was
d,(te) if the universecortains only a cosmologicalconstart?



Chapter 6

Multiple-Comp onent Univ erses

The Friedmann equation, in general,can be written in the form

8Y6G .c?
Ht)? = =" i =55 6.1
whereH =~ a=a and"(t) is the energydensity cortributed by all the compo-
nerts of the universe,including the cosmologicalconstart. Equation (4.31)
tells us the relation among- , Rg, Ho, and - o,

so we can rewrite the Friedmann equation without explicitly including the

curvature: 8/C b2
2 _ "ty 0 (. :
Dividing by H3, this becomes

H? "), 11 -0
H§ "co a(t)? -’

(6.4)

wherethe critical density today is
32H3
0 8uG

We know that our universecortains matter, for which the energydensity
" hasthe dependence",, = "n.0=&, and radiation, for which the energy

(6.5)

101
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density hasthe dependence’, = ",,=&". Current evidenceseemso indicate
the presenceof a cosmologicalconstart, with energydensity ", = "5.0 =

constart. It is certainly possiblethat the universecortains other componerts
as well. For instance, as the 21st certury began, somecosmologistswere
investigating the properties of \quintessence",a componert of the universe
whose equation-of-state parameter can lie in the rangej 1 < w < j 1=3,
giving a universewith 4> 0. Howewer, in the absenceof strong evidence
for the existenceof \quintessence",| will only considerthe cortributions

of matter (w = 0), radiation (w = 1=3), and the cosmologicalconstart @

(w=j1).

In our universe,we expect the Friedmann equation (6.4) to take the form

HZ _ -0, -mo 1i -0
= 4 Dot - g4 ; 6.6
H; a* a3 Y (66)
where - 0= T H0T 0 T m0 = m0= ¢0r T 1m0 = 807 ¢ and-g = - rot

- mo*+ - a:0. The Bendimark Model, introducedin the previouschapter asa
model consistert with all available data, has- o = 1, and henceis spatially
°at. Howewer, although a perfectly °at universeis consisten with the data,
it is not demande by the data. Thus, prudencedictates that we shouldkeep
in mind the possibility that the curvature term, (1j - ¢)=& in equation(6.6),
might be nonzero.

SinceH = a=a multiplying equation (6.6) by a?, then taking the square
root, yields

Hi'a= [- r0=& + - mo=at - a0d + (1i - o)]*7: (6.7)
The cosmictime t as a function of scalefactor a can then be found by

performing the integral

Z a da

0 [- o=@+ - mo=at+ - apd®+ (Li - )]

= Hot . (68)

This is not a user-friendly integral: in the generalcase,it doesn't have a
simple analytic solution. However, for givenvaluesof - |.g, - m:0, and - 4o, it
can be integrated numerically.

In many circumstancesthe integral in equation(6.8) hasa simpleanalytic
approximation to its solution. For instance,asnoted in the previouschapter,
in a universewith radiation, matter, curvature, and @, the radiation term
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dominatesthe expansionduring the early stagesof expansion.In this limit,
equation (6.8) simpli es to
z a
ada 1
Hot% g Y, g——a°; (6.9)
0 -0 2 - r;0

or

a(t) ¥a (2q - oHot) 2 (6.10)
In the limit - ., = 1, this reducesto the solution already found for a °at,
radiation-only universe. If the universecorninuesto expand forewver, then
in the limit a! 1 , the cosmologicalconstart term will dominate the ex-
pansion. For somevaluesof - .9, - m:0, and - 4., there will be intermediate
epochs when the matter or the curvature dominatesthe expansion. For in-
stance,in the Benchmark Model, whereradiation-matter equality takesplace
at a scalefactor a,, ¥4 2:8£ 10 * and matter-lambda equality takesplaceat
ama ¥4 0:75, a matter-only universeis a fair appraximation to reality when
a&m ¢ ¢ Ama.

Howewer, during some epochs of the universe's expansion, two of the
componerts are of comparabledensity, and provide terms of roughly equal
sizein the Friedmann equation. During these epochs, a single-commnert
model is a poor description of the universe,and a two-compnert model
must be utilized. For instance, for scalefactors near a,, ¥ 2:8£ 10 4, the
Bendhmark Model is well appraximated by a °at universecortaining only
radiation and matter. Sud a universeis examinedin Section6.4. For scale
factors near an. % 0:75, the Bendhmark Model is well appraximated by a
°at universe cortaining only matter and a cosmologicalconstart. Sud a
universeis examinedin Section6.2.

First, howewer, we will examinea universewhich is of great historical in-
terestto cosmology;a universecontaining both matter and curvature (either
negative or positive). After Einstein dismissedthe cosmologicalconstart
as a blunder, and before astronomershad any clear idea what the value
of the density parameter - was, they consideredthe possibility that the
universe was negatively curved or positively curved, with the bulk of the
density being provided by non-relativistic matter. During the mid-twentieth
certury, cosmologistsconcertrated much of their interest on the study of
curved, matter-dominated universes.In addition to being of historical inter-
est, curved, matter-dominated universesprovide useful physical insight into
the interplay amongcurvature, expansion,and density.
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6.1 Matter + curvature

Considera universecortaining nothing but pressurelessnatter, with w = 0.
If sudh auniverseis spatially °at, then it expandswith time, asdemonstrated
in Section5.4, with a scalefactor

a(t) = (t=tg)>= : (6.11)

Sud a °at, matter-only universeexpandsoutward forever. Sud a fate is
sometimesknown asthe \Big Chill", sincethe temperature of the universe
decreasesnonotonically with time asthe universeexpands. At this point, it
is nearly obligatory for a cosmologytext to quote T. S. Eliot: \This is the
way the world ends/ Not with a bangbut a whimper."!

In a curved universe cortaining nothing but matter, the ultimate fate
of the cosmosis intimately linked to the density parameter- . The Fried-
mann equation in a curved, matter-dominated universe (equation 6.6) can
be written in the form

HO? _ -0, 1i -0,
HE & a2 '

since- .0 = - o IN sud a universe. Supposeyou are in a universewhich is
currently expanding(Ho > 0) and which cortains nothing but non-relativistic
matter. If you ask the question,\Will the universeewer ceaseto expand?"
then equation (6.12) enablesyou to answer that question. For the universe
to ceaseexpanding, there must be somemomert at which H(t) = 0. Since
the rst term on the right hand side of equation (6.12) is always positive,
H(t) = O requiresthe secondterm on the right hand side to be negative.
This meansthat a matter-dominated universewill ceaseo expandif - o > 1,
and hence- = +1. At the time of maximum expansion,H (t) = 0 and thus

(6.12)

-0 li -0
= + : (6.13)
ar%ax z ax
The scalefactor at the time of maximum expansionwill thereforebe
I
amax - B 1 ’ (614)
ol

YInterestingly, this quote is from Eliot's poem The Hollow Men, written, for the most
part, in 1924, the year when Friedmann published his secondpaper on the expansion of
the universe. Howeer, this coincidenceseemsto be just that { a coincidence. Eliot did
not keepup to date on the technical literature of cosmology
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where- o, remenber, is the density parameteras measuredat a scalefactor
a= 1.

Note that in equation (6.12), the Hubble parameter erters only as H 2,
Thus, the cortraction phase,after the universereachesmaximum expansion,
is just the time reversal of the expansionphase? Evertually, the - ¢ > 1
universewill collapsedown to a = 0 (an evernt sometimescalled the \Big
Crunch") after a nite time t = tgunch. A Matter-dominated universewith
- 0 > 1 not only has nite spatial extert, but alsohasa nite duration in
time; just asit beganin a hot, densestate, soit will end in a hot, dense
state. When sudh a universeis in its cortracting stage, an obsener will
seegalaxieswith a blueshift proportional to their distance. As the universe
approadesthe Big Crunch, the cosmicmicrowave badkground will becomea
cosmicinfrared badground, then a cosmicvisible badkground, then a cosmic
ultraviolet badkground, then a cosmicx-ray badkground, then nally acosmic
gamma-rgy badkground.

A matter-dominated universewith - o > 1 will expandto a maximum
scalefactor ayax, then collapsein a Big Crunch. What is the ultimate fate
of a matter-dominated universewith - o < 1and- = j 1? In the Friedmann
equation for sudh a universe(equation 6.12), both terms on the right hand
side are positive. Thus if sud a universeis expanding at a time t = to,
it will cortinue to expand forewer. At early times, when the scalefactor is
small (a ¢ -o91li - o]), the matter term of the Friedmann equation will
dominate, and the scalefactor will grow at the rate a / t2=. Ultimately,
howewer, the density of matter will be diluted far below the critical density,
and the universewill expandlike the negatively curved empty universe,with
al t.

If a universecortains nothing but matter, its curvature, its density, and
its ultimate fate are closelylinked, asshown in Table 6.1. At this point, the
obligatory quote is from Robert Frost: \Some say the world will endin re /
Somesay in ice."® In a matter-dominated universe,if the densily is greater

2The cortraction is a perfect time reversal of the expansiononly when the universe
is perfectly homogeneousand the expansionis perfectly adiabatic, or entropy-conserving.
In a real, lumpy universe, entropy is not consened on small scales. Stars, for instance,
generate ertropy as they emit photons. During the cortraction phaseof an - > 1
universe, small-scale entropy-producing processeswill NOT be reversed. Stars will not
absorb the photons which they previously emitted; people will not live badkward from
grave to cradle.

3This is from Frost's poem Fire and Ice, rst published in Harper's Magazine in De-
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Table 6.1: Curved, matter-dominated universes

density curvature ultimate fate
-0<1 -=j1 Big Chill (a/ t)
-0=1 - =0 Big Chill (a/ t¥9)
-0>1 =41 Big Crunch

than the critical density, the universewill endin a ery Big Crunch; if the
density is lessthan or equalto the critical density, the universewill end in
an icy Big Chill.

In a curved universecortaining only matter, the scalefactor a(t) can be
computedexplicitly. The Friedmann equation can be written in the form

a2
2 - CoTat (Li -0, (6.15)
0
sothe aget of the universeat a given scalefactor a is given by the integral
Za da
Hot = ; (6.16)

o [-o=a+ (1i - 0)]*?

When - ; 6 1, the solution to this integral is most compactly written in a
parametric form. The solution when- o> 1is

W) = 5— (i cosy (6.17)
and 1 ]
W = g i s (6.18)

wherethe parameter i runs from 0 to 2% Given this parametric form, it is
easyto shaw that the time that elapseshetweenthe Big Bang at p= 0 and
the Big Crunch at p= 2%is

Yy -0

terunch = H—Om . (619)

A plot of aversust in the case- o = 1:1isshavn asthe solidline in Figure 6.1.
The a/ t%2 behavior of an- = 1 universeis showvn asthe dotted line. The

cember 1920. Unlike T. S. Eliot, Frost waskeenly interestedin astronomy, and frequertly
wrote poemson astronomical themes.
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Figure 6.1: The scalefactor as a function of time for universescortaining
only matter. The dotted line is a(t) for a universewith - o = 1 (°at); the
dashedline is a(t) for a universewith - 5 = 0:9 (negatively curved); the solid
line is a(t) for a universewith - o = 1:1 (positively curved). The bottom
panel is a blow-up of the small rectangle near the lower left corner of the
upper panel.
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solution of equation (6.16) for the case- o < 1 can be written in parametric
form as

a’) = ;L *—(cosh’ i 1) (6.20)

and 1
()= 5=
(oi 1)
where the parameter” runs from 0 to in nity. A plot of a versust in the
case- o = 0:9 is shovn asthe dashedline in Figure 6.1. Note that although
the ultimate fatesof an - o = 0:9 universeis very di®erent from that of an
- o0 = 1.1 universe,as shown graphically in the upper panel of Figure 6.1, it
is very dixcult, att » to, to tell a universewith - o slightly lessthan one
from that with - ¢ slightly greaterthan one. As shawvn in the lower panel
of Figure (6.1), the scalefactors of the - = 1:1 universeand the - o = 0:9
universestart to divergesigni cantly only after a Hubble time or more.
Sciertists sometimegoke that they are searding for a theory of the uni-
versethat is compactenoughto t on the front of a T-shirt. If the energy
corntent of the universeis cortributed almostertirely by non-relativistic mat-
ter, then an appropriate T-shirt sloganwould be:

DENSITY
IS
DESTINY!

If the density of matter is lessthan the critical value, then the destiny of
the universeis an ever-expandingBig Chill; if the density is greaterthan the
critical value, then the destiny is a recollapsingBig Crunch. Like all terse
summariesof complex concepts,the slogan\Density is Destiny!" requires
a qualifying footnote. In this case,the required footnote is \ *if @ = 0". If
the universehas a cosmologicalconstart (or more generally any componert
with w < j 1=3), then the equationDensity = Destiny = Curvature no longer
applies.

(sinh” i ) (6.21)

6.2 Matter + lambda

Considera universewhich is spatially °at, but which cortains both matter
and a cosmologicatonstart.# If, at agiventime t = t,, the density parameter

4Sud a universeis of particular interest to us, sinceit appearsto be a closeapproxi-
mation to our own universeat the preser day.
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in matter is - .0 and the density parameterin a cosmologicalconstart @ is
- a0, the requiremen that spacebe °at tells us that

ce0=1i -mo: (6.22)

and the Friedmann equation for the °at \matter plus lambda" universere-
ducesto

H? _ imo, g : 6.23

H—g_? (I'm;O)- ( )
The rst term on the right hand side of equation (6.23) represets the con-
tribution of matter, and is always positive. The secondterm represets the
cortribution of a cosmologicalconstart; it is positive if - .0 < 1, implying
- a:0 > 0, and negative if - .o > 1, implying - o.0 < 0. Thus, a °at universe
with - 5.0 > O will cortinue to expand forewer if it is expandingat t = to;
this is another exampleof a Big Chill universe.In a universewith - 5.0 < 0,
howewer, the negative cosmologicakonstart providesan attractive force, not
the repulsive force of a positive cosmologicalconstart. A °at universewith
- a:0 < O will ceaseto expandat a maximum scalefactor

A 13

Amax = —m;-O 1 ; (6.24)
"m0 I

and will collapsebadk down to a= 0 at a cosmictime

2Y. 1
terunch = 3H; § 1 : (6.25)
"m0 |

For agivenvalueof Hy, the largerthe valueof - .o, the shorterthe lifetime of
the universe.For a °at, - .0 < O universe,the Friedmann equation (eq.6.23)
can be integrated to yield the analytic solution

2 N !
Hot = -4———sin' ! (a=anx)? (6.26)
3 - m;Oi 1

A plot of a versust in the case- .o = 1:1,- 50 = j 0:1is shavn asthe solid
line in Figure 6.2. The a/ t2= behavior of a- .o = 1, - a0 = O universe
Is shawn, for comparison,as the dotted line. A °at universewith - ;.0 < 0
endsin a Big Crunch, reminiscent of that for a positively curved, matter-
only universe. Howewer, with a negative cosmologicalconstart providing an
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Figure 6.2: The scalefactor as a function of time for °at universesconain-
ing both matter and a cosmologicalconstart. The dotted line is a(t) for
a universewith - .0 = 1, - 5.0 = 0. The solid line is a(t) for a universe
with - .o = 111, - 50 = j 0:1. The dashedline is a(t) for a universewith

-~ mo= 09, - a0= O1.
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attractiv e force, the lifetime of a °at universewith - .o < 0 is exceptionally
short. For instance, we have seenthat a positively curved universe with

- mo = 1:1 undergees a Big Crunch after a lifetime teunch ¥4 11CH) * (see
Figure 6.1). Howewer, a °at universewith - .o = i1 and - .o = j 01
has a lifetime teunen ¥4 7H| 1. As soon as the universe becomeslambda-
dominated, the negative cosmologicakonstart causesa rapid decelerationof
the universe'sexpansion.

Although a negative cosmologicalconstant is permitted by the laws of
physics,it appearsthat we livein a universewherethe cosmologicaktonstart
IS non-negatie. In a °at universewith - .0 < 1and - 5,0 > 0, the density
contributions of matter and the cosmologicalconstart are equal at the scale
factor (eq. 5.22):

ame = —m0 = MmO (6.27)
- a0 1i ~ m;0

For a °at, - ..o > O universe,the Friedmann equation can be integrated to
yield the analytic solution

2 ' L, 44—
Hot= oI (a=a)?+ L1+ (a=ane)® : (629
i - m;0

A plot of a versust in the case- .0 = 0:9, - o0 = 0:1is showvn asthe dashed
line in Figure 6.2. At early times, whena ¢ an., equation(6.28) reducesto

the relation g o

a(t) ¥a > m;0oH ot ; (6.29)

givingthea/ t%= dependenceequiredfor a °at, matter-dominateduniverse.
At late times, whena A an., equation (6.28) reducesto

q_ —
a(t) Yaama exp( 1i - m:oHot) ; (6.30)

giving the a/ €X' dependencerequired for a °at, lambda-dominated uni-
verse. Supposeyou arein a °at universecortaining nothing but matter and
a cosmologicalconstart; if you measureH, and - .o, then equation (6.28)
tells you that the ageof the universeis
. 29 —— 3
to = q2H67|n4 Li, - mo* 15
3 1i -~ m;0 - m0

£D

(6.31)
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If we appraximate our own universeas having - n.o = 0:3 and - ..o = 0.7
(ignoring the cortribution of radiation) we nd that its current ageis

to= 0:964H} ' = 1358 1:3Gyr ; (6.32)

assumingHo = 708 7kms *Mpci 1. (We'll seein section6.5 that ignoring
the radiation cortent of the universehas an insigni cant e®ecton our es-
timate of to.) The ageat which matter and the cosmologicalconstart had
equal energydensity was
__2H§! Po_ o i1_ gasg 1- .
tma = éql_:In[1+ 2= 0:70H} " = 9:88 1.0Gyr : (6.33)
I =m0

Thus, if our universeiswell t by the Benchmark Model, with - .o = 0:3 and
- a:0 ¥4 0:7, then the cosmologicatonstart hasbeenthe dominant componert
of the universefor the last four billion yearsor so.

6.3 Matter + curvature + lambda

If a universe contains both matter and a cosmologicalconstan, then the
formula \density = destiny = curvature” no longer holds. A °at universe
with - n.0 > 1land- ..o < 0, asshown in the previous section, is in nite in
spatial extert, but hasa nite duration in time. By cortrast, a °at universe
with - .o - 1and- .o, 0 extendsto in nity both in spaceand in time.
If a universecortaining both matter and lambda is curved (- 6 0) rather
than °at, then a wide range of behaviors is possiblefor the function a(t).
For instance,in section4.4, we encouriered Einstein's static model, in which
- = +1 and ", = "n=2. A universedescrited by Einstein's static model is
“nite in spatial extert, but hasin nite duration in time.

By choosing di®eren valuesof - .o and - ..o, without constraining the
universeto be °at, we cancreatemodel universeswith scalefactorsa(t) which
exhibit very interesting behavior. Start by writing down the Friedmann
equationfor a curved universewith both matter and a cosmologicatonstart:

H2 ~ m;0 1i “moi " =0
- = =+ . —+ -50: 6.34
H @& a2 o (6:34)

If - m0> 0and- 50> 0, then both the rst and last term on the right hand
side of equation (6.34) are positive. Howeer, if - 1.0+ - a0 > 1, sothat the
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universeis positively curved, then the certral term on the right hand side
is negative. As a result, for somechoicesof - .o and - ..o, the value of H?

will be positive for small valuesof a (where matter dominates)and for large
valuesof a (wherea dominates),but will be negative for intermediate values
of a (where the curvature term dominates). Sincenegative valuesof H? are
unphysical, this meansthat theseuniverseshave a forbidden range of scale
factors. Supposesud a universestarts out with a A 1 and H < 0; that

is, it is cortracting from a low-density, a-dominated state. As the universe
corntracts, howeer, the negative curvature term in equation 6.34 becomes
dominant, causingthe cortraction to stop at a minimum scalefactora = ap;n,

and then expand outward againin a \Big Bounce". Thus, it is possibleto

have a universewhich expandsoutward at late times, but which never had an

initial Big Bang,with a= Oatt = 0. Another possibility, if the valuesof - .o

and - . are chosenjust right, is a \loitering" universe® Sud a universe
starts in a matter-dominated state, expandingoutward with a/ t2=3, Then,

howewer, it erters a stage(called the loitering stage)in which a is very nearly

constart for a long period of time. During this time it is almost { but not

quite { Einstein's static universe. After the loitering stage,the cosmological
constart takesover, and the universestarts to expand exponertially .

Figure 6.3shavsthe generalbehavior of the scalefactor a(t) asa function
of - m.0 @and - 5.o. In the region labeled \Big Crunch”, the universestarts
with a= 0 at t = 0, reachesa maximum scalefactor anax, then recollapses
to a= 0at a nite time t = tyuch. Note that Big Crunch universescan
be positively curved, negatively curved, or °at. In the region labeled \Big
Chill", the universestarts with a = 0 at t = 0, then expands outward
forever, with a! 1 ast! 1. Like Big Crunch universes,Big Chill
universescan have any sign for their curvature. In the region labeled \Big
Bounce", the universestarts in a cortracting state, readiesa minimum scale
factor a = anji, > 0 at sometime tyounce, then expandsoutward forever, with
al 1 ast! 1. Universeswhich fall just below the dividing line between
Big Bounce universesand Big Chill universesare loitering universes. The
closersud a universelies to the Big Bounce{ Big Chill dividing line in
Figure 6.3, the longer its loitering stagelasts.

To illustrate the di®eren types of expansionand cortraction possible,
Figure 6.4shownsa(t) for a setof four model universes.Each of theseuniverses
hasthe samecurrernt density parameterfor matter: - .o = 0:3, measuredat

SA loitering universeis sometimesreferred to asa Lemeftre universe
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Figure 6.3: The curvature and type of expansionfor universescorntaining
both matter and a cosmologicalconstart. The dashedline indicates- = 0;
modelslying abovethis line have- = +1, andthoselying below have- = j 1.
Also shawvn are the regionswherethe universehasa \Big Chill" expansion
(@a! 1 ast! 1), a\Big Crunch" recollapse(a! 0Oast ! tcunch),
a loitering phase(a » const for an extended period), or a \Big Bounce"
(a= amin > 0at t = tpounce)-
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Figure 6.4: The scalefactor a as a function of t in four di®eren universes,
eadh with - .o = 0:3. The dashedline shavs a \Big Crunch" universe
(-20 = 03, = j1). The dotted line shovs a \Big Chill" universe
(- w0 = 0:7, - = 0). The dot-dash line shows a loitering universe(- o0 =
1:7134,- = +1). The solid line shovs a \Big Bounce" universe(- .o = 1:8,
.= +1).
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t = toanda = 1. Theseuniversesannotbe distinguishedfrom ead other by
measuringtheir current matter density and Hubble constart. Newertheless,
thanks to their di®eren valuesfor the cosmologicakonstart, they have very
di®eren pasts and very di®eren futures. The dashedline in Figure 6.4
shaws the scalefactor for a universewith - 5.0 = j 0:3; this universe has
negative curvature, and is destinedto end in a Big Crunch. The dotted

line shavs a(t) for a universewith - .., = 0:7; this universeis spatially
°at, and is destinedto end in an exponertially expandingBig Chill . The
dot-dash line shows the scalefactor for a universewith - 5.0 = 1:7134;this

Is a positively curved loitering universe, which spendsa long time with a
scalefactor a Y4 aier ¥2 0:44. Finally, the solid line shows a universewith

- a:0 = 1:8. This universelies above the Big Chill { Big Bouncedividing line

in Figure 6.3; it is a positively curved universewhich \b ounced" at a scale
factor a = ayounce ¥4 0:56.

There is strong obsenational evidencethat we do not live in a loitering
or Big Bounceuniverse. If welivedin a loitering universe,then aswe looked
out into space,we would seenearly the sameredshift zjier = 1=agiter j 1 fOr
galaxieswith a very large rangeof distances.For instance,with ayjier ¥4 0:44
(the appropriate loitering scalefactor for a universewith - .o = 0:3), this
would lead to a large excessf galaxieswith zjier %2 1:3. NO sud excessof
galaxiesis seenat any redshift in our universe. If we livedin a Big Bounce
universe, then the largest redshift we would seefor any galaxy would be
Zmax = 1=&ouncei 1. As we looked further into space,we would seeredshifts
increaseto znax, then seethe redshifts decreaseuntil they actually became
blueshifts. In our universe,we do not seesud distant blueshifted galaxies.
Our own universeseemdo beaBig Chill universe fatedto eternalexpansion.

6.4 Radiation + matter

In our universe,radiation-matter equality took placeat a scalefactor a;,, ~

- 0= mo Y4 28 £ 10 %. At scalefactorsa ¢ a;m, the universeis well
describkedby a °at, radiation-only model, asdescritedin Section5.5. At scale
factorsa » a;,, the universeis better described by a °at model cortaining
both radiation and matter. The Friedmann equation around the time of
radiation-matter equality can be written in the approximate form
H2_ 'r;0+ 'm;O:

H? at a3

(6.35)
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This can be rearrangedin the form

ada .
Hodt = —5[1+ a=an] ™ (6.36)
"0
Integration yields a fairly simple relation for t as a function of a during the
epoch when only radiation and matter are signi cant:
2 H a TH a 11"

Hot= ¢/ 1; 1j 1+ —
3 - r0 zafm arm

(6.37)

In the limit a ¢ am, this givesthe appropriate result for the radiation-
dominated phaseof ewlution (compareequation 6.10),

8 “1=2

avs 2 - oHot [@a¢ am]: (6.38)

In the limit a A a,, (but beforecurvature or & cortributes signi cantly to
the Friedmann equation), the approximate result for a(t) becomes

“3q ﬂ2=3 R
aY 5 m:oHot [@A an]: (6.39)

The time of radiation-matter equality, t,,, can be found by setting a= a;,
in equation (6.37):

4 1 2 _ S
trm = =(1] Pe) @™ H} ! % 0:391 10 Hy ® - (6.40)
3 2" -9 ©mo

For the Bencdhmark Model, with - ..o = 84£ 105, - ;.o = 0:3,and H} ! =
14Gyr, the time of radiation-matter equality was

trm = 3:34£ 10 °H} ' = 47,000yr : (6.41)

The epoch when the universewas radiation-dominated was only about 47
millennia long. This is suzciently brief that it justi es our ignoring the
e®ectsof radiation when computing the age of the universe. The aget, =
0:964H) ! = 135Gyr that we computedin Section 6.2 (ignoring radiation)
would only be altered by a few parts per million if we included the e®ectsof
radiation. This minor correction is dwarfed by the 10% uncertainty in the
value of Hj ™.
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Table 6.2: Properties of the Benchmark Model

List of Ingredierts

photons: -.o=50£ 10°
neutrinos: -oo= 34£ 10°
total radiation: - 0= 84£ 10°
baryonic matter: - pary;0 = 0:04
nonbaryonic dark matter: - dm:o = 0:26
total matter: - mo= 0:30
cosmological constant: - a0 ¥4 0:70

Important Epochs
radiation-matter equality: a,, = 28£ 104 t,, = 47£ 10%yr
matter-lambda equality: ame = 0:75 tma = 9:8Gyr
Now: a=1 to = 135Gyr

6.5 Benchmark Mo del

The Bencdhmark Model, which | have adoptedasthe best t to the currertly

available obsenational data, is spatially °at, and cortains radiation, matter,

and a cosmologicalconstart. Some of its properties are listed, for ready
reference,in Table 6.2. The Hubble constart of the Benchmark Model is
assumedto be H, = 70kms *Mpci .  The radiation in the Benchmark
Model consistsof photons and neutrinos. The photons are assumedto be
provided solelyby a CosmicMicrowave Backgroundwith current temperature
To = 2:725K and density parameter- -, = 5:0£ 10 °. The energydensity of
the cosmicneutrino badkground is theoretically calculatedto be 68% of that

of the Cosmic Microwave Badkground, as long as neutrinos are relativistic.

If a neutrino hasa non-zeromassmo., equation (5.18) tells us that it defects
from the \radiation" column to the \matter" column when the scalefactor
isa» 5£ 10 “eV=(m.c?). The matter cortent of the Bendhmark Model
consistspartly of baryonic matter (that is, matter composedof protons and
neutrons, with assaiated electrons),and partly of nonbaryonic dark matter.

As we'll seein future chapters,the evidenceindicatesthat most of the matter
in the universeis nonbaryonic dark matter. The baryonic material that we
are familiar with from our eweryday existencehas a density parameter of
- bary:0 ¥4 0:04today. The density parameterof the nonbaryonic dark matter
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Figure 6.5: The scalefactor a as a function of time t (measuredin units
of the Hubble time), computedfor the Bendimark Model. The dotted lines
indicate the time of radiation-matter equality, a,,, = 2:8€£ 10 4, the time of
matter-lambda equality, an. = 0:75, and the presert momert, ap = 1.

is roughly six times greater: - 4m.o ¥4 0:26. The bulk of the energydensity in
the Bendimark Model, howeer, is not provided by radiation or matter, but
by a cosmologicalconstart, with - .0 = 1i - moi - ro ¥ 0:70.

The Benchmark Modelwas rst radiation-dominated, then matter-dominated,
and is now ertering into its lambda-dominated phase. As we've seen,radi-
ation gave way to matter at a scalefactor a;m, = - 0= mo = 28£ 10 4,
correspnding to a time t,, = 47 £ 10%yr. Matter, in turn, gave way to
the cosmologicalconstarn at ame = (- m:0= a:0)}= = 0:75, corresmnding to
tme = 9:8Gyr. The current ageof the universe,in the Bendhmark Model, is
to = 135Gyr.

With - .0, - m:0, @and - 5.0 known, the scalefactor a(t) can be computed
numerically using the Friedmann equation, in the form of equation (6.6).
Figure 6.5 shaws the scalefactor, thus computed, for the Benchmark Model.
Note that the transition from the a / t'¥*2 radiation-dominated phaseto
the a / t?=® matter-dominated phaseis not an abrupt one; neither is the
later transition from the matter-dominated phaseto the exponertially grow-
ing lambda-dominated phase. One curious feature of the Bendimark Model
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which Figure 6.5illustrates vividly is that we areliving very closeto the time
of matter-lambda equality.

Oncea(t) is known, other properties of the Benchmark Model canreadily
be computed. For instance, the upper panel of Figure 6.6 shows the currert
proper distanceto a galaxy with redshift z. The heary solid line is the result
for the Benchmark Model; for purposesof comparison,the result for a °at
lambda-only universeis shavn as a dot-dash line and the result for a °at
matter-only universeis shavn asthe dotted line. In the limit z! 1 , the
proper distanced,(to) approadiesa limiting valued, ! 3:24c=Hy, in the case
of the Benchmark Model. Thus, the Benchmark Model hasa nite horizon
distance,

Ohor (to) = 3:24c=Hy = 3:12cty = 14,000Mpc : (6.42)

If the Benchmark Model is a good description of our own universe,then we
can't seeobjects morethan 14 gigaparsecsway becausdight from them has
not yet had time to read us. The lower panel of Figure 6.6 shavs dy(te),
the distanceto a galaxy with obsened redshift z at the time the obsened
photons were emitted. For the Bendimark Model, dy(te) hasa maximum for
galaxieswith redshift z = 1:6, wheredy(te) = 0:41c=H.

When astronomersobsene a distant galaxy, they askthe related, but not
identical, questions,\How far away is that galaxy?" and \How long hasthe
light from that galaxy beentraveling?" In the Bendhmark Model, or any
other model, we can answer the question\How far away is that galaxy?" by
computing the proper distanced,(t;). We cananswer the question\How long
has the light from that galaxy beentraveling?" by computing the lookkack
time. If light emitted at time t. is obsened at time tg, the lookbadk time is
simply toj te. In the limits of very smallredshifts,toj te ¥4 z=Ho. Howewer, as
shawvn in Figure 6.7, at larger redshifts, the relation betweenlookbad time
and redshift becomesnonlinear. The exact dependenceof lookbadk time
on redshift dependsstrongly on the cosmologicalmodel used. For example,
considera galaxy with redshiftz = 2. In the Bendhmark Model, the lookbadk
time to that galaxyis 10.5Gyr; we areseeingaredshiftedimageof that galaxy
asit was10.5billion yearsago. In a °at, lambda-only universe,however, the
lookbad time to a z = 2 galaxy is 154 Gyr, assumingHj* = 14Gyr. In
a °at, matter-dominated universe,the lookbad time to a z = 2 galaxy is a
mere 7:5Gyr, with the sameassumedHubble constart. Knowing - .o and
- o0 thus becomesamportant to studiesof galaxy ewolution. How long does
it take galaxiesat z %422 to ewlve into galaxiessimilar to thoseat z %2 07? Is
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Figure 6.6: The proper distanceto a light sourcewith obsened redshift
z. The upper panel shaws the distanceat the time of obsenation; the lower
panelshownsthe distanceat the time of emission.The bold solid line indicates
the Bendhmark Model, the dot-dash line a °at, lambda-only universe,and
the dotted line a °at, matter-only universe.
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Figure 6.7: The lookbadk time, tgj te, for galaxieswith obsened redshift z.
The Hubble time is assumedo be H} ! = 14Gyr. The heavy solid line shavs
the result for the Bencdhmark Model, the dot-dashline for a °at, lambda-only
universe,and the dotted line for a °at, matter-only universe.

it 15billion years,or only half that time, or somethingin between?In future
years, as the Bendhmark Model becomesbetter constrained, our ability to
translate obsened redshiftsinto deducedtimes will becomemore accurate.

The most distant galaxiesthat have beenobsened (at the beginning of the
21st certury) are at a redshift z ¥4 6. Considersud a high-redshift galaxy:.
Using the Benchmark Model, we nd that the current proper distanceto a
galaxywith z = 6isd,(to) = 1:92c=H, = 8300Mpc, about 60%of the currert
horizon distance. The proper distanceat the time the light was emitted was
smaller by a multiplicativ e factor 1=(1 + z) = 1=7/. This meansthat the
galaxy was only at a distance dy(te) = 0:27c=H, = 1200Mpc at the time
the light was emitted. The light was emitted when the age of the universe
waste = 0:066H} ' = 0:9Gyr, or lessthan 7% of the universe'scurrernt age,
to = 135Gyr. The lookbad time to a z = 6 galaxy in the Benchmark Model
isthustgj te = 126Gyr. Astronomers are fond of saying, \A telescope
Is a time madhine." As you look further and further out into the universe,
to objects with larger and larger values of dy(to), you are looking badk to
objects with smaller and smaller valuesof t.. When you obsene a galaxy
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with a redshift z = 6, accordingto the Bendhmark Model, you are glimpsing
the universeasit wasas a youngster,lessthan a billion yearsold.

Suggested reading

[Full referencesare given in the \Annotated Bibliography" on page286.]

Harrison (2000), ch. 18: A classi cation of possibleuniverses,by kine-
matic and dynamic criteria.

Kolb & Turner (1990), ch. 3.2: The scalefactor a(t) and current age
to for various two-componert universes;cortains useful formulae and
graphs.

Linder (1997), ch. 4.5: The fate of the universe,for di®eren valuesof the
equation-of-stateparameterw.

Problems

(6.1) In a positively curved universecortaining only matter (- o > 1, - =
+1), show that the presen ageof the universeis given by the formula

S cos'1l12i _Oﬂi - ;
2(-0i 1)*2 -0 -0i 1

Hoto = (643)
AssumingHo, = 70kms *Mpci %, plot to as a function of - ¢ in the
rangel- -,- 3.

(6.2) In a negatively curved universecortaining only matter (- ¢ < 1, - =
i 1), shawv that the presen ageof the universeis given by the formula
Ho. T
1 -0 2i -o

Hoto = i cosh !
0%0 1i'0|2(1i'0)3:2 -0

(6.44)

Assuming Hy = 70kms *Mpci %, plot to as a function of - ¢ in the
range0 - -, - 1. The current best estimate for the agesof stars in
globular clustersyields an ageof t = 13Gyr for the oldest globular
clusters. In a matter-only universe,what is the maximum permissible
value of - o, given the constraints Ho = 70kms *Mpci ! and t, >
13Gyr?
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(6.3) One of the more recert speculations in cosmologyis that the uni-
versemay cortain a quartum eld, called \quintessence",which has
a positive energydensity and a negative value of the equation-of-state
parameterw. Assume,for the purposesof this problem, that the uni-
verseis spatially °at, and contains nothing but matter (w = 0), and
quintessencewith w = j 1=2. The current density parameter of mat-
ter is - m0 - 1, and the current density parameter of quintessences
-00=1j - mo. At what scalefactor anq will the energydensity of
quintessenceand matter be equal? Solwe the Friedmann equation to
‘nd a(t) for this universe. What is a(t) in the limit a ¢ amng? What
is a(t) in the limit aA ano? What is the current ageof this universe,
expressedn terms of Hp and - 1,.0?

(6.4) Supposeyou warnted to \pull an Einstein”, and createa static universe
(a= 0, 4= 0)in which the gravitational attraction of matter is exactly
balancedby the gravitational repulsion of quintessencewith equation-
of-state parameterwg. Within what rangemust wq fall for the e®ects
of quintessenceo be repulsive? Is it possibleto createa static universe
for an arbitrary value of wg within this range?If so,will the curvature
of the universebe negative or positive? What energydensity "o will
be required, for a given value of wg, to balancean energydensity ",
in matter?

(6.5) Considera positively curved universecortaining only matter (the \Big
Crunch™ model discussedn Section6.1). At sometime tg > tcrunch=2,
during the cortraction phaseof this universe,an astronomer named
Elbbuh Niwde discovers that nearby galaxieshave blueshifts (j 1 -
z < 0) proportional to their distance. He then measuresHy and - o,
‘nding Hy < 0and - o, > 1. GivenHgy and - o, how long a time will
elapsebetweenDr. Niwde's obsenations at t = ty and the nal Big
Crunch at t = teunen? What is the minimum blueshift that Dr. Niwde
is able to obsene? What is the lookbadk time to an object with this
blueshift?

(6.6) Consideran expanding, positively curved universecontaining only a
cosmologicalconstart (- o = - o0 > 1). Show that suc a universe
underwernt a\Big Bounce" at a scalefactor

Koy 1712
Spounce = ; (6.45)

-0
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and that the scalefactor as a function of time is

q__
a(t) = Apounce COSH - OHO(t i tbounce)] ; (646)

where tyounce IS the time at which the Big Bounce occurred. What is

the time toj tpounce Which haselapsedsincethe Big Bounce,expressed
as a function of Hy and - §?

(6.7) A universeis spatially °at, and cortains both matter and a cosmolog-
ical constart. For what value of - ¢ is to exactly equalto H} 1?

(6.8) In the Bendimark Model, what is the total massof all the matter
within our horizon? What is the total energyof all the photonswithin
our horizon? How many baryons are within the horizon?



Chapter 7

Measuring Cosmological
Parameters

Cosmologistswould like to know the scalefactor a(t) for the universe. For
a model universewhosecortents are known with precision,the scalefactor
can be computed from the Friedmann equation. Finding a(t) for the real
universe,howewer, is much moreditcult. The scalefactor is not directly ob-
senable;it canonly be deducedindirectly from the imperfectandincomplete
obsenations that we make of the universearound us.

In the previousthree chapters, I've pointed out that if we knewthe energy
density " for eady componernt of the universe,we could usethe Friedmann
equation to nd the scalefactor a(t). The argumert works in the other
direction, as well; if we could determine a(t) from obsenations, we could
use that knowledgeto nd " for eatch componert. Let's see,then, what
constrairts we can put on the scalefactor by making obsenations of distant
astronomical objects.

7.1 \A search for two numbers"

Sincedetermining the exact functional form of a(t) is dixcult, it is useful,
instead, to do a Taylor seriesexpansionfor a(t) around the presen momert.
The complete Taylor seriesis

a(t) = ato) + %‘5 tit)+ 29 e @
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To exactly reproduce an arbitrary function a(t) for all valuesof t, anin -
nite number of terms is required in the expansion. Howewer, the usefulness
of a Taylor seriesexpansionresidesin the fact that if a doesn't °uctuate
wildly with t, using only the rst few terms of the expansiongives a good
appraximation in the immediate vicinity of tg. The scalefactor a(t) is a good
candidatefor a Taylor expansion. The di®eren model universesexaminedin
the previoustwo chaptersall had smaothly varying scalefactors, and there's
no evidencethat the real universehasa wildly oscillating scalefactor.

Keepingthe rst three terms of the Taylor expansion,the scalefactor in
the recen past and the near future can be approximated as

da- _ 1 d?a- .
a(t) ¥aa(to) + a—tﬂo (ti to) + > W—tzto (ti to)°: (7.2)
Dividing by the current scalefactor, a(ty),
a(t) | aE 1 AE 2
al+ = (tj to)+ = — (tj to)°: 7.3
a(ty) at:to( i to) > at:to( i to) (7.3)

Using the normalization a(tg) = 1, this expansionfor the scale factor is
customarily written in the form

alt) i1+ Holti to) i JHE(t 1) (7.4

In equation (7.4), the parameter Hy is our old acquairtance the Hubble
constart, -

, a-
Ho —
a =t

and the parameter ¢ is a dimensionlessnumber called the deceleration pa-
rameter, de ned as

: (7.5)

”Aaﬂ _.HAﬂ

= = it : 7.6
212 t=tg : aH? t=to ( )

B i
Note the choice of signin de ning . A positive value of g, correspndsto
A < 0, meaningthat the universe'sexpansionis decelerating(that is, the
relative velocity of any two points is decreasing). A negative value of ¢
correspndsto 4> 0, meaningthat the relative velocity of any two points is
increasingwith time. The choice of signfor gy, and the fact that it's named
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the deceleration parameter,is dueto the fact that it was rst de ned during
the mid-1950's, when the limited information available favored a matter-
dominated universewith A< 0. If the universecortains a suxciently large
cosmologicatonstart, howewer, the decelerationparameterg, canhave either
sign.

The Taylor expansionof equation (7.4) is physics-free. It is simply a
mathematical description of how the universeexpandsat timest » tg, and
says nothing at all about what forcesact to acceleratethe expansion (to
take a Newtonian viewpoint of the physicsinvolved). The parametersHg
and ¢ are thus purely descriptive of the kinematics, and are free of the the-
oretical \baggage" underlying the Friedmann equation and the acceleration
equation! In a famous 1970 review article, the obsenational cosmologist
Allan Sandagedescribed all of cosmologyas\A Seard& for Two Numbers".
Those two numberswere Hy and q. Although the scope of cosmologyhas
widened considerablysince Sandagewrote his article, cosmologistsare still
assiduouslysearding for Hy and .

Although Hy and g are themseles free of the theoretical assumptions
underlying the Friedmann and accelerationequations,you can usethe accel-
eration equationto predict what gy will be in a given model universe. If your
model universecortains seeral componerts, ead with a di®eren value of
the equation-of-stateparameterw, the accelerationequation can be written

A 4GX

a 3@,

Divide ead side of the accelerationequation by the squareof the Hubble
parameterH (t) and changesign:

A 1 86X

aH? 2 3c¢2H?2 |,

Howewer, the quartity in squarebrackets in equation (7.8) is just the in-

verseof the critical energydensity ".. Thus, we canrewrite the acceleration
equationin the form

"w(l+ 3w) : (7.7)

"w(l+ 3w) (7.8)

A —}X - w(l+ 3w): (7.9)

"aH2 " 2,

IRemenber, the Friedmann equation assumesthat the expansion of the universeis
controlled by gravity, and that gravity is accurately described by Einstein's theory of
general relativit y; although these are reasonableassumptions, they are not 100% iron-
clad.
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Evaluating equation (7.9) at the presert momern, t = to, tells usthe relation
between the decelerationparameter ¢y and the density parametersof the
di®erenn componerts of the universe:

1 X
G = 2 - wo(l+ 3w) : (7.10)

For a universecortaining radiation, matter, and a cosmologicalconstart,

1
hb=-ro0t é' moi - =0 - (7.12)
Sudh a universewill currertly be acceleratingoutward (g < 0) if - 5.0 >
- 1.0+ - m0=2. The Bendhmark Model, for instance,hasq, ¥4 0:55.
In principle, determining H, shouldbe easy For small redshifts, the rela-
tion betweena galaxy's distanced and its redshift z is linear (equation 2.5):

cz= Hod: (7.12)

Thus, if you measurethe distanced and redshift z for a large sampleof galax-
ies,and t astraight line to aplot of cz versusd, the slope of the plot givesyou
the value of Hy.? Measuringthe redshift of a galaxy s relatively simple; auto-
mated galaxy surveyscan nd hundredsof galaxy redshiftsin a singlenight.

The ditcult y is in measuringthe distane of a galaxy Remenber, Edwin

Hubble was o®by a factor of 7 when he estimated Ho ¥% 500kms ' Mpci *
(seeFigure 2.4). This is becausehe underestimatedthe distancesto galaxies
in his sampleby a factor of 7.

The distanceto a galaxy is not only ditcult to measurebut also,in an
expandinguniverse,somewhatditcult to de ne. In Section3.3, the proper
distance dy(t) betweentwo points was de ned as the length of the spatial
gealesicbetweenthe points when the scalefactor is xed at the value a(t).
The proper distance is perhapsthe most straightforward de nition of the
spatial distance betweentwo points in an expanding universe. Moreover,
there is a helpful relation between scalefactor and proper distance. If we
obsene, at time tg, light that wasemitted by a distant galaxy at time t., the

2The peculiar velocities of galaxies causea signi cant amourt of scatter in the plot,
but by using a large number of galaxies, you can beat down the statistical errors. If you
use galaxiesat d < 100Mpc, you must also make allowancesfor the local inhomogeneity
and anisotropy.
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currernt proper distanceto that galaxy is (equation 5.35):
2o dt |

e at)
For the model universesexaminedin Chapters5 and 6, we knew the exact
functional form of a(t), and hencecould exactly computed,(to) for a galaxy

of any redshift. If we have only partial knowledgeof the scalefactor, in the
form of the Taylor expansionof equation 7.4, we may usethe expansion

dy(to) = € (7.13)

1
ay 711 Holti to)+ @+ G=2)H4(t i to)® (7.14)
in equation 7.13. Including the two lowest-orderterms in the lookbad time,
toi te, we nd that the proper distanceto the galaxy is

cH
do(to) Vaclto i te) + 5 (to i te)”: (7.15)

The rst term in the above equation, c(tgj te), is what the proper distance
would be in a static universe{ the lookbad time times the speed of light.
The secondterm is a correction due to the expansionof the universeduring
the time the light wastraveling.

Equation 7.15would be extremely usefulif the light from distant galaxies
carried a stamp telling us the lookbad time, to i te. They don't; instead,
they carry a stamp telling us the scalefactor a(te) at the time the light was
emitted. The obsened redshift z of a galaxy, remenber, is

1
a(te)

Using equation 7.14,we may write an approximate relation betweenredshift
and lookbad time:

zZ= i 1: (7.16)

zYaHo(to i te) + (1+ =2)H(to i te)*: (7.17)

Inverting equation 7.17 to give the lookbad time as a function of redshift,
we nd h i

toi teYaH{* zi (1+ =2)z* : (7.18)

Substituting equation 7.18into equation 7.15 givesus an approximate rela-
tion for the current proper distanceto a galaxy with redshift z:
h b ocHpz2 _ ¢, 1+

C
to) Va— zi (1+ p=2)2> + ——-= —7 1j - (71
dp(to) “H, zi 1+ @p=2)z 2 H2 Hoz i — 2 (7.19)
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The linear Hubble relation d, / z thus only holds true in the limit z ¢
291+ ). If o > j 1, then the proper distanceto a galaxy of moderate
redshift (z » 0:1, sa) is lessthan would be predicted from the linear Hubble
relation.

7.2 Luminosit y distance

Unfortunately, the currert proper distanceto a galaxy, dy(to), is not a mea-
surableproperty. If youtried to measurethe distanceto a galaxy with atape
measure,for instance, the distancewould be cortinuously increasingas you
extendedthe tape. To measurethe proper distance at time ty, you would
needa tape measurewhich could be extendedwith in nite speed;alterna-
tively, you would needto stop the expansionof the universeat its current
scalefactor while you measureche distanceat your leisure. Neither of these
alternativesis physically possible.

Since cosmologyis ultimately basedon obsenations, if we want to nd
the distanceto a galaxy, we needsomeway of computing a distance from
that galaxy's obsened properties. In devising ways of computing the dis-
tance to galaxies,astronomershave found it usefulto adopt and adapt the
techniquesusedto measureshorter distances.Let's examine,then, the tech-
niquesusedto measurerelatively short distances.Within the Solar System,
astronomersmeasurethe distance to the Moon and planets by re°ecting
radar signalsfrom them. If #t is the time taken for a photon to complete
the round-trip, then the distanceto the re°ecting body is d = (c#t)=2.3 The
accuracywith which distanceshave beendeterminedwith this technique is
impressie; the length of the astronomical unit, for instance,is now known
to be 1AU = 149597 87061km. The radar technique is useful only within
the Solar System. Beyond » 10AU, the re°ected radio wavesare too faint
to detect.

A favorite method for determining distancesto other stars within our
Galaxy is the method of trigonometric parallax. When a star is obsened
from two points separatedby a distanceb, the star's apparert position will
shift by an anglep. If the baselineof obsenation is perpendicularto the line

3Sincethe relative speedsof objects within the Solar System are much smaller than c,
the corrections due to relative motion during the time t are minuscule.
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of sight to the star, the parallax distane will be
A 1A -
d= 1pc D H : (7.20)
o 1AU  larcsec '

Measuring the distancesto stars using the Earth's orbit (b = 2AU) as a
baselineis a standard technique. Sincethe sizeof the Earth's orbit is known
with great accuracyfrom radar measuremets, the accuracywith which the
parallax distancecan be determinedis limited by the accuracywith which p
can be measured.The Hipparcossatellite, launched by the European Space
Agencyin 1989,found the parallax distancefor » 1CP stars,with an accuracy
of » 1 milliarcsecond. Howewer, to measurep for a galaxy » 100Mpc away,
an accuracy of < 10 nanoarcsecondsvould be required, using the Earth's
orbit asa baseline.The trigonometric parallaxesof galaxiesat cosmological
distancesare too small to be measuredwith current technology.

Let's focus on the properties that we can measurefor objects at cosmo-
logical distances. We can measurethe °ux of light, f, from the object, in
units of watts per squaremeter. The complete®ux, integrated over all wave-
lengths of light, is called the bolometric °ux. (A bolometeris an extremely
sensitive thermometer capableof detecting electromagneticradiation over a
wide rangeof wavelengths;it wasinverted in 1881by the astronomerSanuel
Langley, who usedit to measuresolarradiation.*) More frequertly, giventhe
dixculties of measuringthe true bolometric °ux, the °ux over alimited range
of wavelengthsis measured.If the light from the object hasemissionor ab-
sorption lines, we can measurethe redshift, z. If the object is an extended
sourcerather than a point of light, we can measureits angular diameter, H..

Oneway of using measuredpropertiesto assigna distanceis the standad
candle method. A standard candleis an object whoseluminosity L is known.
For instance,if someclassof astronomicalobject had luminositieswhich were
the samethroughout all of space-time,they would act as excellert standard
candles{ if their unique luminosity L were known. If you know, by some
meansor other, the luminosity of an object, then you can useits measured
°ux f to de ne a function called the luminosity distance:

A P =
L12

4Y%

o’ (7.21)

4As expressedmore poetically in an anorymous limerick: \Oh, Langley devised the
bolometer: / It's really a kind of thermometer / Which measuresthe heat/ From a polar
bear'sfeet/ At a distance of half a kilometer."
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(r,0,0)

(0,0,0)

Figure 7.1: An obsener at the origin obsenesa standard candle, of known
luminosity L, at comoving coordinate location (r; | A).

The function d, is calleda \distance" becauseats dimensionalily is that of a
distance,and becauseit is what the proper distanceto the standard candle
would be if the universewere static and Euclidean. In a static Euclidean
universe the propagationof light followsthe inversesquarelaw f = L=[4vd?].

Suppose, though, that you are in a universedescrited by a Robertson-
Walker metric (equation 3.25):

ds? = j Adt? + a(t)?[dr? + S. (r)%d- ?] ; (7.22)
2 Rpsin(r=Ry) (- = +1)
S(r)=_r (- =0 (7.23)
Rosinh(r=Ry) (- =i 1):

You are at the origin. At the preseh momert, t = to, you seelight that was
emitted by a standard candle at comoving coordinate location (r; i A) at a
time t. (seeFigure 7.1). The photonswhich were emitted at time t, are, at
the preset momern, spreadover a sphereof proper radius d,(to) = r and
proper surfacearea Ay(to). If spaceis °at (- = 0), then the proper area
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of the sphereis given by the Euclidean relation Ap(to) = 4%y (to)? = 4%42.
More generally however,

Ap(to) = 4Y8.(r)? : (7.24)

When spaceis positively curved, Ay(to) < 4¥42, and the photons are spread
overasmaler areathan they would bein °at space.When spaces negatively
curved, Ap(to) > 42, and photons are spreadover a larger areathan they
would bein °at space.

In addition to thesegeometrice®ectswhich would apply evenin a static
universe,the expansionof the universecauseghe obsened °ux of light from
a standard candleof redshift z to be decreasedy a factor of (1+ z)' 2. First,
the expansionof the universe causesthe energy of ead photon from the
standard candleto decrease.If a photon starts with an energyE. = hc=,,
whenthe scalefactor is a(te), by the time we obsene it, whenthe scalefactor
Is a(tg) = 1, the wavelengthwill have grown to

1
= —— .=(1+ ; 7.25
5 0 a(te) 5 € ( Z): e ( )
and the energywill have fallen to
Ee
Eo = : 7.26
0= T4 (7.26)

Second,thanks to the expansionof the universe,the time between photon
detectionswill be greater. If two photons are emitted in the samedirection
separatedby a time interval t., the proper distance betweenthem will ini-
tially be c(#te); by the time we detect the photons at time ty, the proper
distance betweenthem will be stretched to c(#t¢)(1 + z), and we will detect
them separatedby a time interval ty = #t(1 + z).

The net result is that in an expanding, spatially curved universe, the
relation betweenthe obsened °ux f and the luminosity L of a distant light

sourceis
L

U= 28 (ra+ 22

and the luminosity distanceis

(7.27)

d =S ML+ 2): (7.28)
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Figure 7.2: The luminosity distanceof a standard candlewith obsened red-
shift z. The bold solid line givesthe result for the Bendimark Model, the
dot-dashline for a °at, lambda-only universe,and the dotted line for a °at,
matter-only universe.

The available evidenceindicatesthat our universeis nearly °at, with aradius
of curvature Rq which is larger than the current horizon distance dy (o).
Objects with nite redshift are at proper distancessmallerthan the horizon
distance,and hencesmaller than the radius of curvature. Thus, it is safeto
make the appraximation r ¢ R, implying S.(r) ¥ar. With our assumption
that spaceis very closeto being °at, the relation betweenthe luminosity
distanceand the currernt proper distancebecomesvery simple:

d = r(1+ 2) = do(to)(1 + 2) [ =0]: (7.29)

Thus, evenif spaces perfectly °at, if you estimatethe distanceto a standard
candle by using a nafve inversesquarelaw, you will overestimatethe actual
proper distanceby a factor (1+ z), wherez is the standard candle'sredshift.

Figure 7.2 shaws the luminosity distanced_ asa function of redshift for
the Bendhmark Model, and for two other °at universes,one dominated by
matter and one dominated by a cosmologicalconstart. When z ¢ 1, the
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current proper distancemay be approximated as

H 1
1+
dp (to) 1/AH%)Z 1i 2Cbz :

(7.30)

In a universewhich is nearly °at, the luminosity distance may thus be ap-
proximated as

H 1+ 1 H . 1

(o (o 1
d Yoz 1 ZCbZ A+D)¥egz 1+ '20"z : (7.31)

Note that in the limit z! O,

do(to) Yad, ¥4 — 7 : (7.32)
Ho

In a universedescribed by the Robertson-Walker metric, the luminosity dis-
tanceis a good appraximation to the current proper distancefor objects with
small redshifts.

7.3 Angular-diameter distance

The luminosity distance d_ is not the only distance measurethat can be
computed using the obsenable properties of cosmologicalobjects. Suppose
that instead of a standard candle, you obsened a standad yardstick A
standard yardstick is an object whose proper length ~ is known. In most
casesi,it is corveniert to choseas your yardstick an object which is tightly
bound together, by gravity or duct tape or someother in°uence, and hence
Is not expandingalong with the universeasa whole.

Supposea yardstick of constart proper length * is aligned perpendicular
to your line of sight, asshown in Figure 7.3. You measurean angular distance
1 betweenthe endsof the yardstick, and a redshift z for the light which the
yardstick emits. If H1¢ 1, and if you know the length ~ of the yardstick,
you can compute a distanceto the yardstick using the small-angleformula

da o (7.33)
This function of ~ and #u is called the angular-diameter distane. The
angular-diameter distance is equal to the proper distance to the yardstick
if the universeis static and Euclidean.
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Figure 7.3: An obsener at the origin obsenesa standard yardstick, of known
proper length °, at comaving coordinate distancer.

In general,though, if the universeis expandingor curved, the angular-
diameter distancewill not be equalto the current proper distance. Suppose
you are in a universedescribed by the Robertson-Walker metric given in
equation (7.22). Chooseyour comoving coordinate systemso that you are
at the origin. The yardstick is at a comoving coordinate distancer. At a
time te, the yardstick emitted the light which you obsene at time to. The
comwving coordinates of the two endsof the yardstick, at the time the light
was emitted, were (r;ph;A) and (r;pp; A). As the light from the yardstick
moves toward the origin, it travels along gealesicswith p = constart and
A = constart. Thus, the angular size which you measurefor the yardstick
will be Hu= b i . The distanceds betweenthe two endsof the yardstick,
measuredat the time t. when the light was emitted, can be found from the
Robertson-Walker metric:

ds= a(te)S. (r)4u: (7.34)

Howe\er, for a standard yardstick whoselength * is known, we cansetds =
and thus nd that

S (N

'S alt)S (D= 2o

(7.35)
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Thus, the angular-diameterdistanced, to a standard yardstick is

-~ _S().

R (7.36)

A

Comparisonwith equation(7.28)shavsthat the relation betweenthe angular-
diameter distanceand the luminosity distanceis

_ o d
dA—m.

Thus, if you obsene an object which is both a standard candleand a standard
yardstick, the angular-diameterdistance which you compute for the object
will be smaller than the luminosity distance. Moreover, if the universeis
spatially °at,

(7.37)

de
1+ 2z

In a°at universe,therefore,if you computethe angular-diameterdistanceda
of a standard yardstick, it isn't equalto the currernt proper distance dy(to);
rather, it is equalto the proper distanceat the time the light from the object
was emitted: da = dy(to)=(1 + z) = dp(te).

Figure 7.4 shavs the angular-diameter distance d, for the Bendimark
Model, and for two other spatially °at universes,one dominated by matter
and one dominated by a cosmologicalconstart. (Sinced, is, for these °at
universes,equal to dy(te), Figure 7.4 is simply a replotting of of the lower
panelin Figure 6.6.) When z ¢, 1, the appraximate value of d, is given by
the expansion q

;

da(1+ 2) = dy(to) =

[ =0]: (7.38)

U

3+
da 1/4£Z 1j %
Ho

2
Thus, comparing equations (7.30), (7.31), and (7.39), we nd that in the
limit z ! 0O, da Ya d. Y do(ty) ¥ (c=Hp)z. Howewer, the state of a®airs
is very di®eren in the limit z! 1 . In modelswith a nite horizon size,
dp(to) ! dnor(to) @asz ! 1 . The luminosity distanceto highly redshifted
objects, in this case,divergesasz! 1 , with

d(z! 1) Yaz0ho(to) : (7.40)

Howeer, the angular-diameterdistanceto highly redshiftedobjectsapproathes
zeroasz! 1, with

(7.39)

dhor (tO) .
—Z .

da(z! 1)% (7.41)



7.3. ANGULAR-DIAMETER DISTANCE 139

i S e T T T
.8 - T L —only -
U< — - _]
= 6 — e —
S - .
IO 4 :_,// Benchmark _:
N /
:/l," _______________________ _—
2 f matter only T
O [ 1 | [ 1 1 | [ 1
0 2 4 6

Figure 7.4: The angular-diameter distance for a standard yardstick with
obsened redshift z. The bold solid line givesthe result for the Bendhmark
Model, the dot-dashline for a °at, lambda-only universe,and the dotted line
for a °at, matter-only universe.
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In model universesother than the lambda-only model, the angular-diameter
distanced, hasa maximum for standard yardsticks at somecritical redshift
Z.. (For the Bendhmark Model, z, = 1.6, where dy(max) = 0:41c=H, =
1800Mpc.) This meansthat if the universewere full of glow-in-the-dark
yardsticks, all of the samesize ", their angular size H1 would decreasewith
redshift out to z = z, but then would increaseat larger redshifts. The sky
would be full of big, faint, redshifted yardsticks.

In principle, standard yardsticks can be usedto determineHy. To begin
with, idertify a population of standard yardsticks (objects whose physical
size” is known). Then, measurethe redshift z and angular size Hu of ead
standard yardstick. Compute the angular-diameterdistanced, = “=4u for
eat standard yardstick. Plot cz versusd,, and the slope of the relation,
in the limit z! O, will give you Hy. In addition, if you have measuredthe
angular size+u for standard candlesat z » z., the shape of the cz versusdp
plot canbe usedto determinefurther cosmologicaparameters.If you simply
want a kinematic description, you can estimate ¢y by tting equation (7.39)
to the data. If youarecon dent that the universeis dominatedby matter and
a cosmologicalconstart, you can seewhich valuesof - .o and - 5.0 provide
the best t to the obsened data.

In practice, the useof standard yardsticks to determine cosmologicalpa-
rametershaslong beenplaguedwith obsenational ditculties. For instance,
a standard yardstick must have an angular sizelarge enoughto be resohed
by your telesco. A yardstick of physical size™ will have its angular size+u
minimized whenit is at the critical redshift z.. For the Benchmark Model,

A !
dn(max) ~ 1800Mpc Y4 0:1arcsec Tkpe (7.42)
Both galaxiesand clustersof galaxiesare large enoughto be useful standard
candles. Unfortunately for cosmologistsgalaxiesand clusters of galaxiesdo
not have sharply de ned edgessoassigninga particular angular sizety, and
a correspnding physical size *, to theseobjects is a somewhattricky task.
Moreover, galaxiesand clusters of galaxiesare not isolated, rigid yardsticks
of xed length. Galaxiestend to becomelarger with time as they undergo
mergerswith their neighbors. Clusters, too, tend to becomelarger with
time, as galaxiesfall into them. (Evertually, our Local Group will fall into
the Virgo cluster.) Correcting for theseewlutionary trendsis a ditcult task.

Given the ditculties involved in using standard yardsticks to determine

cosmologicalparameters, more attention has beenfocused,in recern years,

Hi(min) =
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on the useof standard candles. Let's rst look, therefore, at how standard
candlescan be usedto determineH,, then focuson how they canbe usedto
determinethe accelerationof the universe.

7.4 Standard candles & the Hubble constant

Using standard candlesto determine the Hubble constart has a long and
honorable history; it's the method usedby Hubble himself. The recipe for
‘nding the Hubble constart is a simple one:

2 |dentify a population of standard candleswith luminosity L.

2 Measurethe redshift z and °ux f for ead standard candle.

N

Compute d, = (L=4¥f )¥*? for eat standard candle.
2 Plot cz versusd, .

2 Measurethe slope of the cz versusd, relation whenz ¢, 1; this gives
Ho.

As with the apocryphal recipe for rabbit stewwhich begins\First catch your
rabbit," the hardeststepis the rst one. A good standard candleis hard to
‘nd. For cosmologicalpurposes,a standard candle should be bright enough
to be detectedat large redshifts. It should also have a luminosity which is
well determined?

Onetime-honoredvariety of standard candleis the classof Cepheidvari-
ablestars. Cepheids,asthey areknown, arehighly luminoussupergiar stars,
with mean luminosities lying in the rangeL = 400! 4G0,000L-. Cepheids
are pulsationally unstable. As they pulsate radially, their luminosity varies
in response,partially due to the changein their surfacearea, and partially
due to the changesin the surfacetemperature as the star pulsates. The
pulsational periods, asre°ected in the obsened brightnessvariations of the
star, lie in the rangeP = 1:5! 60days.

5A useful cautionary tale, in this regard, is the sagaof Edwin Hubble. In the 1929paper
which “rst demonstratedthat d, / z whenz ¢ 1, Hubble underestimatedthe luminosity
distancesto galaxieshby a factor of » 7 becausehe underestimated the luminosity of his
standard candlesby a factor of » 49.
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On the face of it, Cepheidsdon't seemsuz+ciently standardizedto be
standard candles;their mean luminosities range over two orders of magni-
tude. How can you tell whether you are looking at an intrinsically faint
Cepheid(L ¥4400L-) or at an intrinsically bright Cepheid(L ¥4 40,000L-)
ten times farther away? The key to calibrating Cepheidswas discovered by
Henrietta Leavitt, at Harvard College Obsenatory. In the years prior to
World War |, Leavitt was studying variable stars in the Large and Small
Magellanic Clouds, a pair of relatively small satellite galaxiesorbiting our
own Galaxy. For ead Cepheidin the Small Magellanic Cloud (SMC), she
measuredthe period P by nding the time betweenmaximain the obsened
brightness, and found the mean °ux f', averagedover one complete period.
Shenoted that there wasa clearrelation betweenP and f', with stars having
the longestperiod of variability alsohaving the largest°ux. Sincethe depth
of the SMC, front to bad, is small comparedto its distance from us, she
was justi ed in assumingthat the di®erencein mean °ux for the Cepheids
was due to di®erencesn their mean luminosity, not di®erencesn their lu-
minosity distance. Leavitt had discovereda period { luminosity relation for
Cepheidvariable stars. If the sameperiod { luminosity relation holds true
for all Cepheids,in all galaxies,then Cepheidscan act asa standard candle.

Suppose, for instance,you nd a Cepheidstar in the Large Magellanic
Cloud (LMC) and anotherin M31. They both have a pulsational period of
10days, soyou assumejfrom the period { luminosity relation, that they have
the samemeanluminosity L. By careful measuremet) you determine that

i
M = 230: (7.43)
fM31

Thus, you concludethat the luminosity distanceto M31 is greaterthan that

to the LMC® by a factor

A M31) e 2P
L LMC

= = 230= 152: 7.44
d|_ (LMC) flMgl ( )

Note that if you only know the relative “uxes of the two Cepheids,and not
their luminosity L, you will only know the relative distancesof M31 and the

8In practice, given the intrinsic scatter in the period { luminosity relation, and the
inevitable error in measuring °uxes, astronomerswould not rely on a single Cepheid in
ead galaxy. Rather, they would measuref' and P for as many Cepheidsas possiblein
ead galaxy, then 'nd the ratio of luminosity distancesthat would make the period {
luminosity relations for the two galaxiescoincide.
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LMC. To x an absolutedistanceto M31, to the LMC, and to other galaxies
cortaining Cepheids,you needto know the luminosity L for a Cepheidof a
givenperiod P. If, for instance,you could measurehe parallax distanced., to
a Cepheidwithin our own Galaxy, you could then computeits luminosity L =
41/d12/4f1, and useit to normalizethe period { luminosity relation for Cepheids’
Unfortunately, Cepheidsarerare stars; only the very nearestCepheidsin our
Galaxy have had their distancesmeasuredwith even modestaccuracyby the
Hipparcossatellite. The nearestCepheidis Polaris, asit turns out, at d., =
1308 10pc. The next nearestis probably + Cephei(the prototype after which
all Cepheidsarenamed),at d., = 3008 50pc. Future space-basedstrometric
obsenatories, suth asthe Spacelnterferometry Mission (SIM), sdheduledfor
launch in 2009,will allow parallax distancesto be measuredwith an accuracy
greater than that provided by Hipparcos. Until the distances(and hence
the luminosities) of nearty Cepheidsare known with this great accuracy
astronomersmust still rely on alternate methods of normalizing the period
{ luminosity relation for Cepheids. The most usual method involves nding
the distance to the Large Magellanic Cloud by secondarymethods? then
using this distanceto compute the mean luminosity of the LMC Cepheids.
The current consensuss that the Large Magellanic Cloud has a luminosity
distanced, = 508 3kpc, implying a distanceto M31 of d_. = 7608 50kpc.
With the Hubble SpaceTelescop, the °uxes and periods of Cepheids
can be accurately measuredout to luminosity distancesof d. » 20Mpc.
Obsenation of Cepheidstars in the Virgo cluster of galaxies,for instance,
has yielded a distance d, (Virgo) = 300d_ (LMC) = 15Mpc. One of the
motivating reasondor building the Hubble SpaceTelescog in the rst place
was to use Cepheidsto determine Hy. The net result of the Hubble Key
Project to measureHy is displayed in Figure 2.5, shaving that the Cepheid
data are best t with a Hubble constart of Ho = 758 8kms *Mpc' .
There is a hidden dixcult y involved in using Cepheidstarsto determine
Ho. Cepheidscantake you out only to a distanced, » 20Mpc; on this scale,
the universecannotbe assumedo be homogeneousand isotropic. In fact, the
Local Group is gravitationally attracted toward the Virgo cluster, causingit
to have a peculiar motion in that direction. It is estimated, from dynamical
models, that the recessiorvelocity cz which we measurefor the Virgo cluster

“Within our Galaxy, which is not expanding, the parallax distance, the luminosity
distance, and the proper distance are identical.

8A good review of these methods, and the distancesthey vyield, is given by van den
Bergh (2000).
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is 250km s ! lessthan it would beif the universewereperfectly homogeneous.
The plot of cz versusd, given in Figure 2.5 usesrecessionvelocities which
are correctedfor this \Virgo certric °ow", asit is called.

7.5 Standard candles & the accelerating uni-
verse

To determinethe valueof H, without having to worry about Virgocertric °ow
and other peculiar velocities, we needto determine the luminosity distance
to standard candleswith d, > 100Mpc, or z > 0:02. To determinethe value
of p, we needto view standard candlesfor which the relation betweend,
and z deviatessigni cantly from the linear relation which holdstrue at lower
redshifts. In terms of Hy and o, the luminosity distanceat small redshift is

1i @
2

A Va—z 1+ 7 (7.45)
Ho

At a redshift z = 0:2, for instance,the luminosity distanced, in the Bend-
mark Model (with g = | 0:55) is 5% larger than d_ in an empty universe
(with oo = 0).°

For a standard candleto be seenat d. > 100Mpc (to determineHq with
minimal e®ectsfrom peculiar velocity) or at d. > 1000Mpc (to determine
Gp), it must be very luminous. Initial attempts to nd a highly luminous
standard candle focusedon using erntire galaxiesas standard candles. This
attempt founderedon the lack of standardization amonggalaxies. Not only
do galaxieshave a wide rangeof luminosities at the presen momert, but any
individual galaxy hasa luminosity which ewlvessigni cantly with time. For
instance, an isolated galaxy, after an initial outburst of star formation, will
fade gradually with time, asits stars exhausttheir nuclear fuel and become
dim stellar remnarts. A galaxy in a rich cluster, by cortrast, can actually
becomemore luminous with time, asit \cannibalizes" smaller galaxieshy
merging with them. For any particular galaxy, it's dixcult to tell which
e®ectdominates. Sincethe luminosity ewlution of galaxiesis imperfectly
understood, they aren't particularly suitable for useas standard candles.

9If you think, optimistically, that you can determine luminosity distances with an
accuracy much better than 5%, then you won't have to go asdeepinto spaceto determine
Gp accurately.
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In recen years, the standard candle of choice among cosmologistshas
beentype la supernovae A supernova may belooselyde ned asan exploding
star. Early in the history of supernova studies,whenlittle was known about
their underlying physics, supernovae were divided into two classes,on the
basis of their spectra. Type | supernovae cortain no hydrogen absorption
linesin their spectra; type Il supernovae cortain strong hydrogenabsorption
lines. Gradually, it was realized that all type Il supernovae are the same
speciesof beast;they are massiwe stars (M > 8M-) whosecorescollapseto
form a black holeor neutron star whentheir nuclearfuel is exhausted. During
the rapid collapseof the core,the outer layersof the star are thrown o®into
space.Type | supernovae are actually two separatespecies,which are called
type la and type Ib. Type Ib supernovae, it is thought, are massiwe stars
whosecorescollapseafter the hydrogen-rich outer layersof the star have been
blown away in strong stellar winds. Thus, type Ib and type |l supernovaeare
driven by very similar mecanisms{ their di®erencesre super cial, in the
most literal sense.Type la supernovae, howewer, are somethingcompletely
di®erent. They occur in closebinary systemswhere one of the two stars in
the systemis a white dwarf; that is, a stellar remnart which is supported
against gravity by electron degeneracypressure. The transfer of massfrom
the companionstar to the white dwarf evertually nudgesthe white dwarf
over the Chandrasekhardimit of 1:4M-; this is the maximum massat which
the electron degeneracypressurecan support a white dwarf againstits own
self-gravity. When the Chandrasekharlimit is exceeded,the white dwarf
starts to collapseuntil its increaseddensity triggers a runaway nuclearfusion
reaction. The ertire white dwarf becomesa fusion bomb, blowing itself to
smithereens;unlike type Il supernovae, type la supernovae do not leave a
condensedstellar remnart behind.

Within our Galaxy, type la supernovae occur roughly onceper certury,
on average. Although type la supernovae are not frequert occurrenceslo-
cally, they are extraordinary luminous, and hencecan be seento large dis-
tances. The luminosity of an averagetype la supernova, at peak brightness,
isL = 4£ 10° L-; that's 100,000times more luminousthan eventhe brightest
Cepheid. For a few days, a type la supernova in a moderately bright galaxy
can outshine all the other stars in the galaxy combined. Since moderately
bright galaxiescan be seenat z » 1, this meansthat type la supernovae
canalsobe seenat z » 1. Not only are type la supernovae bright standard
candles,they are also reasonablystandardized standard candles. Consider
type la supernovae in the Virgo cluster. Although there's only onetype la
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supernova per certury in our own Galaxy, the total luminosity of the Virgo
cluster is a few hundred times that of our Galaxy. Thus, ewvery year you can
expect a few type la supernovaeto go o®in the Virgo cluster. Seweral type
la supernovae have beenobsenedin the Virgo clusterin the recern past, and
have beenfound to have similar °uxes at maximum brightness.

Sofar, type la supernovae sound like ideal standard candles;very lumi-
nous and very standardized. There's one complication, howewer. Obsena-
tion of supernovaein galaxieswhosedistanceshave beenwell determinedby
Cepheidsreveal that type la supernovae do not have identical luminosities.
Instead of all having L = 4£ 10° L-, their peakluminosities lie in the fairly
broad rangelL 43! 5£ 10°L-. Howewer, it hasalsobeennoted that the
peak luminosity of a type la supernova is tightly correlated with the shape
of its light curve. Type la supernovaewith luminositiesthe shoot up rapidly
and declinerapidly are lessluminous than averageat their peak; supernovae
with luminosities which rise and fall in a more leisurely manner are more
luminous than average. Thus, just asthe period of a Cepheidtells you its
luminosity, the rise and fall time of a type la supernova tells you its peak
luminosity.

Recerly, two researt teams, the \Supernova CosmologyProject" and
the \High-z Supernova Searty Team", have been conducting seardes for
supernovaein distant galaxies. They have usedthe obsenedlight curvesand
redshiftsof type la supernovaeto measurecosmologicaparameters.First, by
observingtype la supernovaeat z » 0:1, the value of Hy can be determined.
The results of the di®erent groups are in reasonableagreemen with ead
other. If the distanceto the Virgo cluster is peggedat d, = 15Mpc, as
indicated by the Cepheidresults, then the obsened supernovae °uxes and
redshifts are consistett with Ho = 708 7kms *Mpc !, the value of the
Hubble constart which | have adoptedin this text.

In addition, the supernova groups have beenattempting to measurethe
acceleration(or deceleration)of the universeby observingtype la supernovae
at higher redshift. To presen the mostrecert supernova resultsto you, | will
have to introduce the \magnitude" systemusedby astronomersto express
°uxes and luminosities. The magnitude system,like much elsein astronony,
has its roots in ancien Greece. The Greek astronomer Hipparchus, in the
secondcertury BC, divided the starsinto six classesaccordingto their ap-
parert brightness. The brightest starswereof \ rst magnitude", the faintest
stars visible to the naked eye were of \sixth magnitude”, and intermediate
stars were ranked as second,third, fourth, and fth magnitude. Long after
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the time of Hipparchus, it was realizedthat the responseof the human eye
is roughly logarithmic, and that stars of the rst magnitude have °uxes (at
visible wavelengths)about 100 times greater than stars of the sixth magni-
tude. On the basisof this realization, the magnitude systemwas placed on
a more rigorous mathematical basis.

Nowadays, the bolometric apparent magnitude of a light sourceis de ned
in terms of the source'sbolometric °ux as

m~ j 2:5log,y(f =fx) ; (7.46)

where the reference®ux f, is set at the value f, = 2:53£ 10 8watt mi 2.
Thanks to the negative signin the de nition, a small value of m correspnds
to a large °ux f. For instance,the °ux of sunlight at the Earth's location
is f = 1367watts m ?; the Sun thus has a bolometric apparert magnitude
of m = j 26:8. The choice of reference’ux f, constitutes a tip of the hat
to Hipparchus, since for stars visible to the naked eye it typically yields
0<m<6.

The bolometric absolute magnitude of a light sourceis de ned as the
apparernt magnitude that it would have if it wereat a luminosity distance of
d. = 10pc. Thus,alight sourcewith luminosity L hasa bolometric absolute
magnitude

M “ i 2:5log;o(L=Ly) ; (7.47)

wherethe referenceluminosity is Ly = 787L-, sincethat is the luminosity
of an object which producesa °ux f, = 2:53£ 10 8watt mi 2 when viewed
from a distanceof 10 parsecs.The bolometric absolutemagnitude of the Sun
isthusM = 4:74. Although the systemof apparert and absolutemagnitudes
seemsstrangeto the uninitiated, the apparert magnitude is really nothing
more than a logarithmic measureof the °ux, and the absolute magnitude is
a logarithmic measureof the luminosity.

Given the de nitions of apparert and absolute magnitude, the relation
betweenan object's apparernt magnitude and its absolute magnitude can be
written in the form A !

d. _
10pc '
where d, is the luminosity distanceto the light source. If the luminosity
distanceis givenin units of megaparsecsthis relation becomes

A !
d

M = mj 5log IMpc i 25: (7.49)

M = mj 5log, (7.48)
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Since astronomersfrequertly quote °uxes and luminosities in terms of ap-
parert and absolutemagnitudes,they nd it conveniert to quote luminosity
distancesin terms of the distanee modulus to a light source. The distance
modulus is de ned asm i M, and is related to the luminosity distance by
the relation A [
d
1Mpc

The distance modulus of the Large Magellanic Cloud, for instance,at d, =
0:050Mpc, ismj M = 185. The distancemodulus of the Virgo cluster, at
d. = 15Mpc,ismj M = 309. When z ¢ 1, the luminosity distanceto a
light sourceis T

z . (7.51)

mi M = 5log, + 25: (7.50)

u

1-
Qv Sy 14+ -1 ®
Ho

2
Substituting this relation into equation (7.50), we have an equation which
givesthe relation betweendistance modulus and redshift:
A !
Ho
70kms 1Mpci !

mi M %4317 5log,,

+ 5log,pz + 1:086(1j )z :

(7.52)
For a population of standard candleswith known luminosity L (and hence
of known bolometric absolute magnitude M), you measurethe °ux f (or
equivalertly, the bolometric apparert magnitude m) and the redshift z. In
the limit z! O, aplot of mj M versuslog,,z givesa straight line whose
amplitude at a given value of z tells you the value of Hy. At slightly larger
valuesof z, the deviation of the plot from a straight line tells you the value
of ¢p. At a given value of z, an acceleratinguniverse (with gy < 0) yields
standard candleswith a smaller°ux than would a deceleratinguniverse(with
G > 0).

The upper panel of Figure 7.5 shaws the plot of distancemodulus versus
redshift for the conbined supernova samplesof the High-z Supernova Seart
Team (given by the lled circles) and the Supernova Cosmology Project
(given by the open circles). The obsenational results are comparedto the
expectedresultsfor three model universes.One universeis °at, and cortains
nothing but matter (- .0 = 1, @ = 0:5). The secondis negatively curved,
and cortains nothing but matter (- .0 = 0:3, @ = 0:15). The third is
°at, and cortains both matter and a cosmologicalconstart (- n.0 = 0:3,
-a0 = 07, @ = j 0:55). The data are best tted by the third of the
models { which is, in fact, our Bendhmark Model. The bottom panel of
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Figure 7.5: Distance modulus versusredshift for type la supernovae from the
Supernova CosmologyProject (Perlmutter et al. 1999, ApJ, 517,565) and
the High-z Supernova Searh Team (Riesset al. 1998,AJ, 116,1009). The
bottom panel shows the di®erencebetweenthe data and the predictions of a
negatively curved - .o = 0:3 model (from Riess2000,PASP, 112,1284).
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Figure 7.5 shows this result more clearly. It shows the di®erencebetween
the data and the predictions of the negatively curved, matter-only model.
The conclusionthat the universeis acceleratingderivesfrom the obsenation
that the supernovae seenat z » 0.5 are, on average,about 0.25magnitudes
fainter than they would in a deceleratinguniversewith - .o = 0:3 and no
cosmologicalconstart.

The supernova data extendout to z » 1; this is beyond the rangewherean
expansionin terms of Hy and @ is adequateto descrike the scalefactor a(t).
Thus, the two supernova teamscustomarily descrike their resultsin terms of
a model universewhich cortains both matter and a cosmologicalconstart.
After choosingvaluesof - .o and - 4.0, they compute the expected relation
betweenm j M and z, and compareit to the obsened data. The results
of tting thesemodel universesare givenin Figure 7.6. The ovals drawn on
Figure 7.6 enclosethose valuesof - .o and - .o which give the best t to
the supernova data. The results of the two teams(the solid ovals and dotted
ovals) give very similar results. Three concetric ovals are shavn for eadh
team's result; they correspnd to 1% 2% and 3%con denceintervals, with
the inner oval represeting the highest probability. The best tting models
lie alongthe line 0:8- .0j 0:6- 5.0 ¥4 0:2. Note that deceleratinguniverses
(with g > 0) can be strongly excluded by the data, as can Big Crunch
universes(labeled "Recollapsesin Figure 7.6), and Big Bounce universes
(labeled "No Big Bang' in Figure 7.6). The supernova data are consister
with negative curvature (labeled "Open' in Figure 7.6), positive curvature
(labeled "Closed'in Figure 7.6), or with a universewhich is spatially °at.

The results of the supernova teams made headlineswhen they were rst
announced;the discovery of the acceleratinguniversewas namedby Sciene
magazineasthe “Scieni ¢ Breakthrough of the Year' for 1998. It is prudent
to remenber, however, that all the hoopla about the acceleratinguniverseis
basedon the obsenation that type la supernova at z » 0:5 and beyond have
somewhatlower °uxes (by about 25%)than they would havein a decelerating
universe. There are other reasonswvhy their uxes might below. For instance,
if type la supernovaewereintrinsically lessluminousat z » 0:5than atz » 0,
that could explaintheir low °uxes. (If atypical supernovaatz » 0:5hadlL =
3£ 1@ L- rather than 4£ 10° L-, that would explain their obsened dimness,
without the needto invoke a cosmologicatonstart. Cornversely if the typical
supernova at z » 05 had L = 5£ 10°L- rather than 4 £ 10°L-, that
would require an even larger cosmologicakonstart to explain their obsened
dimness.) Howewer, the other properties of type la supernovae, suc astheir
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Figure 7.6: The valuesof - .o (horizontal axis) and - .o (vertical axis) which
best t the data shown in Figure 7.5. The solid ovals shav the best- tting

valuesfor the High-z Supernova Seartt Team data; the dotted ovals show
the best- tting valuesfor the Supernova CosmologyProject data (from Riess
2000,PASP, 112,1284).
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spectra, don't seemto ewlve with time, so why should their luminosity?
Perhapsthe °uxes of supernovae at z » 0:5 are low becausesomeof their
light is scattered or absorked by intervening dust. Howewer, dust tends to
scatter somewavelengthsof light more than others. This would changethe
shape of the spectrum of distant type la supernovae, but no dependenceof
spectral shape on redshift is obsened.

In sum, the supernova results of Figure 7.6 provide persuasie (but, given
the caveats, not absolutelycompelling) evidencefor an acceleratinguniverse.
We will seein future chapters how additional obsenational evidenceinter-
locks with the supernova results to suggestthat we live in a nearly °at
acceleratinguniversewith - .0 ¥%20:3 and - 5.0 % 0:7.

Suggested reading

[Full referencesare given in the \Annotated Bibliography" on page286.]

Liddle (1999), ch. 6: The relation amongHg, o, - o, and =.

Narlik ar (2002), ch. 9, 10: Localobsenations(z < 0:1) and moredistant
obsenations (z > 0:1) of the universe,and what they tell us about
cosmologicalparameters.

Peacock (1999), ch. 5: A review of distancemeasuresusedin cosmology

Rich (2001), ch. 5.2: A summary of the supernova la results.

Problems

(7.1) Supposethat a polar bear's foot has a luminosity of L = 10watts.
What is the bolometric absolutemagnitude of the bear'sfoot? What is
the bolometric apparert magnitude of the foot at a luminosity distance
ofd. = 0:5km? If abolometercandetectthe bear'sfoot at a maximum
luminosity distanceof d. = 0:5km, what is the maximum luminosity
distance at which it could detect the Sun? What is the maximum
luminosity distance at which it could detect a supernova with L =
4£ 10°L-?
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(7.2) Supposethat a polar bear'sfoot hasa diameter of = = 0:16m. What
is the angular size H1 of the foot at an angular-diameter distance of
da = 0:5km? In the Benchmark Model, what is the minimum possible
angular size of the polar bear's foot?

(7.3) Supposethat you are in a spatially °at universecortaining a single
componert with a unique equation-of-state parameter w. What are
the current proper distancedr (tp), the luminosity distanced, and the
angular-diameterdistanced, asafunction of zandw? At what redshift
will da have a maximum value? What will this maximum value be, in
units of the Hubble distance?

(7.4) Verify that equation(7.52)is correctin the limit of small z. (You will
probably want to usethe relation log,o(1 + x) %2 0:4343In(1 + Xx) %
0:434% in the limit jxj ¢ 1.)

(7.5) The surfacebrightness§ of an astronomical object is de ned as its
obsened °ux divided by its obsened angular area;thus, § / f =(#)2.
For a classof objects which are both standard candlesand standard
yardsticks, what is 8§ as a function of redshift? Would observingthe
surfacebrightnessof this classof objects be a usefulway of determining
the value of the decelerationparameterq,? Why or why not?

(7.6) You obsene a quasarat a redshift z = 5:0, and determine that the
obsened‘ux of light from the quasarvarieson atimescalett, = 3days.
If the obsened variation in °ux is due to a variation in the intrinsic
luminosity of the quasar, what was the variation timescalett, at the
time the light was emitted? For the light from the quasarto vary on a
timescalett,, the bulk of the light must comefrom a region of physical
sizeR - Rpyax = c(#e). What is Ryax for the obsened quasar? What
is the angular sizeof Rya« in the Bendimark Model?

(7.7) Derive the relation Ap(to) = 4¥8.(r)?, as given in equation (7.24),
starting from the Robertson-Walker metric of equation (7.22).

(7.8) A spatially °at universecortains a single componert with equation-
of-state parameterw. In this universe,standard candlesof luminosity
L are distributed homogeneouslyin space. The number density of
the standard candlesis no at t = ty, and the standard candlesare
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neither created nor destroyed. Show that the obsened °ux from a
single standard candleat redshift z is

f(z)_L(1+3w)2 1 h

C (14 — ii 2
"~ 16%4c=Ho)2 (1 + 2)2 1i (1+2) 03wz (7.53)

whenw 6 j 1=3. What is the correspnding relation whenw = j 1=37?
Shaw that the obsened intensity (that is, the power per unit areaper
steradian of sky) from standard candleswith redshifts in the range
z! z+dzis

NoL (c=Ho)
44
What will be the total intensity J of all standard candlesintegrated

over all redshifts? Explain why the night sky is of nite brightnesseven
in universeswith w - j 1=3, which have an in nite horizon distance.

dJ(z) = (1+ z)i (+8wW=2qz (7.54)



Chapter 8

Dark Matter

Cosmologists,over the years, have dedicated a large amourt of time and
e®ortto determining the matter density of the universe. There are many
reasonsfor this obsession.First, the density parameterin matter, - .o, iS
important in determining the spatial curvature and expansionrate of the
universe. Even if the cosmologicalconstart is non-zero,the matter cortent
of the universeis not negligible today, and was the dominan componert in
the fairly recen past. Another reasonfor wanting to know the matter density
of the universeis to nd out what the universeis made of. What fraction
of the density is made of stars, and other familiar typesof baryonic matter?
What fraction of the density is made of dark matter? What constitutes the
dark matter { cold stellar remnarts, bladk holes,exotic elemenary particles,
or someother substancetoo dim for usto see?Thesequestions,and others,
have driven astronomersto make a censusof the universe,and nd out what
typesof matter it cortains, and in what quartities.

We have already seen,in the previous chapter, one method of putting
limits on - ,.0. The apparert magnitude (or °ux) of type la supernovaeasa
function of redshift is consisten with a °at universehaving - .0 ¥4 0:3 and
- a:0 ¥4 0:7. Howewer, neither - .o nor - ¢ isindividually well-constrainedby
the supernova obsenations. The supernova data are consisten with - .o = 0
if - o.0 ¥4 0:4; they are also consistett with - .o = 1if - 5.9 ¥4 1:7. In order
to determine- .o more accurately we will have to adopt alternate methods
of estimating the matter cortent of the universe.

155
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8.1 Visible matter

Sometypes of matter, sud as stars, help astronomersto detect them by
broadcastingphotons in all directions. Stars primarily emit light in the in-
frared, visible, and ultraviolet range of the electromagneticspectrum. Sup-
pose,for instance,you install a B-band Tter on your telescog. Sudc a lter
allows only photonsin the wavelengthrange4:0£ 10 ‘m< , < 49£ 10 'm
to passthrough.! The\B" in B-band standsfor \blue"; howewer, in addition
to admitting blue light, a B-band Tter also lets through violet light. The
Sun'sluminosity in the B bandis L-.g = 47 £ 10*°watts. 2

In the B band, the total luminosity density of stars within a few hundred
megaparsec®f our Galaxy is

jog = 12£ 1PL-.5 Mpc 3 (8.1)

To corvert a luminosity density j ».g into a massdensity ¥2, we needto know
the mass-to-lightratio for the stars. That is, we needto know how many
kilograms of star, on average,it takesto produce one watt of starlight in
the B band. If all stars wereidentical to the Sun, we could simply say that
there is one solar massof stars for ead solar luminosity of output power, or
MM=Lgi = 1M-=L-.5. Howewer, stars are not uniform in their properties.
They have a wide range of massesand a wider rangeof B -band luminosities.
For main sequencestars, powered by hydrogen fusion in their certers, the
mass-to-ligh ratio rangesfrom M=Lg » 10 3M-=L-g for the brightest,
most massie stars (the O starsin the classicOBAFGKM spectral sequence)
to M=Lg » 10°M-=L- g for the dimmest, least massi\e stars (the M stars).

Thus, the mass-to-light ratio of the starsin a galaxy will depend on the
mix of starswhich it cortains. As a rst guesset's supposethat the mix of
starsin the solar neighborhood is not abnormal. Within 1 kiloparsecof the
Sun, the mass-to-ligh ratio of the stars works out to be

M =Lgi %4 4M-=L- g ¥ 17Q000kgwatt' * : (8.2)
Although a mass-to-ligh ratio of 170tons per watt doesn't seem,at rst

glance,like a very high exciency, you must remenber that the massof a star
includesall the fuel which it will require during its ertire lifetime.

1For comparison, your eyesdetect photons in the wavelengthrange4£ 10 ‘'m< | <
7£ 10 "m.

2This is only 12% of the Sun'stotal luminosity. About 6% of the luminosity is emitted
at ultraviolet wavelengths, and the remaining 82% is emitted at wavelengthstoo long to
passthrough the B TTter.
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If the mass-to-ligh ratio of the stars within a kiloparsec of us is not
unusually high or low, then the massdensity of starsin the universeis

Yoo = M=Lgij,p %5£ 10°M- Mpc' * : (8.3)

Since the current critical density of the universeis equivalet to a mass
density of Yao = "0=¢ = 1:4£ 10" M- Mpc' 3, the current density parameter
of starsis _
. Yo, 5E 10° M- Mpc' 3

07 a0 " T4E 100M- Mpc @
Starsmake up lessthan 1/2% of the density necessaryo °atten the universe.
In truth, the number - ,., ¥4 0:004is not a preciselydeterminedone, largely
becauseof the uncertainty in the number of low-mass,low-luminosity stars
in galaxies. In our Galaxy, for instance, » 95% of the stellar luminosity
comesfrom stars more luminous than the Sun, but » 80% of the stellar
masscomesfrom stars less luminous than the Sun. The density parameter
in stars will be further increasedif you include in the category of \stars"
stellar remnarts (such as white dwarfs, neutron stars, and black holes)and
brown dwarfs. A brown dwarf is a self-gravitating ball of gaswhich is too low
in massto sustain nuclear fusion in its interior. Becausebrown dwarfs and
isolated cool stellar remnarts are ditcult to detect, their number density is
not well determined.

Galaxiesalso cortain baryonic matter which is not in the form of stars,
stellar remnarts, or brown dwarfs. The interstellar medium contains signif-
icant amourts of gas. In our Galaxy and in M31, for instance, the mass
of interstellar gasis roughly equalto 10% of the massof stars. In irregular
galaxiessud asthe MagellanicClouds, the ratio of gasto starsis evenhigher.
In addition, there is a signi cant amourt of gasbetweengalaxies. Consider
a rich cluster of galaxiessud as the Coma cluster, located 100 Mpc from
our Galaxy, in the direction of the constellation Coma Berenices.At visible
wavelengths,asshawvn in Figure 8.1, most of the light comesfrom the starsin
the cluster'sgalaxies. The Comacluster cortains thousandsof galaxies;their
summedIluminosity in the B band comesto Lcomaz = 8£ 102 L- 5. If the
mass-to-ligh ratio of the starsin the ComaclusterishM =Lgi ¥24M-=L- g,
then the total massof stars in the Coma cluster is M coma:» ¥4 3£ 10 M-,
Although 30trillion solarmassegepresetts a lot of stars, the stellar massin
the Coma cluster is small comparedto the massof the hot, intracluster gas
betweenthe galaxiesin the cluster. X-ray images,sud asthe one shown in

¥, 0:004: (8.4)




158 CHAPTER 8. DARK MATTER

Figure 8.1: The Coma cluster as seenin visible light. The image shavn is
35 arcminutes across,equivalert to » 1Mpc at the distance of the Coma
cluster. [From the Digitized Sky Surwvey, produced at the SpaceTelescope

Sciencelnstitute]

Figure 8.2: The Coma cluster as seenin x-ray light. The scaleis the same
asthat of the previousimage. [From the ROSAT x-ray obsenatory; cour-
tesy Max-Planck-Institut fé extraterrestriche Physik. This "gure and the
previous gure were produced by Raymond White, using NASA's SkyView

facility.]
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Figure 8.2, reveal that hot, low-density gas, with a typical temperature of
T Y% 1£ 16K, TlIs the spacebetweenclusters,emitting x-rays with a typical
energyof E » kTgas » 9keV. The total amourt of x-ray emitting gasin
the Comacluster is estimatedto be M coma:gas ¥4 2£ 10 M-, roughly six or
sewen times the massin stars.

As it turns out, the best current limits on the baryon density of the
universecomefrom the predictions of primordial nucleosyrhesis. As we will
seein Chapter 10, the exciency with which fusion takes place in the early
universe, converting hydrogen into deuterium, helium, lithium, and other
elemerts, dependson the density of protons and neutrons presen. Detailed
studiesof the amourts of deuterium and other elemerts presen in primordial
gascloudsindicate that the density parameterof baryonic matter must be

- pary;0 = 0:048 0:01; (8.5)

an order of magnitude larger than the density parameter for stars. When
you stare up at the night sky and marvel at the glory of the stars, you are
actually marveling at a minority of the baryonic matter in the universe. Most
of the baryonsare too cold to be readily visible (the infrared emitting brown
dwarfs and cold stellar remnarts) or too di®useto be readily visible (the low
density x-ray gasin clusters).

8.2 Dark matter in galaxies

The situation, in fact, is even more extreme than stated in the previous
section. Not only is most of the baryonic matter undetectableby our eyes,
most of the matter is not even baryonic. The majority of the matter in the
universeis nonkaryonic dark matter, which doesn't absorb, emit, or scatter
light of any wavelength. One way of detecting dark matter is to look for its
gravitational in°uence on visible matter. A classicmethod of detecting dark
matter involveslooking at the orbital speedsof starsin spiral galaxiessud
asour own Galaxy and M31. Spiral galaxiescortain °attened disks of stars;
within the disk, stars are on nearly circular orbits around the certer of the
galaxy. The Sun, for instance,is on such an orbit { it is R = 8:5kpc from
the Galactic certer, and has an orbital speedof v = 220kmsi L.
Supposethat a star is on a circular orbit around the certer of its galaxy:.
If the radius of the orbit is R and the orbital speedis v, then the star
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experiencesan acceleration

(8.6)

directed toward the certer of the galaxy. If the accelerationis provided by

the gravitational attraction of the galaxy, then
a= GI\I/quR) ;

where M (R) is the masscontained within a sphere of radius R certered

on the galactic certer.® The relation betweenv and M is found by setting
equation (8.6) equalto equation (8.7):

(8.7)

vZ_ GM(R)

BE- R (8.8)
or s

V= GMR(R) : (8.9)

The surface brightness | of the disk of a spiral galaxy typically falls o®
exponertially with distancefrom the certer:

I (R) = 1(0)exp(i R=Ry) ; (8.10)

with the scalelength Rs typically being a few kiloparsecs. For our Galaxy;,
Rs ¥ 4kpc; for M31, a somewhatlarger disk galaxy, Rs ¥4 6kpc. Onceyou
are a few scalelengths from the certer of the spiral galaxy, the massof stars
insideR becomesessetally constart. Thus, if starscortrilibut_ed all, or most,
of the massin a galaxy, the velocity would fall asv/ 1= R.at large radii.
This relation betweenorbital speedand orbital radius,v/ 1= R, is referred
to as\Keplerian rotation”, sinceit's what Kepler found for orbits in the Solar
System,wherethe massis strongly concertrated toward the certer.*

The orbital speedv of stars within a spiral galaxy can be determined
from obsenations. Considera galaxy which hasthe shape of a thin circular
disk. In general,we won't be seeingthe disk perfectly face-onor edge-on;

3Equation (8.7) assumesthat the massdistribution of the galaxy is spherically sym-
metric. This is not, strictly speaking, true (the starsin the disk obviously have a °attened
distribution), but the °attening of the galaxy provides only a small correction to the
equation for the gravitational acceleration.

499.8% of the Solar System'smassis cortained within the Sun.
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Figure 8.3: An obsener seesa disk at an inclination anglei.

we'll seeit at an inclination i, wherei is the angle betweenour line of sight
to the disk and a line perpendicular to the disk (seeFigure 8.3). The disk
we seein projection will be elliptical, not circular, with an axis ratio

b=a= cosi : (8.11)

For example,the galaxy M31 looks extremely elongatedas seenfrom Earth,
with an obsened axis ratio b=a= 0:22. This indicates that we are seeing
M31 fairly closeto edge-on,with an inclination i = cog 1(0:22) = 77. By
measuringthe redshift of the absorption, or emission,linesin light from the
disk, we can nd the radial velocity v, (R) = cz(R) alongthe apparen long
axis of the galaxy. Sincethe redshift cortains only the componert of the
stars' orbital velocity which lies along the line of sight, the radial velocity
which we measurewill be

Vi (R) = Vga + V(R) sini ; (8.12)

where vy, is the radial velocity of the galaxy asa whole, resulting from the
expansionof the universe,and v(R) is the orbital speedat a distanceR from
the certer of the disk. We canthus computethe orbital speedv(R) in terms
of obsenable properties as

Vi (R) i Vgal _ YJ(R)i Vgal .

VR) = i 1 =2

(8.13)
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Figure 8.4: The orbital speedv as a function of radius in M31. The open
circles shaw the results of Rubin and Ford (1970, ApJ, 159, 379) at visible
wavelengths;the solid dots with error bars show the results of Roberts and
Whitehurst (1975,ApJ, 201, 327) at radio wavelengths( gure from van den
Bergh, 2000).

The rst astronomerto detect the rotation of M31 was Vesto Slipher, in
1914. Howewer, given the dixcult y of measuringthe spectra at low surface
brightness, the orbital speedv at R > 3Rs = 18kpc was not accurately
measureduntil morethan half a certury later. In 1970,VeraRubin and Kent
Ford looked at emissionlinesfrom regionsof hot ionizedgasin M31, and were
ableto nd the orbital speedv(R) out to a radius R = 24kpc = 4Rs. Their
results, shavn asthe open circlesin Figure 8.4, give no sign of a Keplerian
decreasdn the orbital speed. Beyond R = 4Rg, the visible light from M31
was too faint for Rubin and Ford to measurethe redshift; as they wrote
in their original paper, \extrap olation beyond that distanceis a matter of
taste.” At R > 4R, there is still a small amourt of atomic hydrogen in
the disk of M31, which can be detected by meansof its emissionline at
., = 21cm. By measuringthe redshift of this emissionline, M. Roberts
and R. Whitehurst found that the orbital speedstayed at a nearly constarn
value of v(R) ¥ 230kms ! out to R ¥ 30kpc ¥4 5Rs, as shavn by the solid
dots in Figure 8.4. Sincethe orbital speed of the stars and gas at large
radii (R > 3Rg) is greaterthan it would be if stars and gaswere the only
matter presen, we deducethe presenceof a dark halo within which the visible
stellar disk is embedded. The massof the dark halo provides the necessary
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gravitational \anchor" to keepthe high-speedstars and gasfrom being °ung
out into intergalactic space.

M31 is not a freak; most, if not all, spiral galaxieshave comparabledark
halos. For instance, our own Galaxy has an orbital speed which actually
seemdo berising slightly at R > 15kpc, instead of decreasingn a Keplerian
fashion. Thousandsof spiral galaxieshave had their orbital velocities v(R)
measured;typically, v is roughly constart at R > Rs. If we appraximate the
orbital speedv as being constart with radius, the massof a spiral galaxy;
including both the luminous disk and the dark halo, can be found from
equation (8.9):

VR ors B v T2 R |
M(R)= 5~ = 96£ 10°M 220kms 1 85kpc

(8.14)

The valuesof v and R in the above equation are scaledto the Sun'slocation
in our Galaxy. Sinceour Galaxy's luminosity in the B band is estimatedto
be Lgag = 23£ 10°L- g, this meansthat the mass-to-ligh ratio of our
Galaxy, taken asa whole, is

MM =Lgiga ¥a50M-=L- 5

(8.15)

usingv = 220kms ! in equation (8.14). The quartity Ry is the radius
of the dark halo surrounding the luminous disk of our galaxy. The exact
value of Ry,0 is poorly known. At R ¥ 20kpc, wherethe last detectablegas
existsin the disk of our Galaxy, the orbital speedshonsno signof a Keplerian
decreasethus, Rnao > 20kpc. A rough estimate of the halo sizecanbe made
by looking at the velocities of the globular clustersand satellite galaxies(suc
as the Magellanic Clouds) which orbit our Galaxy. For thesehangers-onto
remain gravitationally bound to our Galaxy, the halo must extend as far as
Rhaio ¥4 75kpc, implying a total massfor our Galaxy of Mgy ¥4 8£ 10 M-,
and a total mass-to-ligh ratio MM =Lgigy ¥240M=L-.g. This mass-to-ligh
ratio is ten times greater than that of the stars in our Galaxy, implying
that the dark halo is an order of magnitude more massiwe than the stellar
disk. Someastronomershave speculatedthat the dark halo is actually four
times larger in radius, with Rpa0 ¥4 300kpc; this would meanthat our halo
stretches nearly halfway to M31. With Ry ¥4 300kpc, the massof our
Galaxy would be Mgy ¥ 3 £ 102M-, and the total mass-to-ligh ratio
would be M =Lgigy ¥ 150M-=L- 5.
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If our Galaxy is typical in having a dark halo 10to 40times more massi\e
than its stellar componert, then the density parameterof galaxies(including
their dark halos) must be

- gao = (10! 40)- 50 ¥ 0:04! 0:16: (8.16)

Although the total density of galaxiesis poorly known, giventhe uncertainty
in the extert of their dark halos, it is likely to be larger than the density of
baryons, - pary;0 = 0:048 0:01. Thus, somepart of the dark halosof galaxies
Is likely to be comprisedof nonkaryonic dark matter.

8.3 Dark matter in clusters

The rst astronomerto make a compelling casefor the existenceof large
quartities of dark matter was Fritz Zwicky, in the 1930's. In studying the
Coma cluster of galaxies(shown in Figure 8.1), he noted that the disper-
sion in the radial velocity of the cluster's galaxieswas very large { around
1000km s 1. The starsand gasvisible within the galaxiessimply did not pro-
vide enoughgravitational attraction to hold the cluster together. In order
to keepthe galaxiesin the Comacluster from °ying o®into the surrounding
voids, Zwicky concluded,the cluster must cortain a large amourt of \dunkle
Materie", or (translated into English) \dark matter". ®

To follow, at a more mathematical level, Zwicky's reasoning,let us sup-
posethat a cluster of galaxiesis comprisedof N galaxies,ead of which can
be appraximated asa point mass,with amassm; (i = 1;2;:::;N), aposition
%, and a velocity »%.. Clusters of galaxiesare gravitationally bound objects,
not expandingwith the Hubble °ow. They are small comparedto the hori-
zonsize;the radius of the Comacluster is Rcoma ¥4 3Mpc %2 0:0002,. The
galaxieswithin a cluster are moving at non-relativistic speeds;the velocity
dispersionwithin the Comaclusteris ¥¢oma ¥ 1000km s * ¥ 0:00%. Because
of theseconsiderations,we can treat the dynamicsof the Coma cluster, and
other clusters of galaxies,in a Newtonian manner. The accelerationof the

5Although Zwicky's work popularized the phrase\dark matter", he was not the “rst
to useit in an astronomical corntext. For instance, in 1908, Henri Poincar§ discussedthe
possibleexistencewithin our Galaxy of \mati pre obscure" (translated as\dark matter" in
the standard edition of Poincar§'s works).
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i'" galaxy in the cluster, then, is given by the Newtonian formula

B=G m LT (8.17)
isi %Ki i %)

Note that equation (8.17) assumesthat the cluster is an isolated system,
with the gravitational accelerationdue to matter outside the cluster being

negligibly small.
The gravitational potential enelgy of the systemof N galaxiesis

GX m;m;

2 iij ij i Xij .
jgi

(8.18)

This is the energythat would be requiredto pull the N galaxiesaway from
ead other so that they would all be at in nite distance from ead other.
(The factor of 1=2 in front of the double summation ensuresthat eat pair
of galaxiesis only courted oncein computing the potertial energy) The
potertial energyof the cluster can alsobe written in the form
2
W = ®Gr'\: ; (8.19)

whereM = P m; is the total massof all the galaxiesin the cluster, ® is a
numerical factor of order unity which dependson the density pro le of the
cluster. and ry, is the half-massradius of the cluster { that is, the radius of a
spherecertered on the cluster's certer of massand cortaining a massM =2.
For obsened clustersof galaxies,it is found that ® %1 0:4 givesa good t to
the potertial energy

The kinetic enelgy assaiated with the relative motion of the galaxiesin
the clusteris 1x

K=3 m;j® (8.20)

The kinetic energyK can alsobe written in the form

K = %M hai ; (8.21)

where
hvei M m; % (8.22)
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is the mean squarevelocity (weighted by galaxy mass)of all the galaxiesin
the cluster.
It is alsousefulto de ne the moment of inertia of the cluster as
X
[ minijz . (823)
|
The momen of inertia | canbelinkedto the kinetic energyand the potential
energyif we start by taking the secondtime derivative of | :

" X "
A= 27 mi(¢ 08+ % O) (8.24)
Using equation (8.20), we can rewrite this as
" X "
A= 2" mi(¢ ¢8) + 4K : (8.25)
i

To introduce the potential energy W into the above relation, we can use
equation (8.17) to write

mi(xi ¢)é|\) =G m; m; M .

1% 0 %)

i ij
i6i

(8.26)

Howewer, we could equally well switch around the i and j subscriptsto nd
the equally valid equation
A X X 0 i %)
meg ¢8) =G mm L2l T
A N T

j isi
J i8]

(8.27)

Since . X .
mi(x &) = m;(x ¢4) (8.28)
i j
(it doesn't matter whether we call the variable over which we're summingi
or j or k or \Fred"), we can combine equations(8.26) and (8.27) to nd

2 3
" 1 X " X "
mi(x CF) = 54 miGe GR)+ m;(x 04)S
i i j
GX m; m,;
= 5 ———=W: 8.29
l 2 iij JXj i X ( )

i6i
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Thus, the rst term on the right hand side of equation (8.25) is simply 2W,
and we may now write down the simple relation

A= 2w + 4K : (8.30)

This relation is known asthe virial theorem. It wasactually rst derived in
the nineteerth certury in the context of the kinetic theory of gasesbut as
we have seen,it applies perfectly well to a self-gravitating system of point
masses.

The virial theoremis particularly usefulwhenit is appliedto a systemin
steady state, with a constart momern of inertia. (This implies, amongother
things, that the systemis neither expanding nor cortracting, and that you
are using a coordinate systemin which the certer of massof the cluster s at

rest.) If | = constart, then the steady-statevirial theorem is

0=W+ 2K ; (8.31)
or

K=jW=2: (8.32)

That is, for a self-gravitating systemin steady state, the kinetic energy K
is equalto j 1=2 times the potential energyW. Using equation (8.19) and
(8.21) in equation (8.32), we nd

2
Ivne = OGM°.

; > (8.33)

This meanswe can usethe virial theoremto estimate the massof a cluster
of galaxies,or any other self-gravitating steady-statesystem:

_h/zirh_
= "G

Note the similarity betweenequation (8.14), usedto estimate the massof a
rotating spiral galaxy, and equation (8.34), usedto estimate the massof a
cluster of galaxies. In either case,we estimate the massof a self-gravitating
systemby multiplying the squareof a characteristic velocity by a character-
istic radius, then dividing by the gravitational constart G.

Applying the virial theoremto a real cluster of galaxies,sud asthe Coma
cluster, is complicated by the fact that we have only partial information
about the cluster, and thus do not know hv?i and r;, exactly. For instance,

M

(8.34)
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we can nd the line-of-sigh velocity of eat galaxy from its redshift, but the
velocity perpendicularto the line of sight is unknown. From measuremets of
the redshifts of hundredsof galaxiesin the Coma cluster, the meanredshift
of the cluster is found to be

hei = 0:0232; (8.35)
which can be translated into a radial velocity
hv,i = chzi = 6960kms * (8.36)

and a distance
dcoma = (c=Ho)hzi = 99Mpc : (8.37)

The velocity dispersionof the cluster along the line of sight is found to be
¥% = hv, | hvi)%¥% = 880kms !: (8.38)

If weassumehat the velocity dispersionis isotropic, then the three-dimensional
mean squarevelocity hv?i will be equalto three times the one-dimensional
meansquarevelocity 34, yielding

hv?i = 3(880kms 1)? = 2:32£ 10 m?s 2 : (8.39)

Estimating the half-massradius r, of the Coma cluster is even more peril-
ridden than estimating the mean squarevelocity hv?i. After all, we don't
know the distribution of dark matter in the cluster a priori ; in fact, the
total amourt of dark matter is what we're trying to nd out. Howevwer,
if we assumethat the mass-to-ligh ratio is constart with radius, then the
spherecontaining half the massof the cluster will be the sameasthe sphere
cortaining half the luminosity of the cluster. If we further assumethat the
cluster is intrinsically spherical, then the obsened distribution of galaxies
within the Coma cluster indicates a half-massradius

¥4 15Mpc Y 4:6£ 107°m : (8.40)
After all theseassumptionsand approximations, we may estimate the mass
of the Comacluster to be
hv2ir, . (2:32£ 102m2s 2)(4:6 £ 10?2 m)
Mcoma = Ya . : i 1
®G (0:4)(6:7£ 10 1*m3s 2kg' 7)
Yy 4£ 10%kg¥s2£ 10° M- : (8.42)

(8.41)
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Thus, lessthan two percert of the massof the Coma cluster consistsof stars
(Mcoma» ¥4 3£ 10 M-), and only ten percent consistsof hot intracluster
gas(M coma:gas 72 2 £ 10"*M-). Combined with the luminosity of the Coma
cluster, Lcomas = 8£ 10?L-.g, the total massof the Coma cluster implies
a mass-to-ligh ratio of

MM =Lg i coma ¥4 250M- =L~ 5 ; (8.43)

greaterthan the mass-to-ligh ratio of our Galaxy.

The presenceof a vast resenoir of dark matter in the Coma cluster is
con rmed by the fact that the hot, x-ray emitting intracluster gas, shovn
in Figure 8.2, is still in place; if there were no dark matter to andhor the
gas gravitationally, the hot gas would have expandedbeyond the cluster
on time scalesmuch shorter than the Hubble time. The temperature and
density of the hot gasin the Coma cluster can be usedto make yet another
estimate of the cluster's mass. If the hot intracluster gasis supported by
its own pressureagainst gravitational infall, it must obey the equation of
hydrostatic equilibrium:

dP _  GM(r)¥r)
dar ! r2 ’
whereP is the pressureof the gas,%zis the density of the gas,and M s the
total massinside a sphereof radius r, including gas, stars, dark matter, lost
socks, and anything else® Of course the gasin Comaisn't perfectly spherical
in shape, as equation (8.44) assumesput it's closeenoughto sphericalto
give a reasonableapproximation to the mass.
The pressureof the gasis given by the perfect gaslaw,

1
p= /9. (8.45)
1m p

(8.44)

where T is the temperature of the gas,and ! is its massin units of the
proton mass(m,). The massof the cluster, as a function of radius, is found
by combining equations(8.44) and (8.45):

#
KT(r)r  dIn%_ dInT

M{r) = G'm "dinr ' dinr

(8.46)

6Equation (8.44) is the sameequation which determinesthe internal structure of a star,
where the inward force due to gravity is also exactly balancedby an outward force due to
a pressuregradiert.
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The above equation assumesthat * is constart with radius, as you'd ex-
pect if the chemical composition and ionization state of the gasis uniform
throughout the cluster.

The x-rays emitted from the hot intracluster gas are a conmbination of
bremsstrahlungemission(causedby the accelerationof free electronsby pro-
tons and helium nuclei) and line emissionfrom highly ionizediron and other
heary elemerts. Starting from an x-ray spectrum, it is possibleto t models
to the emissionand thus compute the temperature, density, and chemical
composition of the gas. In the Comacluster, for instance,temperature maps
reveal relatively cool regions(at kT % 5keV) aswell as hotter regions (at
KT % 12keV), averagingto kT Y4 9keV over the entire cluster. The mass
of the Coma cluster, assuminghydrostatic equilibrium, is computed to be
(3! 4)£ 10“M- within 0:7Mpc of the clustercerter and (1! 2)£ 10 M-
within 3:6 Mpc of the certer, consistert with the massestimate of the virial
theorem.

Other clustersof galaxiesbesideghe Comacluster have had their masses
estimated, using the virial theoremapplied to their galaxiesor the equation
of hydrostatic equilibrium applied to their gas. Typical mass-to-ligh ratios
for clusterslie in the rangeM=Lgi = 200! 300M-=L-.g, sothe Coma
cluster is not unusualin the amourt of dark matter which it cortains. If the
massef all the clustersof galaxiesare addedtogether, it is found that their
density parameteris

= clus;0 Y20:2: (8.47)

This provides a lower limit to the matter density of the universe,sinceany
matter which is smoothly distributed in the intercluster voids will not be
included in this number.

8.4 Gravitational lensing

Sofar, | have outlined the classicalmethods for detecting dark matter via its
gravitational e®ecton luminous matter.” We candetectdark matter around
spiral galaxiesbecausdt a®ectshe motions of stars and interstellar gas. We
candetectdark matter in clustersof galaxiesbecauseat a®ectghe motions of

"The roots of thesemethods can be traced back asfar asthe year 1846,when Leverrier
and Adams deducedthe existenceof the dim planet Neptune by its e®ecton the orbit of
Uranus.
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v

M
Figure 8.5: De’ection of light by a massive compactobject.

galaxiesand intracluster gas. Howewer, as Einstein realized,dark matter will
a®ectnot only the trajectory of matter, but alsothe trajectory of photons.
Thus, dark matter can bend and focus light, acting as a gravitational lens
The e®ectsof dark matter on photons have beenusedto seart for dark
matter within the halo of our own Galaxy, aswell asin distant clusters of
galaxies.

To seehow gravitational lensingcan be usedto detect dark matter, start
by consideringthe dark halo surrounding our Galaxy. Some of the dark
matter in the halo might consistof massive compact objects sud as brown
dwarfs, white dwarfs, neutron stars, and bladk holes. These objects have
been collectively called MACHOs, a slightly strained acrorym for MAssive
Compact Halo Objects. If a photon passessud a compact massiwe object
at an impact parameter b, as showvn in Figure 8.5, the local curvature of
space-timewill causethe photon to be de°ectedby an angle

_4GM
© b
whereM is the massof the compactobject. For instance,light from a distant
star which just grazesthe Sun'ssurfaceshould be de°ectedthrough an angle

4G M-
®=
2 R-

In 1919, after Einstein predicted a de°ection of this magnitude, an eclipse
expedition photographedstarsin the vicinity of the Sun. Comparisonof the
eclipsephotographswith photographsof the samestar eld taken six months
earlier revealedthat the apparert positionsof the starswerede®ectedby the
amourt which Einstein had predicted. This result brought fameto Einstein
and experimenrtal support to the theory of generalrelativity.

Sincea star, or a brown dwarf, or a stellar remnart, can de’ect light,
it can act as a lens. Supposea MACHO in the halo of our Galaxy passes

(8.48)

= 1:7arcsec: (8.49)
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observer

Figure 8.6: Light from star in the Large Magellanic Cloud is de°ected by a
MACHO on its way to an obsener in the disk of our Galaxy (seenedge-on
in this gure).

directly betweenan obsener in our Galaxy and a star in the Large Magellanic
Cloud. Figure 8.6 shows sud a situation, with a MACHO which happensto
be halfway betweenthe obsener and the star. As the MACHO de°ectsthe
light from the distant star, it producesan image of the star which is both
distorted and ampli ed. If the MACHO is exactly along the line of sigh
betweenthe obsener and the lensedstar, the image produced is a perfect
ring, with angular radius

_Maem o1 xT2

T ocd X ’
where M is the massof the lensing MACHO, d is the distance from the
obsener to the lensedstar, and xd (where 0 < x < 1) is the distancefrom
the obsener to the lensingMACHO. The angle e is known asthe Einstein
radius If x ¥ 0:5 (that is, if the MACHO is roughly halfway betweenthe
obsener and the lensedstar), then

A P2 A q =2
e ¥4 £ 10 “arcsec

(8.50)

(8.51)

1M- 50kpc

If the MACHO doesnot lie perfectly alongthe line of sight to the star, then
the imageof the star will be distorted into two or morearcsinsteadof a single
unbroken ring. Although the Einstein radius for an LMC star being lensed
by a MACHO is too small to be resohed, it is possible,in somecases,to
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detectthe ampli cation of the °ux from the star. For the ampli cation to be
signi cant, the angular distancebetweenthe MACHO and the lensedstar, as
seenfrom Earth, must be comparableto, or smallerthan, the Einstein radius.
Given the small sizeof the Einstein radius, the probability of any particular
star in the LMC beinglensedat any momern is tiny. It hasbeencalculated
that if the dark halo of our galaxy wereertirely composedof MACHOs, then
the probability of any given star in the LMC being lensedat any giventime
would still only beP » 5£ 10 7.

To detect lensing by MACHOs, various researt groups took up the
daunting task of monitoring millions of starsin the Large Magellanic Cloud
to watch for changesin their °ux. Sincethe MACHOs in our dark halo and
the starsin the LMC are in constan relative motion, the typical signature
of a\lensing evert" is a star which becomedrighter asthe angular distance
betweenstar and MACHO decreasesthen becomesdimmer as the angular
distance increasesagain. The typical time scalefor a lensing event is the
time it takesa MACHO to travel through an angular distanceequalto Y= as
seenfrom Earth; for a MACHO halfway betweenhere and the LMC, this is

A !1:2“ v ﬂil

M- 200kms ©

where v is the relative transverse velocity of the MACHO and the lensed
star as seenby the obsener on Earth. Generally speaking, more massiwe
MA CHOs producelarger Einstein rings and thus will amplify the lensedstar
for a longertime.

The researt groupswhich seard©iedfor MACHOsfound a scarcity of short
duration lensingeerts, suggestingthat there is not a signi cant population
of brown dwarfs (with M < 0:08M-) in the dark halo of our Galaxy. The
total number of lensing events which they detectedsuggestthat as much as
20%of the halo masscould be in the form of MACHOs. The long time scales
of the obsened lensing everts, which have ¢t > 35days, suggesttypical
MACHO masse®fM > 0:15M-. (Perhapsthe MACHOsareold, cold white
dwarfs, which would have the correct mass.) Alternativ ely, the obsened
lensing everts could be due, at leastin part, to lensing objects within the
LMC itself. In any case,the seart for MACHOs suggeststhat most of
the matter in the dark halo of our galaxy is due to a smoothly distributed
componert, insteadof beingcongealednto MACHOs of roughly stellar mass.

Gravitational lensing occurs at all massscales. Suppose, for instance,
that a cluster of galaxies,with M » 10 M-, at a distance» 500Mpc from

dpe

¢t= 7= ¥:90days (8.52)
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Figure 8.7: A Hubble SpaceTelesco picture of the rich cluster Abell 2218,
displaying gravitationally lensedarcs. The regionshown is roughly 2:4arcmin
by 1:2arcmin, equivalert to 0:54Mpc by 0:27Mpc at the distance of Abell
2218 (courtesy of W. Couch [University of New South Wales]and NASA).

our Galaxy, lensesa badkground galaxy at d » 1000Mpc. The Einstein
radius for this con guration will be
A 1 A D=2

e Y2 0:5arcmin (8.53)

M
104 M- 1000Mpc

The arc-shaped imagesinto which the badkground galaxy is distorted by
the lensing cluster can thus be resohed. For instance, Figure 8.7 shows
an image of the cluster Abell 2218, which has a redshift z = 0:18, and
henceis at a proper distanced = 770Mpc. The elongatedarcs seenin
Figure 8.7 are not oddly shaped galaxieswithin the cluster; instead, they
are badkground galaxies, at redshifts z > 0:18, which are gravitationally
lensedby the cluster mass. The massof clusters can be estimated by the
degreeto which they lensbadground galaxies. The massesalculatedin this
way are in generalagreemen with the massedound by applying the virial
theoremto the motions of galaxiesin the cluster or by applying the equation
of hydrostatic equilibrium to the hot intracluster gas.
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8.5 What's the matter?

| have descriked how to detect dark matter by its gravitational e®ectsbut
I've beendodging the essetial question: \What is it?" Adding together
the massesof clusters of galaxiesgivesa lower limit on the matter density
of the universe,telling usthat - .o, 0:2. Howewer, the density parameter
of baryonic matter is only - pay:0 ¥4 0:04. Thus, the density of nonbaryonic
matter is at least four times the density of the familiar baryonic matter of
which peopleand planets and stars are made.

As you might expect, conjecture about the nature of the nonbaryonic
dark matter hasrun rampart (somemight even sa it hasrun amok). A
componert of the universewhich is totally invisible is an open invitation to
speculation. To give a taste of the variety of speculation, some scienists
have proposedthat the dark matter might be made of axions, a type of
elemenary particle with a rest energy of my;c> » 10 eV, equivalert to
Ma » 2£ 10 *kg. This is a rather low mass{ it would take some50 billion
axions (if they indeedexist) to equalthe massof oneelectron. On the other
hand, somesciertists have conjecturedthat the dark matter might be made
of primordial black holes,with massesup to mgy » 1° M-, equivalert to
mgy » 2£ 10°°kg.® This is a rather high mass{ it would take some 30
billion Earths to equalthe massof one primordial black hole (if they indeed
exist). It is a sign of the vast ignoranceconcerningnonbaryonic dark matter
that thesetwo candidatesfor the role of dark matter di®erin massby 76
orders of magnitude.

One nonbaryonic particle which we know exists, and which seemgo have
a non-zeromass,is the neutrino. As stated in section5.1, there should exist
today a cosmic badkground of neutrinos. Just as the Cosmic Microwave
Badkground is a relic of the time whenthe universewas opaqueto photons,
the Cosmic Neutrino Badkground is a relic of the time when the universe
was hot and denseenoughto be opaqueto neutrinos. The number density of
eath of the three °avors of neutrinos (°¢, °., and °,) hasbeencalculatedto
be 3/11 times the number density of CMB photons, yielding a total number
density of neutrinos

No = 3(3=11)n. = (9=11)(411£ 1 mi 3 = 3:36£ 10¥mi 3 : (8.54)

8A primordial black hole is one which forms very early in the history of the universe,
rather than by the collapseof a massiwe star later on.
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This meansthat at any momert, about twerty million cosmicneutrinos are
zipping through your body, \lik e photonsthrough a pane of glass". In order
to provide all the nonbaryonic massin the universe,the averageneutrino
masswould have to be

Mo C? = % : (8.55)

Given a density parameterin nonbaryonic dark matter of - y4m.0 %2 0:26, this
implies that a meanneutrino massof

0:26(5200MeV mi 3)
3:36£ 1B mi 3

would be necessaryto provide all the nonbaryonic dark matter in the uni-
verse.

Evidenceindicates that neutrinos do have somemass. But how much?
Enough to cortribute signi cantly to the energy density of the universe?
The obsenations of neutrinos from the Sun, as mertioned in section 2.4,
indicate that electron neutrinos oscillate into someother °avor of neutrino,
with the di®erencen the squaresof the massesf the two neutrinos being
¢( m3c) Y% 3£ 10 °eV?. Obsenations of muon neutrinos created in the
Earth's atmosphereindicate that muon neutrinos oscillateinto tau neutrinos,
with ¢( m2c*) ¥4 3£ 10 2eV2. The minimum neutrino massesconsisten
with theseresults would have one °avor with m.c » 0:05eV, another with
mo. ¢ » 0:005eV, andthe third with m.c? ¢, 0:005eV. If the neutrino masses
arethis small, then the density parameterin neutrinosisonly - « » 10 3, and
neutrinos make up lessthan 0.5%of the nonbaryonic dark matter. If, on the
other hand, neutrinos make up all the nonbaryonic dark matter, the masses
of the three specieswould have to be very nearly identical; for instance,one
neutrino °avor with m.c? = 4:0eV, another with m.c? = 4:0004eV, and
the third with m.c® = 4:000004V would be in agreemeh with the deduced
valuesof ¢( m2c?).

If the massef all three neutrinos turn out to be signi cantly lessthan
m.c? » 4eV, then the bulk of the nonbaryonic dark matter in the universe
must be madeof someparticle other than neutrinos. Particle physicistshave
provided se\eral possiblecandidatesfor the role of dark matter. For instance,
considerthe extensionof the Standard Model of particle physics known as
supersymmetry. Various supersymmetric models predict the existence of
massi\e nonbaryonic particles sud as photinos, gravitinos, axinos, sneutri-
nos, gluinos, and so forth. None of these\inos" have yet beendetectedin

Mo C2 Y,

Yy 4eV (8.56)
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laboratories. The fact that supersymmetric particles sud as photinos have
not yet beenseenin particle acceleratorexperimerts meansthat they must
be massie (if they exist), with mc? > 10GeV.

Like neutrinos, the hypothetical supersymmetric particles interact with
other particles only through gravity and through the weak nuclear force,
which makesthem intrinsically ditcult to detect. Particles which interact
via the weak nuclearforce, but which are much more massiwe than the upper
limit on the neutrino mass, are known generically as Weakly Interacting
Massiwe Particles, or WIMPs.® Since WIMPs, like neutrinos, do interact
with atomic nuclei on occasion,experimerters have set up WIMP detectors
to discover cosmicWIMPs. Sofar, no corvincing detectionshave beenmade
{ but the seart goeson.

Suggested reading
[Full referencesare givenin the \Annotated Bibliography" on page286.]

Liddle (1999), ch. 8: A brief sketch of methodsfor detecting dark matter.

Peacock (1999), ch. 12: Dark matter in the universe,both baryonic and
nonbaryonic. Also, chapter 4 givesa good review of gravitational lens-

ing.
Rich (2001), ch. 2.4: A discussionof the dark matter candidates.

Problems

(8.1) Supposeit were suggestedhat black holesof mass10' 8 M- madeup
all the dark matter in the halo of our Galaxy. How far away would
you expect the nearestsud black hole to be? How frequertly would
you expect such a black hole to passwithin 1 AU of the Sun? (An
order-of-magnitudeestimate is sutcient.)

Supposeit were suggestedhat MACHOs of mass10 M- (about the
massof Jupiter) madeup all the dark matter in the halo of our Galaxy.
How far away would you expect the nearest MACHO to be? How

9The acronym \MA CHQ", encourtered in the previous section, was st coined as a
humorous rip oste to the acronym \WIMP".
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frequertly would sudh a MACHO passwithin 1 AU of the Sun? (Again,
an order-of-magnitudeestimate will suxce.)

(8.2) The Draco galaxy is a dwarf galaxy within the Local Group. Its lu-
minosity is L = (1:88 0:8) £ 1°L- and half its total luminosity is
contained within a sphereof radius r, = 1208 12pc. The red giant
starsin the Draco galaxy are bright enoughto have their line-of-sigh
velocities measured.The measuredvelocity dispersionof the red giant
starsin the Draco galaxy is % = 1058 2:2kms 1. What is the mass
of the Draco galaxy? What is its mass-to-ligh ratio? Describe the
possiblesourcesof error in your massestimate of this galaxy:.

(8.3) A light ray just grazesthe surfaceof the Earth (M = 6:0£ 10°*kg,
R = 6:4£ 1° m). Through what angle® is the light ray bert by grav-
itational lensing? (Ignore the refractive e®ectsof the Earth's atmo-
sphere.) Repeat your calculation for a white dwarf (M = 2:0£ 10°°kg,
R = 1:5£ 10'm) and for a neutron star (M = 3:0£ 10®¥kg, R =
1.2£ 10°m).

(8.4) If the halo of our Galaxy is spherically symmetric, what is the mass
density “£r) within the halo? If the universeconains a cosmological
constart with density parameter - ..o = 0:7, would you expect it to
signi cantly a®ectthe dynamicsof our Galaxy's halo? Explain why or
why not.

(8.5) In the previouschapter, | noted that galaxiesin rich clustersare poor
standard candles, becausethey tend to grow brighter with time as
they mergewith other galaxies. Let's estimate the galaxy mergerrate
in the Coma cluster to seewhether it's truly signi cant. The Coma
cluster cortains N ¥ 1000galaxieswithin its half-massradius of ry, ¥
1:5Mpc. What is the mean number density of galaxieswithin the
half-massradius? Supposethat the typical cross-sectiorof a galaxy is
§ ¥ 10 *Mpc®. How far will a galaxy in the Coma cluster travel, on
average,beforeit collideswith anothergalaxy? The velocity dispersion
of the Coma cluster is % ¥4 880kms 3. What is the averagetime
betweencollisionsfor a galaxyin the Comacluster? Is this time greater
than or lessthan the Hubble time?



Chapter 9

The Cosmic Micro wave
Background

If Heinrich Olbershad livedin intergalactic spaceand had eyesthat operated
at millimeter wavelengths(admittedly a very large\if ), he would not have
formulated Olbers' Paradax. At wavelengthsof a few millimeters, thousands
of times longerthan human eyescan detect, most of the light in the universe
comesnot from the hot balls of gaswe call \stars”, but from the Cosmic
Microwave Background (CMB). The night sky, unknown to Olbers, actually
is uniformly bright { it's just uniformly bright at a temperature of T =

2:725K rather than at a temperature of a few thousanddegreeKelvin. The
current energydensity of the Cosmic Microwave Badkground,

"0 = ®T = 0:261MeVmi 3 ; (9.1)

isonly 5£ 10 ° times the currert critical density. Howeer, sincethe energy
per CMB photon is small (hf nean = 6:34£ 10 %eV), the number density of
CMB photonsin the universeis large:

Noo= 411£ 1Fmi 3 : (9.2)

It is particularly enlightening to comparethe energy density and number
density of photonsto thoseof baryons(that is, protons and neutrons). Given
acurrernt density parameterfor baryonsof - 4.0 ¥4 0:04, the current energy
density of baryonsis

"bary:0 = - bary:0" co ¥4 0:04(5200MeV mi 3) ¥4 210MeV mi 3 : (9.3)
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Thus, the energy density in baryons today is about 800 times the energy
density in CMB photons. Note, though, that the rest energy of a proton
or neutron is Epary ¥4 939MeV; this is more than a trillion times the mean
energyof a CMB photon. The number density of baryons, therefore,is much
lower than the number density of photons:

Nbary 0 = Y,0:22mi 3 : 9.4
PO 939MeV (9-4)

The ratio of baryonsto photonsin the universe(a number usually designated
by the Greekletter ") is, from equations(9.2) and (9.4),

Ne.g 4:11£ 108mi 3

Y 5£ 10 19 (9.5)

Baryonsare badly outnumberedby photonsin the universeasa whole, by a
ratio of roughly two billion to one.

9.1 Observing the CMB

Although CMB photons are as common as dirt, !Arno Penziasand Robert
Wilson were surprisedwhen they serendipitouslydiscoreredthe CosmicMi-
crowave Badkground. At the time of their discovery, Penziasand Wilson were
radio astronomersworking at Bell Laboratories. The horn-re°ector radio an-
tenna which they used had previously been utilized to receive microwave
signals, of wavelength , = 7:35cm, re°ected from an orbiting commnunica-
tions satellite. Turning from telecomnunications to astronony, Penziasand
Wilson found a slightly strongersignalthan they expectedwhenthey turned
the antenna toward the sky. They did ewverything they could think of to re-
duce\noise" in their system. They even shooed away a pair of pigeonsthat
had roostedin the antenna and cleanedup they later called\the usualwhite
dielectric" generatedby pigeons.

The excessignalremained. It wasisotropic and constart with time, soit
couldn't be asseiated with an isolated celestialsource. Wilson and Penzias
werepuzzleduntil they wereput in touch with Robert Dicke and his researt
group at Princeton University. Dicke had deducedthat the universe, if it

!Actually, much commonerthan dirt, when you stop to think of it, sincedirt is made
of baryons.
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started in a hot densestate, should now be Tled with microwave radiation.?

In fact, Dicke and his group were in the processof building a microwave

antenna when Penziasand Wilson told them that they had already detected
the predicted microwave radiation. Penziasand Wilson wrote a paper for The

Astrophysi@l Journal in which they wrote, \Measuremers of the e®ectie

zenith noise temperature of the 20-foot horn-re°ector antenna ::: at 4080
Mc/s have yielded a value about 3.5 K higher than expected. This excess
temperature is, within the limits of our obsenations, isotropic, unpolarized,

and free from seasonalvariations (July, 1964 { April, 1965). A possible
explanation for the obsened excessnoise temperature is the one given by

Dicke, PeeblesRoll, and Wilkinson in a companionletter in this issue.”" The

companionpaper by Dicke and his collaborators points out that the radiation

could be a relic of an early, hot, dense,and opaquestate of the universe.

Measuringthe spectrum of the CMB, and con rming that it is indeeda
blackbody, is not a simple task, even with modern technology The current
energy per CMB photon, » 6 £ 10 %eV, is tiny comparedto the energy
requiredto breakup anatomic nucleus(» 1MeV) or eventhe energyrequired
to ionizeanatom (» 10eV). Howeer, the meanphoton energyis comparable
to the energy of vibration or rotation for a small molecule such as H,O.
Thus, CMB photonscan zip alongfor morethan 13 billion yearsthrough the
tenuous intergalactic medium, then be absorbed a microsecondaway from
the Earth's surfaceby a water moleculein the atmosphere.Microwaveswith
wavelengthsshorterthan , » 3cm are strongly absorbed by water molecules.
Penziasand Wilson obsened the CMB at a wavelength, = 7:35cm because
that wasthe wavelength of the signalsthat Bell Labs had beenbouncing o®
orbiting satellites. Thus, Penziasand Wilson were observingat a wavelength
40times longerthan the wavelength(, % 2mm) at which the CMB spectrum
readesits peak.

The CMB can be measuredat wavelengthsshorter than 3cm by observ-
ing from high-altitude balloonsor from the South Pole, wherethe conbina-
tion of cold temperaturesand high altitude 2 keepsthe atmospherichumidity
low. The bestway to measurethe spectrum of the CMB, howewer, is to go
completely above the damp atmosphereof the Earth. The CMB spectrum

2To give credit where it's due, the existenceof the cosmic badkground radiation had
actually been predicted by the physicist George Gamow and his colleaguesas early as
1948;unfortunately, Gamow's prediction wasn't acted on at the time he madeit, and had
fallen into obscurity during the intervening years.

3The South Pole is nearly 3 kilometers above sealevel.



182 CHAPTER 9. THE COSMIC MICROWAVE BACKGROUND

400 [ ki T T ! T ]

3001 ]

TTTTTTT

MJy/sr

200 [ -]

100 F -

o—. . . .o | P s

5 10 15 20
Frequency (cm™)

Figure 9.1: The spectrum of the CosmicMicrowave Badkground, asmeasured
by the FIRAS instrument on the COBE satellite. The uncertairnties in the
measuremen are smaller than the thicknessof the line (from Fixsen et al.
1996,ApJ, 473,576).

was rst measuredaccurately over a wide range of wavelengthsby the COs-
mic Badkground Explorer (COBE) satellite, launched in 1989,into an orbit
900km above the Earth's surface. COBE actually contained three di®eren
instruments. The Di®uselnfraRed Badkground Experimernt (DIRBE) was
designedto measureradiation at the wavelengths0:001lmm < | < 0:24mm;
at these wavelengths, it was primarily detecting stars and dust within our
own Galaxy. The secondinstrument, calledthe Far InfraRed Absolute Spec-
trophotometer (FIRAS), was usedto measurethe spectrum of the CMB in
therange0:1mm< , < 10mm, awavelengthbandwhich includesthe peakin
the CMB spectrum. The third instrument, calledthe Di®erertial Microwave
Radiometer(DMR), wasdesignedo make full-sky mapsof the CMB at three
di®erem wavelengths: , = 3:3mm, 5:7mm, and 9:6mm. Three important
results camefrom the analysisof the COBE data.

Result number one: At any angular position (i; A) on the sky, the spec-
trum of the Cosmic Microwave Badkground is very closeto that of an ideal
blackbody, asillustrated in Figure 9.1. How closeis very close?FIRAS could
have detected°uctuations in the spectrum assmall as ¢ 2=2 %, 10 4. No de-
viations werefound at this level within the wavelengthrangeinvestigatedby
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FIRAS.

Result number two: The CMB hasthe dipole distortion in temperature
shown in the top panel of Figure 9.2* That is, although ead point on the
sky hasa bladkbody spectrum, in one half of the sky the spectrum is slightly
blueshifted to higher temperatures, and in the other half the spectrum is
slightly redshiftedto lower temperatures?® This dipole distortion is a simple
Doppler shift, causedby the net motion of the COBE satellite relative to a
frame of referencein which the CMB is isotropic. After correcting for the
orbital motion of COBE around the Earth (v » 8kmsi 1), for the orbital
motion of the Earth around the Sun (v » 30kms' 1), for the orbital motion
of the Sun around the Galactic certer (v » 220kmsi 1), and for the orbital
motion of our Galaxy relative to the certer of massof the Local Group
(v » 80kms 1), it is found that the Local Group is moving in the general
direction of the constellation Hydra, with a speedv,¢ = 6308 20kms ! =
0:002%. This peculiar velocity for the Local Group is what you'd expect as
the result of gravitational accelerationby the largestlumps of matter in the
vicinity of the Local Group. The Local Group is being acceleratedtoward
the Virgo cluster, the nearestbig clusterto us. In addition, the Virgo cluster
is being acceleratedtoward the Hydra-Centaurus supercluster, the nearest
superclusterto us. The conmbination of thesetwo accelerationsworking over
the age of the universe, has launched the Local Group in the direction of
Hydra, at 0.2% of the speedof light.

Resultnumberthree: After the dipoledistortion of the CMB is subtracted
away, the remaining temperature °uctuations, shavn in the lower panel of
Figure 9.2, are small in amplitude. Let the temperature of the CMB, at a
given point on the sky, be T(i; A). The meantemperature, averaging over

all locations, is
z

hTi = 1 T(w A) sinpdudA= 2:725K : (9.6)
4y,
The dimensionlessemperature °uctuation at a given point on the sky is
+T ., T(WA) hTi

4The dipole distortion of the CMB was st detectedin 1977,using aircraft-b orne and
balloon-borne detectors. The unique cortribution of COBE was the precision with which
it measuredthe temperature distortion.

5The distorted \yin-y ang" pattern in the upper panel of Figure 9.2 represens the
darker, cooler (yin?) hemisphereof the sky and the hotter, brighter (yang?) hemisphere,
distorted by the map projection.
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Figure 9.2: Top panel: The °uctuations in temperaturein the CMB, asmea-
sured by COBE. Bottom panel: The °uctuations in temperature remaining
after subtraction of the dipole dueto the satellite's proper motion. The band
acrossthe middle is dueto emissionfrom the disk of our own Galaxy. (Cour-
tesy of NASA Goddard SpaceFlight Center and the COBE ScienceNorking

Group.)
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From the maps of the sky made by the DMR instrument aboard COBE, it
wasfound that after subtraction of the Doppler dipole, the root meansquare
temperature °uctuation was
A =
+ ot 1=2

T = 1L1£10°: (9.8)
T
(This analysis excludesthe regionsof the sky contaminated by foreground
emissionfrom our own Galaxy.) The fact that the temperature of the CMB
varies by only 30 microKelvin acrossthe sky represems a remarkably close
approad to isotropy.®

The obsenations that the CMB hasa nearly perfect blackbody spectrum
and that it is nearly isotropic (oncethe Doppler dipole is removed) provide
strong support for the Hot Big Bang model of the universe. A badkground of
nearly isotropic blackbody radiation is natural if the universewas oncehot,
dense,opaque,and nearly homogeneousasit wasin the Hot Big Bang sce-
nario. If the universedid not gothrough sud a phase,then any explanation
of the CosmicMicrowave Background will have to be much more cortriv ed.

9.2 Recombination and decoupling

To understand in more detail the origin of the Cosmic Microwave Back-
ground, we'll have to examinefairly carefully the processby which the bary-
onic matter goesfrom beingan ionizedplasmato a gasof neutral atoms, and
the closelyrelated processby which the universegoesfrom being opaqueto

being transparert. To avoid muddle, I will distinguish amongthree closely
related (but not identical) momerts in the history of the universe. First,

the epoch of recombination is the time at which the baryonic componert

of the universegoesfrom being ionized to being neutral. Numerically, you
might de ne it asthe instant in time at which the number density of ionsis
equalto the number density of neutral atoms.” Second,the epoch of photon
decoupling is the time at which the rate at which photons scatter from elec-
trons becomessmallerthan the Hubble parameter(which tells us the rate at

5To make an analogy; if the surfaceof the Earth were smooth to 11 parts per million,
the highest mountains would be just seventy meters above the deepest oceantrenches.

"Cosmologistssometimesgrumble that this should really be called the epoch of \com-
bination" rather than the epoch of \recombination"”, sincethis is the very rst time when
electronsand ions combined to form neutral atoms.
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horizon

last scattering surface

transparent

Figure 9.3: An obsener is surroundedby a sphericallast scattering surface.
The photonsof the CMB travel straight to usfrom the last scattering surface,
being cortinuously redshifted.

which the universeexpands). When photonsdecouple they ceaseo interact
with the electrons,and the universebecomedransparert. Third, the epoch
of last sattering is the time at which a typical CMB photon underwent its
last scattering from an electron. Surrounding every obsener in the universe
is a last sattering surface, illustrated in Figure 9.3, from which the CMB
photons have beenstreaming freely, with no further scattering by electrons.
The probability that a photon will scatter from an electronis small oncethe
expansionrate of the universeis faster than the scattering rate; thus, the
epoch of last scattering is very closeto the epoch of photon decoupling.

To keepthings from getting too complicated,| will assumethat the bary-
onic componert of the universeconsistedertirely of hydrogenat the epoch
of reconbination. This is not, | concede,a strictly accurate assumption.
Even at the time of reconbination, before stars had a chanceto pollute
the universewith heary elemens, there was a signi cant amourt of helium
preseit.8However, the presenceof helium is merely a complicating factor.
All the signi cant physics of reconmbination can be studied in a simpli ed

8In the next chapter, we will examinehow and why this helium wasformed in the early
universe.
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universe cortaining no elemerns other than hydrogen. The hydrogen can
take the form of a neutral atom (designatedby the letter H), or of a naked
hydrogennucleus,otherwiseknown asa proton (designatedby the letter p).
To maintain charge neutrality in this hydrogen-only universe, the number
density of free electronsmust be equal to that of free protons: ne = n,.
The degreeto which the baryonic content of the universeis ionized can be
expresseds the fractional ionization X, de ned as

Np Np Ne

= = : (9.9)
Np + Ny Nbary Nbary

The value of X rangesfrom X = 1 whenthe baryonic cortent is fully ionized
to X = 0 whenit consistsentirely of neutral atoms.

One useful consequencef assumingthat hydrogenis the only elemet is
that thereis now a singlerelevant energyscalein the problem: the ionization
energyof hydrogen,Q = 136eV. A photonwith anenergyhf > Q is capable
of photoionizing a hydrogenatom:

H+°! p+¢€ : (9.10)

This reaction can run in the opposite direction, as well; a proton and an
electron can undergo radiative recombination, forming a bound hydrogen
atom while a photon carriesaway the excessnergy:

p+e ! H+°: (9.11)

In a universecontaining protons, electrons,and photons, the fractional ion-
ization X will depend on the balancebetweenphotoionization and radiative
reconbination.

Let's travel bad in time to a period beforethe epoch of reconbination.
For concretenesslet's choosethe momert when a = 10 °, correspnding
to a redshift z = 1. (In the Bendimark Model, this scale factor was
readhed when the universewas se\erty yearsold.) The temperature of the
badkground radiation at this time waswas T ¥4 3£ 10°K, and the average
photon energywas hf yean ¥4 227kT % 60eV. With sud a high energy per
photon, and with a ratio of photonsto baryonsof nearly two billion, any hy-
drogenatoms that happenedto form by radiative reconbination were very
short-lived; almost immediately, they were blasted apart into their compo-
nert electronand proton by a high-energyphoton. At early times, then, the
fractional ionization of the universewas very closeto X = 1.
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When the universewas fully ionized, photons interacted primarily with
electrons,and the main interaction medanism was Thomson scattering:

c+e | °+e (9.12)

The scattering interaction is accompaniedby a transfer of energy and mo-
merntum betweenthe photon and electron. The cross-sectiorfor Thomson
scattering is the Thomson cross-sectiorof % = 6:65£ 10 2 m?. The mean
free path of a photon { that is, the meandistanceit travelsbeforescattering

from an electron{ is 1
= : A
% (9.13)

Since photons travel with a speedc, the rate at which a photon undergces
scattering interactions is

5

c
i = — = n%cC: (9.14)

5

When the baryonic componert of the universeis fully ionized, ne = n, =
Npary. Currently, the number density of baryonsis Npary.0 = 0:22mi 3. The
number density of consened particles, sud asbaryons,goesas1=a®, sowhen
the early universewas fully ionized, the free electron density was

- Mpary ;0 .
Ne = Npary = a3 ) (9.15)

and the scattering rate for photonswas

i = = = (9.16)

This means, for instance, that at a = 10 °, photons would scatter from
electronsat arate j = 44£ 10 °s 1, about three times a week.

The photons remain coupledto the electronsas long as their scattering
rate, j, Is larger than H, the rate at which the universe expands;this is
equivalent to saying that their mean free path , is shorter than the Hub-
ble distancec=H. As long as photons scatter frequertly from electrons,the
photons remain in thermal equilibrium with the electrons(and, indirectly,
with the protons as well, thanks to the electrons'interactions with the pro-
tons). The photons, electrons,and protons, aslong asthey remainin thermal
equilibrium, all have the sametemperature T. When the photon scattering
rate j drops belov H, then the electronsare being diluted by expansion
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more rapidly than the photons can interact with them. The photons then
decouplefrom the electronsand the universe becomestransparert. Once
the photonsare decoupledfrom the electronsand protons, the baryonic por-
tion of the universeis no longer compelled to have the sametemperature
as the Cosmic Microwave Badkground. During the early stagesof the uni-
verse(a < a;,m ¥4 3£ 10 #) the universewas radiation dominated, and the
Friedmann equation was

H? — ~ro.
HZT @ (9.17)
Thus, the Hubble parameterwas
_ Ho-rg _ 21£10 g1
H = 2 - 2 ; (9.18)

This means,for instance,that at a= 10 °, the Hubble parameterwasH
21£ 10 19s 1. Sincethis is much smaller than the scattering rate | =

4:4£ 10 s ! at the samescalefactor, the photonswerewell coupledto the
electronsand protons.

If hydrogenremainedionized (and note the qualifying if ), then photons
would have remainedcoupledto the electronsand protons until a relatively
recen time. Taking into accoun the transition from a radiation-dominated
to a matter-dominated universe,and the resulting changein the expansion
rate, we can compute that if hydrogen had remained fully ionized, then
decouplingwould have taken placeat a scalefactor a ¥ 0:023, correspnding
to a redshift z ¥ 42 and a CMB temperature of T ¥4 120K. Howewer, at
sud a low temperature, the CMB photonsare too low in energyto keepthe
hydrogenionized. Thus, the decouplingof photonsis not a gradual process,
causedby the cortinuous lowering of free electron density as the universe
expands. Rather, it is a relatively sudden process,causedby the abrupt
plummeting of free electron density during the epoch of reconbination, as
electronsconbine with protonsto form hydrogenatoms.

9.3 The physics of recom bination

When doesreconbination, andthe consequehphoton decoupling,take place?
It's easyto do a quick and dirty approximation of the reconbination tem-
perature. Reconbination, one could argue, must take place when the mean
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energyper photon of the CosmicMicrowave Background falls below the ion-
ization energy of hydrogen, Q = 136eV. When this happens, the average
CMB photon is no longer able to photoionize hydrogen. Sincethe mean
CMB photon energyis » 2:7kT, this line of argumen would indicate a re-
conbination temperature of

> 136eV
27k~ 2:7(86£ 10 5eVKi 1)

» 60,000K : (9.19)

Trec »

Alas, this crude appraximation is a little too crude to be useful. It doesn't
take into accoun the fact that CMB photons are not of uniform energy{ a
blackbody spectrum has an exponerial tail (seeFigure 2.7) trailing o®to
high energies.Although the meanphoton energyis 2:7kT, about onephoton
in 500 will have E > 10kT, onein 3 million will have E > 20kT, and one
in 30 billion will have E > 30kT. Although extremely high energyphotons
make up only a tiny fraction of the CMB photons, the total humber of CMB
photons is enormous{ nearly 2 billion photons for every baryon. The vast
swarms of photonsthat surround every newly formed hydrogenatom greatly
increasethe probability that the atom will collide with a photon from the
high-energytail of the blackbody spectrum, and be photoionized.

Thus, we expect the reconbination temperatureto dependonthe baryon-
to-photon ratio © aswell ason the ionization energyQ. An exact calculation
of the fractional ionization X, asa function of © and T, requiresa smattering
of statistical medanics. Let's start with the reaction that determinesthe
value of X in the early universe:

H+°J p+é : (9.20)

While the photonsare still coupledto the baryonic componert, this reaction
will be in statistical equilibrium, with the photoionization rate (going from
left to right) balancing the radiative reconbination rate (going from right
to left). When a reaction is in statistical equilibrium at a temperature T,
the number density n, of particles with massmy is given by the Maxwell-
Boltzmann equation

A P {
m, kT S_Zex S me ¢
B2 PigT

Ny = Ox (9.21)

as long as the particles are non-relativistic, with kT ¢ m,c®. In equa-
tion (9.21), g« is the statistical weight of particle x. For instance, electrons,



9.3. THE PHYSICS OF RECOMBINATION 191

protons, and neutrons (and their anti-particles aswell) all have a statistical
weight g, = 2, correspnding to their two possiblespin states? From the
Maxwell-Boltzmann equationfor H, p, and e , we can construct an equation
which relatesthe number densitiesof theseparticles:
N _ O 3 My i KT 12
NoNe QoG MpMe 2y/h?

A[mp+ Me i mH]CZ!

o (9.22)

exp

Equation (9.22) canbe simpli ed further. First, sincethe massof an electron
is small comparedto that of a photon, we can setmy=m, = 1. Second,the
binding energyQ = 136eV is given by the formula (m, + me i my)c® = Q.
The statistical weights of the proton and electron,areg, = g. = 2, while the
statistical weight of a hydrogenatom is g4 = 4. Thus, the factor g4 =(gy0)
can be set equalto one. The resulting equation,

A !

Ny MeKT
NpNe  2Vh?

i 3=2 uQﬂ

exp KT (9.23)

is called the Sahaequation. Our next job is to cornvert the Sahaequation
into a relation amongX, T, and ~. From the de nition of X (equation 9.9),
we can make the substitution

_li X
and from the requiremert of chargeneutrality, we can make the substitution
Ne = Np. This yields

(9.24)

1; X MekT Q" .
= Mo Zle/hz exp (T (9.25)
To eliminate n, from the above equation, we recall that ©~ ~ npgy=n-. In

a universe where hydrogen is the only elemen, and a fraction X of the
hydrogenis in the form of naked protons, we may write

_ Np .

= (9.26)

9If you are a true thermodynamic maven, you will have noted that equation (9.21) omits
the chemical potential term, 1, which appearsin the most general form of the Maxwell-
Boltzmann equation. In most cosmologicalcortexts, asit turns out, the chemical potential
is small enoughto be safely neglected.
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Sincethe photons have a blackbody spectrum, for which

2404 kT ? At e
= pe S 0243 Lo (9.27)
we can conbine equations(9.26) and (9.27) to nd
Aer'
np = 0:243X”° he : (9.28)

Substituting equation (9.28) bad into equation (9.25), we nally nd the
desiredequationfor X in termsof T and " :

1i X .., KT Q"
X2 - 3:84 e exp T (9.29)

This is a quadratic equationin X, whosepositive root is

p__
_il+ 1+4S
X = S : (9.30)
where A o uQﬂ
T:")= 384 = 31
S(T;”)= 38 — exp T (9.31)

If wede ne the momern of reconbination asthe exactinstant whenX = 1=2,
then (assuming” = 5:;5£ 10 0) the reconbination temperature is

KTrec = 0:323eV = Q ; (9.32)
42

Becauseof the exponertial dependenceof S upon the temperature, the exact
value of © doesn't strongly a®ectthe value of T,e.. In degreeKelvin, KT =
0:323eV correspnds to a temperature T, = 3740K, slightly higher than
the melting point of tungsten!® The temperature of the universehad a value
T = Tec = 3740K at a redshift z,. = 1370,when the age of the universe,
in the Bendhmark Model, wast,.. = 240000yr. Reconbination wasnot an
instantaneous process;however, as shavn in Figure 9.4, it proceededfairly
rapidly. The fractional ionization goesfrom X = 0:9 at a redshift z = 1475

1ONot that there was any tungsten around bad then to be melted.
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Figure 9.4: The fractional ionization X as a function of redshift during the
epoch of reconbination. A baryon-to-photon ratio of © = 55£ 10 1° is
assumed.

to X = 0:1 at a redshift z = 1255. In the Bendhmark Model, the time that
elapsedrom X = 0:9to X = 0:1is ¢t ¥ 7G,000yr.

Sincethe number density of free electronsdropsrapidly during the epoch
of reconbination, the time of photon decouplingcomesscoon after the time of
reconbination. The rate of photon scattering, whenthe hydrogenis partially
ionized, is

i(2) = Ne(2)%C = X (2)(1 + 2)°Npary 0% (9.33)
using - pary;0 = 0:04, the numerical value of the scattering rate is
i(2)= 44£ 10 25 X (21 + 2)°: (9.34)

While reconbination is taking place, the universeis matter-dominated, so
the Hubble parameteris given by the relation
H2 _ - mO0
HE a3
Using - m.o = 0:3, the numerical value of the Hubble parameter during the
epoch of reconbination is

H(z) = 1:24£ 10 85 }(1 + 2)%%2: (9.36)

= - m;0(1+ 2)3 . (935)



194 CHAPTER 9. THE COSMIC MICROWAVE BACKGROUND

The redshift of photon decouplingis found by setting j = H, or (combining
equations9.34and 9.36),

430

1+ Zrec = —X (Zrec)2:3 .

(9.37)

Using the value of X (z) given by the Sahaequation (shovn in Figure 9.4),
the redshift of photon decouplingis found to be z4. = 1130. In truth, the
exactredshift of photon decouplingis somewhatsmallerthan this value. The
Sahaequation assumeghat the reactionH + ° ¥ p+ € isin equilibrium.
Howewer, when j starts to drop belowv H, the photoionization reaction is
no longer in equilibrium. As a consequenceat redshifts smaller than »
1200, the fractional ionization X is larger than would be predicted by the
Sahaequation, and the decouplingof photonsis therefore delayed. Without
going into the details of the non-equilibrium physics, let's cortent oursehes
by saying, in round numbers, z4.. ¥4 1100, correspnding to a temperature
Taec ¥4 3000K, when the age of the universewas tge. ¥4 350000yr in the
Bendimark Model.

When we examinethe CMB with our microwave antennas, the photons
we collect have been traveling straight toward us since the last time they
scatteredfrom a free electron. During a brief time interval t ! t + dt, the
probability that a photon undergcesa scatteringis dP = j( t)dt, wherej( t)
IS the scatteringrate at time t. Thus, if we detecta CMB photon at time to,
the expected number of scatteringsit has undergonesincean earlier time t
is 7 to

¢(t) = t i(t)dt: (9.38)

The dimensionlessiumber ¢, is the optical depth The time t for which ¢ = 1
is the time of last sattering, and represeits the time which haselapsedsince
a typical CMB photon last scatteredfrom a free electron. If we changethe
variable of integration in equation (9.38) from t to a, we nd that

Z zZ,
wa=" = A

(9.39)
using the fact that H = a=a Alternativ ely, we can nd the optical depth as
a function of redshift by making the substitution 1+ z = 1=a

z, . z
i(z) dz _ _ z 1=2 4 .
) M) 1s 2 = 00035  X(2)(1+2)Fdz: (9.40)

i(2) =
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Table 9.1: Events in the early universe

evernt redshift temperature (K) time (megayears)
radiation-matter equality 3570 9730 0.047
recomnbination 1370 3740 0.24
photon decoupling 1100 3000 0.35
last scattering 1100 3000 0.35

Here, | have made useof equations(9.34) and (9.36).' As it turns out, the
last scattering of a typical CMB photon occursafter the photoionization re-
actionH+ ° ¥ p+ e falls out of equilibrium, sothe Sahaequationdoesn't
strictly apply. To suzcient accuracyfor our purposes,we can state that the
redshift of last scattering was comparableto the redshift of photon decou-
pling: zs Y4 zgec ¥a 1100. Not all the CMB photons underwert their last
scattering simultaneously; the universedoesn't choreographits microphysics
that well. If you scaop up two photonsfrom the CMB, onemay have under-
goneits last scatteringat z = 1200,while the other may have scatteredmore
recenly, at z = 1000. Thus, the \last scattering surface"is really more of a
\last scattering layer"; just aswe can seea little way into a fog bank hereon
Earth, we can seea little way into the \electron fog" which hidesthe early
universefrom our direct view.

The relevant times of various everts around the time of reconbination
are shaovn in Table 9.1. For purposesof comparison,the table also cortains
the time of radiation-matter equality, emphasizingthe fact that reconbina-
tion, photon decoupling, and last scattering took place when the universe
was matter-dominated. Note that all thesetimes are approximate, and are
dependen on the cosmologicaimodel you choose. (I have chosenthe Benth-
mark Model in calculating thesenumbers.) When we look at the CMB, we
are getting an intriguing glimpse of the universeasit waswhenit wasonly
1=40,000of its presen age.

The epoch of photon decouplingmarked an important changein the state
of the universe. Before photon decoupling, there existed a single photon-
baryon °uid, consistingof photons, electrons,and protons coupledtogether.
Sincethe photonstraveledabout at the speedof light, kicking the electrons

1By the time the universebecomese dominated, the free electron density hasfallen to
negligibly small levels, so using the Hubble parameter for a matter-dominated universeis
a justi able approximation in computing ¢..
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before them as they wen, they tended to smooth out any density °uctu-

ations in the photon-baryon °uid smaller than the horizon. After photon

decoupling,howewer, the photon-baryon °uid becamea pair of gasespne of

photonsand the other of neutral hydrogen. Although the two gasesoexisted
spatially, they wereno longercoupledtogether. Thus, instead of being kicked
to and fro by the photons, the hydrogen gaswas free to collapseunder its

own self-gravity (and the addedgravitational attraction of the dark matter).

Thus, when we look at the Cosmic Microwave Badkground, we are looking

badkward in time to an important epoch in the history of the universe{ the

epoch when the baryons, free from the harassmen of photons, were free to

collapsegravitationally, and thus form galaxies,stars, planets, cosmologists,
and the other denseknots of baryonic matter which make the universeso
rich and strangetoday.

9.4 Temperature ‘°uctuations

The dipoledistortion of the CosmicMicrowave Badkground, shavn in the top
panel of Figure 9.2, results from the fact that the universeis not perfectly
homogeneoudoday (at z = 0). Becausewe are gravitationally accelerated
towards the nearestlarge lumps of matter, we seea Doppler shift in the
radiation of the CMB. The distortions on a smaller angular scale,shown in
the bottom panel of Figure 9.2, tell us that the universewas not perfectly
homogeneousit the time of last scattering (at z %2 1100). The angular sizeof
the temperature °uctuations re°ects in part the physical size of the density
and velocity °uctuations at z ¥4 1100. The COBE DMR experimert had lim-
ited angular resolution, and wasonly ableto detecttemperature °uctuations
larger than Hu1 Y4 7*. More recert experimerts have provided higher angular
resolution. For instance, MAXIMA (a balloon-borne experimert), DASI (an
experimert locatedat the South Pole),and BOOMERANG (a balloon-borne
experimert launchedfrom Antarctica), all have provided mapsof £T=T down
to scalesof #u» 10arcminutes.

The angular size H1 of a temperature °uctuation in the CMB is related
to a physical size” on the last scattering surfaceby the relation

da = o (9.41)

where d, is the angular-diameter distance to the last scattering surface.
Since the last scattering surfaceis at a redshift zg = 1100A 1, a good
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appraximation to da is given by equation (7.41):

da Ya Ghor (to) . (9.42)

Zs
In the Bendhmark Model, the current horizondistanceis dpor (to) ¥4 14,000Mpc,
sothe angular-diameterdistanceto the surfaceof last scattering is

14;000Mpc

1
da ¥a =100

Y413Mpc : (9.43)

Thus, °uctuations on the last scattering surfacewith an obsened angular

sizetl had a proper size

A ! A

‘= da() = 13Mpc P = 0:22Mpe oM 9.44
= da(dy) = prad_' pF (9.44)

at the time of last scattering. Thus, the °uctuations that gaveriseto the °uc-
tuations seenby COBE (with #u> 7*) had a proper size” > 1.6 Mpc. How-
ewer, the °uctuations at the time of last scattering were not gravitationally
bound objects; they were expandingalongwith the universalHubble expan-
sion. Thus, the °uctuations seenby COBE corresmpnd to physical scalesof
"(1+ z¢) > 1700Mpc today, much larger than the biggestsuperclusters. The
higher-resolutionexperimerts sud asMAXIMA, DASI, and BOOMERANG
see°uctuations correspnding to scalesassmall as™ ¥ 0:04Mpc at the time
of last scattering, or (1 + zs) ¥ 40Mpc today, about the size of today's
superclusters.

Considerthe density °uctuations +T=T obsered by a particular exper-
iment. Figure 9.5, for instance, shavs £T=T as measuredby COBE at low
resolution over the entire sky, and asmeasuredoy BOOMERANG at higher
resolution over part of the sky. Since£T=T is de ned on the surfaceof a
sphere{ the celestialsphere,in this case{ it is usefulto expandit in spher-

ical harmonics: |
X!

+T R B
WA = am Yim (15 A) ; (9.45)
=0 m=j |
where Y (1 A) are the usual spherical harmonic functions. What concerns
cosmologistsis not the exact pattern of hot spots and cold spots on the
sky, but their statistical properties. The mostimportant statistical property
of £T=T is the correlation function C(p). Considertwo points on the last
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Figure 9.5: Upper left: the temperature °uctuations measuredoy the COBE
DMR instrument, after the dipole and galaxy foreground are subtracted.
Lower right: the temperature °uctuations measuredby the BOOMERANG
experimert over a region» 20* across.The white spots are regions300 mi-
croKelvin warmer than average;the bladk spots are regions300 microKelvin
cooler than average. (Courtesy of the BOOMERANG collaboration.)



9.4. TEMPERATURE FLUCTUATIONS 199

scattering surface. Relative to an obsener, they are in the directions h and
n°% and are separatedby an angle 1 given by the relation cosu = n ¢n°% To
‘nd the correlation function C(), multiply together the valuesof £T=T at
the two points, then averagethe product over all points separatedby the
angle *

+
+ +
cw= T mIm : (9.46)
N®O%=cos u

If cosmologistknewthe precisevalue of C(l) for all anglesfrom pu= Oto pu=
180, they would have a complete statistical description of the temperature
°uctuations over all angular scales.Unfortunately, the CMB measuremets
which tell us about C(l) cortain information over only a limited range of
angular scales.

The limited angularresolutionof available obsenationsis what makesthe
sphericalharmonic expansionof £T=T, showvn in equation (9.45), so useful.
Usingthe expansionof £T=T in sphericalharmonics,the correlation function
can be written in the form

Cw = 4%/4)4 (2l + 1)C,Pi(cosy) ; (9.47)
1=0

where P, are the usual Legendrepolynomials:

Po(X) = 1
Pi(x) = X (9.48)

PAx) = 230 1)

and soforth. In this way, a measuredcorrelation function C(j) canbe broken
down into its multip ole momerts C,. For a given experiment, the value of C,
will be nonzerofor angular scaledargerthan the resolutionof the experimert
and smallerthan the patch of sky examined. Generallyspeaking,aterm C, is
a measureof temperature °uctuations onthe angularscaleu» 180°=l. Thus,
the multip olel is interchangeable for all practical purposeswith the angular
scalei. The | = 0 (monopole) term of the correlation function vanishesif
you've de ned the mean temperature correctly. The | = 1 (dipole) term
results primarily from the Doppler shift due to our motion through space. |t
Is the momerts with | | 2 which are of the most interest to cosmologists,
sincethey tell usabout the °uctuations presert at the time of last scattering.
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Figure 9.6: The anisotropy of the CMB temperature, ¢ 1, expressedas a
function of the multip olel (from Wang, Tegmark,& Zaldarriaga,2002,Phys.
Rev. D).

In preserting the resultsof CMB obsenations, it is customaryto plot the
function

Z\|(| + 1) 12
5y Cl i (9.49)

sincethis function tells us the cortribution per logarithmic interval in | to
the total temperature °uctuation =T of the CosmicMicrowave Badkground.
Figure 9.6, which combinesdata from a large number of CMB experimerts,
isaplot of ¢ + asafunction of the logarithm of . Note that the temperature
°uctuation hasa peakat | » 200, correspnding to an angular sizeof » 1*.
The detailed shape of the ¢  versusl curve, asshown in Figure 9.6, cortains
a wealth of information about the universeat the time of photon decoupling.
In the next section, we will examine, very brie°y, the physics behind the
temperature °uctuations, and how we can extract cosmologicalinformation
from the temperature anisotropy of the Cosmic Microwave Badkground.

¢’
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9.5 What causes the °uctuations?

At the time of last scattering, a particularly interesting length scale,cosmo-
logically speaking, is the Hubble distance,

30£ 1Pms!?

c=H(zy) ¥
() ¥4 124€ 10 9 1(1101f2

Y46:6£ 108 m ¥ 0:2Mpc;  (9.50)

where | have usedequation (9.36) to compute the Hubble parameterat the

redshift of last scattering, z %2 1100. A patch of the last scattering surface

with this physical sizewill have an angular size,as seenfrom Earth, of
c=H(zs) ., 0:2Mpc

= 1
H 4 13Mpc

Y, 0:015rad ¥4 1* : (9.51)

It is no coincidencethat the peak in the ¢ + versus!| curve (Figure 9.6)
occurs at an angular scalep » . The origin of temperature °uctuations
with u> py (I < 180)is di®eren from thosewith u< py (I > 180).
Consider rst the large-scal€uctuations { thosewith angularsizep > .
Thesetemperature °uctuations arisefrom the gravitational e®ectof primor-
dial density °uctuations in the distribution of nonbaryonic dark matter. The
density of nonbaryonic dark matter at the time of last scattering was

"am(Zis) = - am:0"co(1 + 2Zis)° (9.52)

since the energy density of matter is/ a ®/ (1+ z)%. Plugging in the
appropriate numbers,we nd that

" am(zis) ¥4 (0:26)(5200MeV mi 3)(1101)* ¥4 1:8£ 10" MeVmi 3 ; (9.53)

equivalert to a massdensity of » 3£ 10 *¥kgmi 2. The density of baryonic
matter at the time of last scattering was

"bary (Zis) = - bary:0%co(1 + 2s)® ¥4 2:8£ 10" MeVmi 2 : (9.54)

The density of photons at the time of last scattering, since"- / ai 4/
(1+ 2)% was

"o(2Zis) = - 0:0%co(l+ zg)* Y438E 10 MeVmi 3 : (9.55)

Thus, at the time of last scattering, "qm > "o > "pay, With dark matter,
photons,and baryonshaving energydensitiesin roughly the ratio 6:4 : 1:4 : 1.
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The nonbaryonic dark matter dominatedthe energydensity 2, and hencethe
gravitational potertial, of the universeat the time of last scattering.
Supposethat the density of the nonbaryonic dark matter at the time of
last scattering was not perfectly homogeneousbut varied as a function of
position. Then we could write the energydensity of the dark matter as

u(f_) =14 fl(f") ; (956)

where * is the spatially averagedenergy density of the nonbaryonic dark
matter, and £ is the local deviation from the mean. In the Newtonian
approximation, the spatially varying componert of the energy density, ",
givesrise to a spatially varying gravitational potential #©. The link between
1" and +O is Poisson'sequation:

G
S (9.57)

r 2(#0) =

Unlessthe distribution of dark matter were perfectly smooth at the time of
last scattering, the °uctuations in its density would necessarilyhave given
rise to °uctuations in the gravitational potential.

Considerthe fate of a CMB photon which happensto be at a local min-
imum of the potertial at the time of last scattering. (Minima in the gravi-
tational potential are known colloquially as\p otertial wells".) In climbing
out of the potential well, it losesenergy and consequetly is redshifted.
Conversely a photon which happensto be at a potential maximum when
the universebecametransparert gains energyasit falls down the \p oten-
tial hill", and thusis blueshifted. The cool (redshifted) spots on the COBE
temperature map correspnd to minima in +© at the time of last scattering;
the hot (blueshifted) spots correspnd to maxima in #©. A detailed general
relativistic calculation, rst performedby Sads and Wolfe in 1967,tells us

that
T 140

T 3c¢°

Thus, the temperature °uctuations on large angular scales(i > py % 1%)

give us a map of the potential °uctuations +© presen at the time of last

scattering. The creation of temperature °uctuations by variations in the

gravitational potertial is known asthe Sachs-Wolfee®et, in tribute to the
work of Sads and Wolfe.

On smaller scales(u < py ), the origin of the temperature °uctuations

in the CMB is complicated by the behavior of the photons and baryons.

(9.58)
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Considerthe situation immediately prior to photon decoupling. The photons,
electrons, and protons together make a single photon-baryon °uid, whose
energy density is only about a third that of the dark matter. Thus, the

photon-baryon °uid movesprimarily under the gravitational in°uence of the

dark matter, rather than under its own self-gravity. The equation-of-state
parameterwy, of the photon-baryon °uid is intermediate betweenthe value
w = 1=3 expected for a gas cortaining only photons and the valuew = 0
expectedfor a gascortaining only cold baryonsand electrons. If the photon-
baryon °uid nds itself in a potential well of the dark matter, it will fall to

the certer of the well.!?2 As the photon-baryon °uid is compressedy gravity,

howewer, its pressurestarts to rise. Evertually, the pressureis suzcient to

causethe °uid to expandoutward. As the expansioncortinues,the pressure
drops until gravity causeshe photon-baryon °uid to fall inward again. The

cycle of compressiorand expansionwhich is set up cortinuesuntil the time

of photon decoupling. The inward and outward oscillations of the photon-
baryon °uid are called amustic oscillations, sincethey represem a type of
standing soundwave in the photon-baryon °uid.

If the photon-baryon °uid within a potential well is at maximum com-
pressionat the time of photon decoupling, its density will be higher than
average,and the liberated photons, sinceT / ", will be hotter than av-
erage. Conversely if the photon-baryon °uid within a potertial well is at
maximum expansionat the time of decoupling,the liberated photonswill be
slightly cooler than average. If the photon-baryon °uid is in the processof
expanding or cortracting at the time of decoupling,the Doppler e®ectwill
causethe liberated photonsto be cooler or hotter than average,depending
on whether the photon-baryon °uid was moving away from our location or
toward it at the time of photon decoupling. Computing the exact shape of
the ¢ + versusl| curve expectedin a particular model universeis a rather
complicatedchore. Generally speaking, howewer, the highestpeakin the ¢ ¢
curve (at | » 200o0r g » 1* in Figure 9.6) represetts the potential wells
within which the photon-baryon °uid had just readhed maximum compres-
sion at the time of last scattering. These potential wells had proper sizes
» c=H(zs) at the time of last scattering, and hencehave angular sizesof

12Note that if the sizeof the well is larger than c=H(z;s), the photon-baryon °uid, which
travelsat a speed< c, will not have time to fall to the certer by the time of last scattering
tis » 1=H(zgs). This is why the motions of the photons and baryons are irrelevant on
scalesu > py, and why the temperature °uctuations on these large scalesare dictated
purely by the distribution of dark matter.
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» 4 asseenby us at the presert day.

The location and amplitude of the highest peakin Figure 9.6 is a very
usefulcosmologicaldiagnostic. As it turns out, the anglep % 1* at which it's
locatedis dependert on the spatial curvature of the universe.In a negatively
curved universe(- = j 1), the angular size u of an object of known proper
sizeat a known redshift is smaler than it is in a positively curved universe
(- = +1). If the universewere negatively curved, the peakin ¢ + would be
seenat ananglep < 1*, or | > 180;if the universewerepositively curved, the
peakwould be seenat an anglep> 1*, or | < 180. The obsened position of
the peakis consisten with - = 0,0r - g = 1. Figure 9.7 shaws the valuesof
- m:0 @nd - 5. which are permitted by the presen CMB data. Note that the
shadedareaswhich shaw the best t to the CMB data areroughly parallel to
the - = 1line (represening - = 0 universes)and roughly perpendicular to
the regionpermitted by the type la supernova results. The oval curve marked
\68%" in Figure 9.7 represets the region consistet with both the CMB
results and the supernova results. A spatially °at universe,with - .0 ¥4 0:3
and - ..o ¥ 0:7, agreeswith the CMB results, the supernova results, and
the computeddensity of matter in clusters(as discussedn Chapter 8). This
happy concurrences the basisfor the \Benchmark Model" which | have been
usingin this book.

The angular size correspnding to the highest peak in the ¢ + versusl
curve gives useful information about the density parameter- and the cur-
vature - . The amplitude of the peakis dependert on the soundspeedof the
photon-baryon °uid prior to photon decoupling. Sincethe sound speed of
the photon-baryon °uid is

= Pwye; (9.59)

and the equation-of-stateparameterwy, is in turn dependert on the baryon-
to-photon ratio, the amplitude of the peakis a usefuldiagnosticof the baryon
density of the universe. Detailed analysisof the ¢ 1 curve, with the currertly
available data, yields

- bary;0 = 0:048 0:.02; (9.60)
assuminga Hubble constart of Ho = 70kms *Mpc 1. As we'll seein the

next chapter, this baryon density is consisten with that found from the
ertirely di®eren argumerts of primordial nucleosyrhesis.
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MAXIMA-1
+COBE

Figure 9.7: The valuesof - .o and - ..o permitted by the MAXIMA and
COBE DMR data. The light gray areanearthe - = 1 line shaws the best-
‘tting valuesof - .o and- ».0. The SN la data (as seenearlierin Figure 7.6)
are also shavn. The curves marked 68%, 95%, and 98% give the best ts,
at the designatedcon dencelevels, for the combinel CMB and SN la data
(from Stompor et al. 2001,ApJd, 561,L7).
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Suggested reading

[Full referencesare givenin the \Annotated Bibliography" on page286.]

Coles (1999), Part I, ch. 5: An insightful overview of the origin of the
temperature anisotropiesin the CMB.

Liddle (1999), ch. 9: A simpli ed overview of photon decouplingand the
origin of the CMB.

Rich (2001), ch. 7.9: A discussionof the anisotropiesin the CMB, and
their useas diagnosticsof cosmologicalparameters.

Problems

(9.1) The purposeof this problem is to determine how the uncertainty in
the value of the baryon-to-photon ratio, *, a®ectsthe reconbination
temperature in the early universe. Plot the fractional ionization X
as a function of temperature, in the range 3000K < T < 4500K;
rst make the plot assuming” = 4£ 10 19 then assuming” = 8£
10 1°. How much doesthis changein ~ a®ectthe computedvalue of the
reconbination temperature T, if we de ne T, asthe temperature at
which X = 1=27?

(9.2) Supposethe temperature T of a blackbody distribution is sud that
KT ¢ Q, whereQ = 136eV is the ionization energy of hydrogen.
What fraction f of the blackbody photons are energetic enough to

ionize hydrogen? If T = T, = 3740K, what is the numerical value of
f?

(9.3) Imaginethat at the time of reconbination, the baryonic portion of the
universeconsistedertirely of “He (that is, helium with two protons and
two neutronsin its nucleus). The ionization energyof helium (that is,
the energyrequired to cornvert neutral He to He") is Que = 24:6€V.
At what temperature would the fractional ionization of the helium be
X = 1=2? Assumethat ~ = 5:5£ 10 1° and that the number density
of He™ is negligibly small. (The relevant statistical weight factor for
the ionization of helium is g4e=(Qe0ne: ) = 174.)
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(9.4) What is the proper distanced, to the surfaceof last scattering? What
is the luminosity distanced, to the surfaceof last scattering? Assume
that the Benchmark Model is correct, and that the redshift of the last
scattering surfaceis z = 1100.

(9.5) Weknow from obsenations that the intergalactic mediumis currertly
ionized. Thus, at sometime betweent,. and ty, the intergalactic
medium must have been reionized. The fact that we can seesmall
°uctuations in the CMB placeslimits on how early the reionization
took place. Assumethat the baryonic componert of the universein-
stantaneously becamecompletely reionizedat sometime t,. For what
value of t, doesthe optical depth of reionizedmaterial,

Zy, Z,,
¢ = i(t)dt= Ne(t)¥acdt ; (9.61)
equalone? For simplicity, assumethat the universeis spatially °at and
matter-dominated, and that the baryonic componert of the universeis
pure hydrogen. To what redshift z, doesthis value of t, correspnd?



Chapter 10

Nucleosyn thesis & the Early
Univ erse

The Cosmic Microwave Bacdkground tells us a great deal about the state
of the universeat the time of last scattering (t;s ¥4 0:35Myr). Howe\er,
the opacity of the early universepreverns us from directly seeingwhat the
universewaslike at t < tis. Photonsare the \messengerboys" of astronony;
although someinformation is carried by cosmicrays and by neutrinos, most
of what we know about the universebeyond our Solar Systemhas comein
the form of photons. Looking at the last scattering surfaceis like looking
at the surfaceof a cloud, or the surfaceof the Sun; our curiosity is piqued,
and we wish to nd out what conditions are like in the opaqueregionsso
tantalizingly hidden from our direct view.

From atheoretical viewpoint, many propertiesof the early universeshould
be quite simple. For instance, when radiation is strongly dominart over
matter, at scalefactorsa¢ a,m ¥4 2:8£ 10 4, ortimest ¢ t,m ¥ 47.000yr,
the expansionof the universehasthe simple power-law form a(t) / t¥*2. The
temperature of the blackbody photonsin the early universe,which decreases
asT / a ! asthe universeexpands,is given by the corveniert relation

Moy Tia=
T(t) %10°K — ; (10.1)
1s
or equivalertly
M t ﬂi 1=2
KT (t) Ya1MeV 1s : (10.2)

208
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Thus the meanenergyper photon was

Moy i

Enmean(t) %2 2.7KT (t) Y2 3MeV 1s : (10.3)
The Fermi National Accelerator Laboratory, in Batavia, lllinois, is justly
proud of its \T evatron", designedo accelerateprotonsto an energyof 1 TeV;
that's 10*?eV, or a thousand times the rest energyof a proton. Well, when
the universewas one picosecondold (t = 10 2s), the ertire universewas a
Tewatron. Thus, the early universeis referredto as\the poor man's particle
accelerator”, sinceit provided particles of very high energywithout running
up an enormouselectricity bill or having Congressthreaten to cut o® its
funding.

10.1 Nuclear physics and cosmology

As the universehas expandedand cooled, the mean energy per photon has
dropped from Eean(tp) » Ep » 10?8 eV at the Planck time to E nean(to) Y4
6£ 10 “eV at the presen day. Thus, by studying the universeasit expands,
we sampleover 31 orders of magnitude in particle energy Within this wide
energyrange,someenergiesare of moreinterestthan othersto physicists. For
instance,to physicistsstudying reconbination and photoionization, the most
interesting energyscaleis the ionization energyof an atom. The ionization
energyof hydrogenis Q = 13.6eV, aswe have already noted. The ionization
energiesof other elemens (that is, the energyrequired to remove the most
looselybound electronin the neutral atom) are roughly comparable. Thus,
atomic physicists, when consideringthe ionization of atoms, typically deal
with energiesof » 10eV, in round numbers.

Nuclear physicists are concernednot with ionization and reconbination
(removing or adding electronsto an atom), but with the much higher energy
processesf ssion and fusion(splitting or mergingatomic nuclei). An atomic
nucleus cortains Z protons and N neutrons, whereZ | 1 and N | O.
Protons and neutrons are collectively called nucleons. The total number of
nucleonswithin an atomic nucleusis calledthe massnumker, and is given by
the formula A = Z + N. The proton number Z of a nucleusdeterminesthe
atomic elemen to which that nucleusbelongs. For instance, hydrogen (H)
nucleiall haveZ = 1, helium (He) nucleihave Z = 2, lithium (Li) nuclei have
Z = 3, beryllium (Be) nuclei have Z = 4, and so on, through the complete
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periodic table. Although all atomsof a given elemen have the samenumber
of protons in their nuclei, di®eren isotopesof an elemern can have di®eren
numbers of neutrons. A particular isotope of an elemen is designatedby
pre xing the massnumber A to the symbol for that elemen. For instance,a
standard hydrogen nucleus,with one proton and no neutrons, is symbolized
as 'H. (Sincean ordinary hydrogen nucleusis nothing more than a proton,
we may also write p in place of *H when considering nuclear reactions.)
Heavy hydrogen, or deuterium, cortains one proton and one neutron, and
is symbolized as 2H. (Since deuterium is very frequertly mertioned in the
cortext of nuclearfusion, it hasits own special symbol, D.) Ordinary helium
cortains two protons and two neutrons, and is symbolized as *He.

The binding energyB of a nucleusis the energyrequiredto pull it apart
into its componert protons and neutrons. Equivalenly, it is the energyre-
leasedwhena nucleusis fusedtogetherfrom individual protonsand neutrons.
For instance,whena neutron and a proton are bound togetherto form a deu-
terium nucleus,an energyof Bp = 2:22MeV is released:

p+nj D+ 2:22MeV : (10.4)

The deuterium nucleusis not very tightly bound, comparedto other atomic
nuclei. Figure 10.1 plots the binding energy per nucleon (B=A) for atomic
nuclei with di®erem massnumbers. Note that *He, with a total binding
energy of B = 2830MeV, and a binding energy per nucleon of B=A =
7.07MeV, is relatively tightly bound, comparedto other light nuclei (that
is, nucleiwith A - 10). The most tightly bound nuclei are those of *°Fe and
®2Ni, which both have B=A ¥4 8:8MeV. Thus, nuclei more massiwe than iron
or nickel can releaseenergyby ssion { splitting into lighter nuclei. Nuclei
lessmassiwe than iron or nickel can releaseenergyby fusion { merginginto
heavier nuclei.

Thus, just asstudiesof ionization and reconbination dealwith an energy
scaleof » 10eV (a typical ionization energy),sostudiesof nuclearfusionand
“ssion deal with an energyscaleof » 8MeV (a typical binding energy per
nucleon). Moreover, just as electronsand protons combined to form neutral
hydrogenatomswhenthe temperature dropped suzciently far below the ion-
ization energyof hydrogen(Q = 13.6eV), soprotonsand neutronsmust have
fusedto form deuterium whenthe temperature dropped suzciently far belon
the binding energyof deuterium (Bp = 2:22MeV). The epoch of reconbina-
tion must have beenprecededby an epoch of nuclearfusion, commonlycalled
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Figure 10.1: The binding energy per nucleon (B/A) as a function of the
number of nucleons(protons and neutrons) in an atomic nucleus. Note the
absenceof nucleiat A= 5and A = 8.
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the epoch of Big Bang Nucleosyithesis (BBN). Nucleosyrhesisin the early
universestarts by the fusion of neutronsand protonsto form deuterium, then
proceeddgo form heavier nuclei by successig acts of fusion. Sincethe binding
energyof deuteriumis larger than the ionization energyof hydrogenby a fac-
tor Bp=Q= 1:6£ 10°, we would expect, asa rough estimate, the syrthesisof
deuteriumto occur at a temperature 1:6£ 10° times higher than the recomnbi-
nation temperature T,.c = 3740K. That is, deuterium synthesisoccurred at
atemperature T, ¥ 1:6£ 10P(3740K) ¥4 6£ 1P K, correspnding to atime
the ¥4 300s. This estimate,aswe'll seewhenwe do the detailed calculations,
givesa temperature slightly too low, but it certainly givesthe right order of
magnitude. As indicated in the title of Steven Weinberg's classicbook, The
First Three Minutes, the ertire sagaof Big Bang Nucleosyrtihesistakesplace
when the universeis only a few minutes old.

Onething we cansay about Big Bang Nucleosyrthesis, after taking alook
at the presen-day universe,is that it was shockingly inexcient. From an
energyviewpoint, the preferreduniversewould be onein which the baryonic
matter consistedof an iron-nickel alloy. Obviously, we do not live in sud a
universe. Currently, three-fourths of the baryonic componert (by mass)is
still in the form of unbound protons, or *H. Moreover, whenwe look for nuclei
heavier than *H, we 'nd that they are primarily *He, a relatively lightweight
nucleus comparedto °6Fe and ®’Ni. The primordial helium fraction of the
universe(that is, the helium fraction before nucleosyihesisbeginsin stars)
is usually expressedas the dimensionlessiumber

“*He) |
1/Eary .

g (10.5)

That is, Y, is the massdensity of *He divided by the massdensity of all
the baryonic matter. The Sun'satmospherehasa helium fraction (by mass)
of Y = 0:28. Howewer, the Sun is made of recycledinterstellar gas, which
was contaminated by helium formedin earlier generationsof stars. When we
look at astronomical objects of di®eren sorts, we nd a minimum value of
Y = 0:24. That is, baryonic objects suth as stars and gascloudsare all at
least 24% helium.?

!Condensedobjects which have undergone chemical or physical fractionation can be
much lower in helium than this value. For instance, your helium fraction is ¢ 24%.
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10.2 Neutrons and protons

The basicbuilding blocks for nucleosyrhesisare neutronsand protons. The
rest energyof a neutron is greaterthan that of a proton by a factor

Qn = My mpc? = 1:29MeV : (10.6)
A free neutron is unstable, decging via the reaction
n! p+ée +2.: (10.7)

The decay time for a free neutron is ¢, = 890s. That is, if you start out
with a population of free neutrons, after a time t, a fraction f = exp(j t=¢,)
will remain? Sincethe energyQ,, releasedby the deca of a neutron into a
proton is greaterthan the rest energyof an electron (m.¢®> = 0:51MeV), the
remainderof the energyis carried away by the kinetic energyof the electron
and the energy of the electron anti-neutrino. With a deca time of only
“fteen minutes, the existenceof a free neutron is as °eeting as fame; once
the universewas se\eral hours old, it cortained essetially no free neutrons.
Howewer, a neutron which is bound into a stable atomic nucleusis presened
againstdecyg. There are still neutrons around today, becausethey've been
tied up in deuterium, helium, and other atoms.

Let's considerthe state of the universewhenits ageist = 0:1s. At that
time, the temperaturewasT ¥ 3£ 109K, and the meanenergyper photon
was Emean ¥2 10MeV. This energyis much greaterthan the rest energyof a
electron or positron, so there were positrons as well as electronspresern at
t = 0:1s, createdby pair production:

°+°Yf & +¢ (10.8)

At t = O0:1s, neutrons and protons were in equilibrium with ead other, via
the interactions
n+°%%75 p+é (10.9)

and
n+e § p+2: (10.10)

As long as neutrons and protons are kept in equilibrium by the reactions
shavn in equations (10.9) and (10.10), their number density is given by

2The “half-life’, the time it takesfor half the neutrons to decay, is related to the decay
time by the relation t;-, = ¢, In2= 617s.
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the Maxwell-Boltzmann equation, as discussedn section9.3. The number
density of neutronsis then

3=2

|
mykT m,c?
Nn = On 23—/}12 exp i krll' (10.11)
and the number density of protons is
A I 500 A !
mykT
M= G Sz P 07 (10.12)

Since the statistical weights of protons and neutrons are equal, with g, =
O, = 2, the neutron-to-proton ratio, from equations(10.11)and (10.12),is
A1 A !

= — e
Np mp KT

(10.13)
The above equation can be simpli'ed. First, (m,=m,)3%? = 1:002; there will
be no great lossin accuracyif we set this factor equalto one. Second,the
di®erencein rest energy of the neutron and proton is (m, | Mp)c® = Q, =
1:29MeV. Thus,the equilibrium neutron-to-proton ratio hasthe particularly
simple form - u. Qnﬂ | e

np_eXp'kT , (10.14)
illustrated as the solid line in Figure 10.2. At temperatureskT A Q, =
1:29MeV, correspndingto T A 1:5£ 10°K andt ¢ 1s, the number of
neutronsis nearly equalto the number of protons. Howewer, asthe tempera-
ture starts to drop below 1.5£ 109K, protons beginto be strongly favored,
and the neutron-to-proton ratio plummets exponertially .

If the neutrons and protons remainedin equilibrium, then by the time
the universewas six minutes old, there would be only one neutron for every
million protons. Howewer, neutronsand protons do not remainin equilibrium
for nearly that long. The interactions which mediate betweenneutrons and
protons in the early universe,shavn in equations(10.9) and (10.10), involve
the interaction of a baryon with a neutrino (or arti-neutrino). Neutrinos
interact with baryonsvia the weaknuclearforce. The cross-sectiongor weak
interactions have the temperature dependence¥, / T?2; at the temperatures
we are considering,the cross-sectionsare small. A typical cross-sectiorfor
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Figure 10.2: Neutron-to-proton ratio in the early universe. The solid line
assumesgequilibrium; the dotted line givesthe value after freezeout.

the interaction of a neutrino with any other particle via the weak nuclear
forceis A o "
3 47 22
4> 100 M eV
(Comparethis to the Thomson cross-sectiorfor the interaction of electrons
via the electromagneticforce: % = 6:65£ 10 2°m?2) In the radiation-
dominateduniverse the temperaturefalls at therate T / a(t)i 1/ ti 12 and
thus the cross-sectiondor weak interactions diminish at the rate %, / ti 1.
The number density of neutrinos falls at the rate no / a(t)i 3/ ti *?, and
hencethe rate | with which neutrons and protons interact with neutrinos
via the weak force falls rapidly:

(10.15)

i = NoC% [ ti°72: (10.16)

Meanwhile, the Hubble parameteris only decreasingat the rate H / ti 1,
When | ¥4 H, the neutrinos decouplefrom the neutrons and protons, and
the ratio of neutronsto protonsis \frozen" (at leastuntil the neutrons start
to deca, at timest » ¢,). An exact calculation of the temperature Tgeeze at
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which j = H requiresa knowledge of the exact cross-sectiorof the proton
and neutron for weak interactions. Using the best available laboratory in-
formation, the \freezeout temperature” turns out to be kTeeze = 0:8MeV,
or Treeze = 9£ 10°K. The universereadesthis temperature whenits ageis
treeze » 1S. The neutron-to-proton ratio, oncethe temperature drops belov
Tieezes 1S frozenat the value

Nn oo, T M 1:00MevT

At times tieere < t ¢ ¢n, there wasone neutron for every v e protonsin the
universe.

It is the scarcily of neutrons relative to protons that explains why Big
Bang Nucleosyrthesiswassoincomplete,leaving three-fourths of the baryons
in the form of unfusedprotons. A neutron will fusewith a proton much more
readily than a proton will fusewith another proton. When two protons fuse
to form a deuterium nucleus,a positron must be emitted (to consene charge);
this meansthat an electron neutrino must also be emitted (to consene elec-
tron quantum number). The proton-proton fusion reaction can be written
as

p+p! D+e +°: (10.18)

The involvemen of a neutrino in this reaction tells us that it involvesthe
weak nuclear force, and thus has a minusculecross-sectionpf order %,. By
cortrast, the neutron-proton fusion reaction is

p+njy D+°: (10.19)

No neutrinos are involved; this is a strong interaction (one involving the
strong nuclear force). The cross-sectiorfor interactions involving the strong
nuclearforceare much larger than for thoseinvolving the weak nuclearforce.
The rate of proton-proton fusion is much slowver than the rate of neutron-
proton fusion, for two reasons. First, the cross-sectionfor proton-proton
fusion, sinceit is a weak interaction, is minuscule comparedto the cross-
section for neutron-proton fusion. Second,since protons are all positively
charged,they must surmourt the Coulomb barrier betweenthem in order to
fuse.

It's possible,of course,to coaxtwo protons into fusing with ead other.
It's happeningin the Sun, for instance,even asyou readthis serience. How-
ewer, fusionin the Sunis a very slov process.If you pick out any particular
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proton in the Sun's core, it has only one chancein ten billion of undergo-
ing fusion during the next year. Only exceptionally fast protons have any
chanceof undergoingfusion, and even those high-speed protons have only a
tiny probability of quantum tunneling through the Coulomb barrier of an-
other proton and fusing with it. The core of the Sun, though, is a stable
ervironmert; it's in hydrostatic equilibrium, and its temperature and den-
sity changeonly slowly with time. In the early universe,by strong corirast,
the temperature drops as T / ti ¥*2 and the density of baryons drops as
Npary / ti 372, Big Bang Nucleosyithesisis a race againsttime. After less
than an hour, the temperature and density have dropped too low for fusion
to occur.

For the sake of completeness| should alsonote that the rate of neutron-
neutron fusion in the early universeis negligibly small comparedto the rate
of neutron-proton fusion. The reaction governing neutron-neutron fusion is

n+n! D+é& +9: (10.20)

Again, the presenceof a neutrino (an electronanti-neutrino, in this case)tells
us this is an interaction involving the weak nuclear force. Thus, although
their is no Coulonmb barrier between neutrons, the neutron-neutron fusion
rate is tiny. In part, this is becauseof the scarcity of neutrons relative
to protons, but mainly it is becauseof the small cross-sectiorfor neutron-
neutron fusion.

Giventhe alacrity of neutron-proton fusionwhencomparedto the leisurely
rate of proton-proton and neutron-neutron fusion, we can state, as a lowest
order approximation, that BBN proceedsuntil every free neutron is bonded
into an atomic nucleus,with the leftover protons remaining solitary. In this
approximation, we can compute the maximum possiblevalue of Y, the frac-
tion of the baryon massin the form of *He. To computethe maximum possi-
ble value of Y, supposethat every neutron presen after the proton-neutron
freezeoutis incorporated into a “He nucleus. Given a neutron-to-proton ratio
of n,=n, = 1=5, we can considera represemativ e group of 2 neutronsand 10
protons. The 2 neutrons can fusewith 2 of the protons to form a single *He
nucleus. The remaining 8 protons, though, will remain unfused. The mass
fraction of “He will then be

4 1
Ymax = 5- 3" (10.21)
More generally if f ~ np=n,, with 0- f - 1, then the maximum possible
value of Yj is Ypax = 2f (1 + f).
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If the obsened value of Y, = 0:24 were greater than the predicted Ypay,
that would be a causefor worry; it might mean,for example,that we didn't
really understandthe processof proton-neutron freezeout. Howewer, the fact
that the obsened value of Y, is lessthan Y« is not worrisome; there are
various factors which act to reducethe actual value of Y, below its theoret-
ical maximum. First, if nucleosynhesisdidn't take place immediately after
freezeoutat t ¥4 1s, then the spontaneousdeca of neutronswould inevitably
lower the neutron-to-proton ratio, and thus reducethe amourt of “He pro-
duced. Next, if someneutrons escag fusion altogether, or end in nuclei
lighter than “He (such as D or *He), they will not cortribute to Y,. Finally,
if nucleosynhesis goeson long enoughto produce nuclei heavier than “He,
that too will reduceY,.

In order to compute Y, accurately as well as the abundancesof other
isotopes, it will be necessaryto considerthe processof nuclear fusion in
more detail. Fortunately, much of the statistical medanics we will needis
just a rehashof what we usedwhen studying reconbination.

10.3 Deuterium synthesis

Let's move on to the next stage of Big Bang Nucleosynhesis, just after
proton-neutron freezeoutis complete. The time ist % 2s. The neutron-to-
proton ratio is n,=n, = 0:2. The neutrinos, which ceasedto interact with
electronsabout the sametime they stopped interacting with neutrons and
protons, are now decoupledfrom the rest of the universe. The photons,
howewer, are still strongly coupledto the protons and neutrons. Big Bang
Nucleosynthesistakesplacethrough a seriesof two-body reactions, building
heavier nuclei step by step. The essetial rst stepin BBN is the fusion of a
proton and a neutron to form a deuterium nucleus:

p+njy D+ °: (10.22)

When a proton and a neutron fuse,the energyreleasedand carried away by
a gammaray) is the binding energyof a deuterium nucleus:

Bp = (M, + myj mp)c? = 2:22MeV : (10.23)

Corversely a photon with energy, Bp can photodissaiate a deuterium
nucleusinto its componert proton and neutron. The reactionshowvn in equa-
tion (10.22)should have a haurting familiarity if you've just read Chapter 9;
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it hasthe samestructural form asthe reaction governing the reconbination
of hydrogen:

p+e J H+°: (10.24)

A comparisonof equation (10.22) with equation (10.24) shows that in eat
case,two particles becomebound together to form a composite object, with
the excessenergycarried away by a photon. In the caseof nucleosyithesis,
a proton and neutron are bonded together by the strong nuclear force to
form a deuterium nucleus,with a gamma-ray photon being emitted. In the
caseof photoionization, a proton and electron are bonded together by the
electromagneticforce to form a neutral hydrogen atom, with an ultraviolet
photon being emitted. A major di®erencebetween nucleosyrthesis and re-
combination, of course,is betweenthe energyscalesinvolved. The binding
energy of deuterium, Bp = 2;200000eV, is 160,000times greater than the
ionization energyof hydrogen,Q = 136eV.3

Despite the di®erencein energy scales,many of the equations used to
analyzereconbination can be re-usedto analyzedeuterium nucleosynhesis.
Around the time of recorrbination, for instance,the relative numbers of free
protons, free electrons, and neutral hydrogen atoms is given by the Saha
equation, A o Ly
Ny mMekT '™ Q"

none . 2vm2 OP kT (10.25)

which tells us that neutral hydrogenis favored in the limit kT ! 0, and
that ionized hydrogenis favored in the limit kT ! 1 . Around the time
of deuterium synthesis, the relative numbers of free protons, free neutrons,
and deuterium nuclei is given by an equation directly analogousto equa-
tion (9.22):

A oy A Uy A !
o _ G mMp o kT 'S‘Zexp [m,+ m, | mp]c
KT

- 2
NpNn GO MpMy 2Yh

. (10.26)

From equation(10.23), we can make the substitution [my,+ m,j mp]c® = Bp.
The statistical weight factor of the deuterium nucleusis gp = 3, in compar-
isonto g, = g, = 2 for a proton or neutron. To acceptableaccuracy we
may write m, = m, = mp=2. Thesesubstitutions yield the nucleosynhetic

3As the makers of bombs have long known, you can releasemuch more energyby fusing
atomic nuclei than by simply shu2ing electronsaround.
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equivalert of the Sahaequation,

A Pis2  ug 1

Np mnkT Bp
= e — 10.27
P 2 (10.27)

NpNn Yh?
which tells us that deuterium is favored in the limit kT ! 0, and that free
protons and neutrons are favored in the limit KT ! 1 .

To de ne a precisetemperature T,,,c at which the nucleosyrhesisof deu-
terium takesplace,we needto de ne what we meanby \the nucleosyrhesis
of deuterium”. Just asreconbination is a processwhich takesa nite length
of time, sois nucleosytthesis. It is useful,though, to de ne T,,. asthe tem-
perature at which np=n, = 1; that is, the temperature at which half the free
neutrons have beenfusedinto deuterium nuclei. As long asequation (10.27)
holds true, the deuterium-to-neutron ratio can be written as

D
exp —— 10.28
Xp KT ( )

A KT

Np _ my
o 6N, Eyva
We can write the deuterium-to-neutron ratio as a function of T and the
baryon-to-photon ratio ~ if we make some simplifying assumptions. Even
today, we know that » 75% of all the baryonsin the universeare in the
form of unbound protons. Beforethe start of deuterium syrthesis, 5 out of 6
baryons (or » 83%)werein the form of unbound protons. Thus, if we don't

want to be fanatical about accuracy we can write

2 A ) .3

kT °
Np ¥4 0:8Npary = 0:8"n- = 0:8" 40:243 o S (10.29)

Substituting equation(10.29)into equation(10.28),we nd that the deuterium-
to-proton ratio is a relatively simple function of temperature:

|
T ¥ Hpg,T
exp —= (10.30)

o |, ~
— Y465
¢ kT

Ny m,, c?

This function is plotted in Figure 10.3,assuminga baryon-to-photonratio of
" = 55£ 10 19 The temperature T, of deuterium nucleosynhesis can be
found by solving the equation

k nuc BD
; 10.31
& exp (10.31)

1v.65
‘ kTI’]UC
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Figure 10.3: The deuterium-to-neutronratio during the epoch of deuterium
synthesis. The nucleosyrthetic equivalert of the Saha equation (equa-
tion 10.27)is assumedto hold true.
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With m,c2 = 9396MeV, Bp = 2:22MeV, and~ = 55£ 10 10 the tem-
perature of deuterium synthesis is kTy,. ¥ 0:066MeV, correspnding to
T ¥Ya 7:6 £ 10°K. The temperature drops to this value when the age
of the universeis t,,. ¥4 200s.

Note that the time delay until the start of nucleosynhesis, t,,. ¥ 200s,
is not negligible comparedto the deca time of the neutron, ¢, = 890s. By
the time nucleosynhesis actually gets underway, neutron decgy has slightly
decreasedhe neutron-to-proton ratio from n,=n, = 1=5to

Mo, exp(i 200890) . 08 _ .
i s~ Y, 0:15; 10.32
np 5+[1j exp(i 200:890)] "~ 52 (10.32)

This in turn lowersthe maximum possible*He massfraction from Y., ¥4 0:33
tO Ymax 1/4 0.27.

10.4 Beyond deuterium

The deuterium-to-neutron ratio np=n, does not remain inde nitely at the
equilibrium value given by equation (10.30). Once a signi cant amourt of
deuterium forms, there are marny possiblenuclear reactions available. For
instance, a deuterium nucleuscan fusewith a proton to form 3He:

D+pJ 3He+°: (10.33)
Alternativ ely, it canfusewith a neutron to form 3H, alsoknown as\tritium":
D+n¥ 3H+°: (10.34)

Tritium is unstable;it spontaneouslydecas to *He, emitting an electronand
an electronanti-neutrino in the process.Howeer, the deca time of tritium is
approximately 18 years;during the brief time that Big Bang Nucleosynhesis
lasts, tritium can be regardedas e®ectiely stable.

Deuterium nuclei can alsofusewith ead other to form “He:

D+DJ “He+°: (10.35)

Howeer, it is more likely that the interaction of two deuterium nuclei will
end in the formation of a tritium nucleus(with the emissionof a proton),

D+DJ ®H+p; (10.36)
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or the formation of a 3He nucleus(with the emissionof a neutron),
D+DJ °He+n: (10.37)

There is newer a large amourt of 3H or 3He present during the time of nu-
cleosyrthesis. Soon after they are formed, they are corverted to “He by
reactionssud as

MH+p §  “He+®
SHe+n J “He+°
SH+D J “He+n
SHe+ D § “He+ p: (10.38)

None of the post-deuterium reactionsoutlined in equations(10.33) through
(10.38) involves neutrinos; they are all involve the strong nuclear force, and
have large cross-sectionand fast reaction rates. Thus, oncenucleosyihesis
begins,D, 3H, and *He are all exciently corverted to “He.

Once “He is readed, howewer, the orderly march of nucleosynhesis to
heavier and heavier nuclei reachesa roadblock. For sud a light nucleus,*He
is exceptionally tightly bound, as illustrated in Figure 10.1. By cortrast,
there are no stable nuclei with A = 5. If you try to fusea proton or neutron
to “He, it won't work; °He and°Li are not stablenuclei. Thus, *He s resistart
to fusion with protons and neutrons. Small amourts of °Li and Li, the two
stable isotopesof lithium, are madeby reactionssud as

‘He+ DY SLi+° (10.39)

and
‘He+ 3HY "Li+°: (10.40)

In addition, small amourts of Be are made by reactionssud as
‘He+ %HeJ 'Be+ °: (10.41)

The synthesisof nucleiwith A > 7 is hinderedby the absenceof stable nuclei
with A = 8. For instance,if 8Be is made by the reaction

‘He+ “He! °®Be; (10.42)

the ®Be nucleusfalls bad apart into a pair of “He nuclei with a decg time
ofonly ¢ = 3£ 10 °s.
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Figure 10.4: Massfraction of nuclei as a function of time during the epoch
of nucleosyithesis. A baryon-to-photon ratio of ~ = 5:1£ 10 ° is assumed
(from Tytler et al. (2000) Physica Scripta, T85, 12).

The bottom line is that oncedeuterium beginsto be formed, fusion up
to the tightly bound *He nucleus proceedsvery rapidly. Fusion of heavier
nuclei occurs much lessrapidly. The preciseyields of the di®erern isotopes
involved in BBN are customarily calculatedusing a fairly complexcomputer
code. The complexity is necessarybecauseof the large number of possible
reactions which can occur once deuterium has been formed, all of which
have temperature-dependent cross-sections. Thus, there's a good deal of
bookkeeping involved. The results of a typical BBN code, which follows
the massfraction of di®eren isotopesasthe universeexpandsand cools, is
shown in Figure 10.4. Initially , at T A 10°K, almostall the baryonic matter
is in the form of free protons and neutrons. As the deuterium density climbs
upward, howeer, the point is evertually reached where signi cant amourts
of 3H, 3He, and *He are formed. By the time the temperature has dropped
to T » 4£ 10°K, at t » 10min, Big Bang Nucleosyithesis is essetially
over. Nearly all the baryons are in the form of free protons or “He nuclei.
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The small residueof free neutronsdecgs into protons. Small amourts of D,
3H, and °He are left over, a tribute to the incomplete nature of Big Bang
Nucleosyihesis. (The 3H later decas to 3He.) Very small amourts of °Li,
’Li, and ‘Be aremade. (The "Beis later corvertedto ’Li by electroncapture:
‘Be+ e | TLi+ %)

The vyields of D, 3He, “He, bLi, and ’Li depend on various physical pa-
rameters. Most importantly, they depend on the baryon-to-photon ratio
. A high baryon-to-photon ratio increasesthe temperature T, at which
deuterium synthesis occurs, and hencegives an earlier start to Big Bang
Nucleosyrthesis. Since BBN is a race against the clock as the density and
temperature of the universedrop, getting an earlier start meansthat nu-
cleosyrthesis is more excient at producing “He, leaving lessD and 3He as
\lefto vers". A plot of the massfraction of various elemers producedby Big
Bang Nucleosyrthesisis shavn in Figure 10.5. Note that larger valuesof
producelarger valuesfor Y, (the *He massfraction) and smallervaluesfor the
deuterium density, as explained above. The dependenceof the “Li density
on” is more complicated. Within the rangeof ~ plotted in Figure 10.5,the
direct production of “Li by the fusion of “He and 3H is a decreasingunction
of ”, while the indirect production of “Li by "Be electron capture is an in-
creasingfunction of *. The net result is a minimum in the predicted density
of ‘Li at ~ Y4 3£ 10 0.

Broadly speaking, we know immediately that the baryon-to-photon ratio
can't be assmallas” » 10 2. If it were, BBN would be extremely inef-
“cient, and we would expect only tiny amourts of helium to be produced
(Yp < 0:01). Conversely we know that the baryon-to-photon ratio can't be
aslargeas” » 10 . If it were, nucleosyrnhesiswould have taken placevery
early (beforeneutrons had a chanceto deca), the universewould be essen-
tially deuterium-free,and Y, would be near its maximum permissiblevalue
of Ymax %2 0:33. Pinning down the value of © more accuratelyrequiresmaking
accurate obsenations of the primordial densitiesof the light elemerts; that
is, the densitiesbefore nucleosynhesisin stars started to alter the chemical
composition of the universe. In determining the value of ", it is most useful
to determine the primordial abundanceof deuterium. This is becausethe
deuterium abundanceis strongly dependert on ~ in the range of interest.
Thus, determining the deuterium abundancewith only modestaccuracywill
enableusto determine” fairly well. By cortrast, the primordial helium frac-
tion, Yp, hasonly a weakdependenceon” for the rangeof interest, asshavn
in Figure 10.5. Thus, determining = with a fair degreeof accuracywould
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Figure 10.5: The massfraction of *He, and the number densitiesof D, D+ 3He,
and ’Li expressedas a fraction of the H number density. The width of
ead line represetts the 95% con denceinterval in the density (from Burles,
Nollett, and Turner (2001) ApJ, 552,L1).
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require measuringY, with fanatic precision.

A major problem in determining the primordial deuterium abundance
is that deuterium is very easily destroyed in stars. When an interstellar
gascloud collapsesgravitationally to form a star, the rst fusion reactions
that occur involve the fusion of deuterium into helium. Thus, the abun-
danceof deuteriumin the universetendsto decreasawith time.* Deuterium
abundancesare customarily given as the ratio of the number of deuterium
atoms to the number of hydrogen atoms (D/H). For instance, in the local
interstellar medium within our Galaxy, astronomers nd an averagevalue
D=H % 1:6 £ 10 5; that is, there's one deuterium atom for every 60,0000r-
dinary hydrogenatoms. Howewer, the Sun and the interstellar medium are
contaminated with material that has been cycled through stellar interiors.
Thus, we expect the primordial deuterium-to-hydrogen value to have been
(D=H), > 1.6£ 10 °.

Currently, the most promisingway to nd the primordial value of D/H is
to look at the spectra of distant quasars.We don't careabout the deuterium
within the quasaritself; instead, we just want to usethe quasarasa °ashlight
to illuminate the intergalactic gascloudswhich lie betweenit and us. If an
intergalactic gascloud cortains no detectablestars, and hasvery low levelsof
elemerns heavier than lithium, we canhopethat its D/H valueis closeto the
primordial value, and hasn't beendriven downward by the e®ectsof fusion
within stars. Neutral hydrogen atoms within theseintergalactic clouds will
absorb photons whoseenergy correspnds to the Lyman-® transition; that
is, the transition of the atom's electron from the ground state (n = 1) to
the next higher energylevel (n = 2). In an ordinary hydrogen atom (1H),
the Lyman-® transition correspndsto a wavelength , , = 12157nm. In a
deuterium atom, the greater massof the nucleuscausesa small isotopic shift
in the electron's energy levels. As a consequencethe Lyman-® transition
in deuterium correspndsto a slightly shorter wavelength, , p = 121:54nm.
When we look at light from a quasarwhich haspassedhrough anintergalac-
tic cloud at redshift z;, we will seea strong absorption line at , 4(1 + z),
due to absorption from ordinary hydrogen, and a much wealker absorption
line at , 5(1 + z;), due to absorption from deuterium. Detailed studies of
the strength of the absorption lines in the spectra of di®eren quasarsgive
results which are consisten with the ratio (D=H) = (3:08 0:4) £ 10 °. This

4There are no mecanisms known that will create deuterium in signi cant amourts
after Big Bang Nucleosyrthesisis complete.
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translatesinto a baryon-to-photonratio of * = (5:58 0:5) £ 10 19,
The valueof” canbe convertedinto avaluefor the current baryon density
by the relation
Nbary:0 = Neyg = 0:238 0:02mi 3 : (10.43)

Sincemost of the baryonsare protons, we can write, to acceptableaccuracy
"pary:0 = (MpC®)Npary:0 = 2108 20MeV mi 2 : (10.44)
The current density parameterin baryonsis thus

- _ "bayo _ 210§ 20MeV mi 3
bary:0 = w "~ T 52008 1000MeV mi 3

= 0:04§ 0:01: (10.45)

Note that the largest source of uncertainty in the value of - pay.0 IS not
the uncertainty in the baryon density, but the uncertainty in the critical
density (which in turn results from the fact that Hy is not particularly well
determined).

10.5 Bary on { antibary on asymmetry

The results of Big Bang Nucleosynhesistell us what the universewas like
whenit wasrelatively hot (T, %7 £ 10°K) and dense:

"nuc Ya®T . Y4102 Mevmi 2 (10.46)
nuc

This energydensity correspndsto a massdensity of " ,,.=¢ ¥4 2000kg mi 3,
or about twice the density of water. Remenber, though, that the energy
density at the time of BBN wasalmostertirely in the form of radiation. The
massdensity of baryonsat the time of BBN was

M T 13

nuc

To

1/Bary(tnuc) = 'bary;Ol/é;O (10.47)

I'a

A7£ 10¢°
Y, 0:007kgmi 3 :

Vs (0:04)(9:2£ 10 ?"kgmi 3) 5755

A density of seweral grams per cubic meter is not outlandishly high, by ev-
eryday standards;it's equalto the density of the Earth's stratosphere. A
mean photon energyof 2:7k T, ¥2 0:2MeV is not outlandishly high, by ev-
eryday standards; you are bombarded with photons of about that energy
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when you have your teeth X-rayed at the dertist. The physicsof Big Bang
Nucleosynhesisis well understood.

Someof the initial conditions for Big Bang Nucleosynthesis, howeer, are
rather puzzling. The baryon-to-photon ratio, ~ ¥4 5:5£ 10 19, is a remark-
ably smallnumber; the universeseemso have a strong preferenceor photons
over baryons. It's alsoworthy of remark that the universeseemsto have a
strong preferencefor baryons over antibaryons. The laws of physicsdemand
the presenceof antiprotons (p), cortaining two \anti-up" quarks and one
\anti-down" quark apiece,aswell asantineutrons (h), cortaining one\anti-
up" quark and two \anti-down" quarks apiece® In practice, though, it is
found that the universehas an extremely large excessof protons and neu-
trons over antiprotons and antineutrons (and hencean excessof quarks over
antiquarks). At the time of Big Bang Nucleosyihesis,the number density of
antibaryons (h and p) wastiny comparedto the number density of baryons,
which in turn wastiny comparedto the number density of photons. This
imbalance, Nantipary ¢ Nbary ¢ Ne, hasits origin in the physics of the very
early universe.

When the temperature of the early universe was greater than kT Y
150MeV, the quarks which it cortained were not con ned within baryons
and other particles, asthey are today, but formed a seaof free quarks (some-
times referredto by the oddly culinary name of \quark soup™). During the
“rst few microsecondf the universe,whenthe quark soupwas piping hot,
guarksand antiquarks were constartly being createdby pair production and
destroyed by mutual annihilation:

°+°¥ q+4§; (10.48)

whereq and ¢ could represem, for instance,an\up” quark and an\anti-up"

quark, or a \down" quark and an \anti-down" quark. During this period
of quark pair production, the numbers of \up" quarks, \anti-up” quarks,
\down" quarks, \anti-down" quarks, and photons were nearly equalto eat
other. Howewer, supposethere were a very tiny asymmetry betweenquarks
and antiquarks, sud that

Ngi Ng
— ¢ 1 10.49
Ng + Ne ¢ ( )

SNote that an \anti-up" quark is not the sameasa \down" quark; nor is \anti-down"
equivalent to \up".
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As the universeexpandedand the quark soup cooled, quark-artiquark pairs
would no longer be produced. The existing antiquarks would then annihi-
late with the quarks. Howewer, becauseof the small excessof quarks over
antiquarks, there would be a residueof quarks with number density

% » (10.50)
Thus, if there were 1,000,000,00@uarks for every 999,999,99antiquarks in
the early universe,three lucky quarksin a billion would be left over after the
others encourtered antiquarks and were annihilated. The leftover quarks,
howewver, would be surrounded by roughly 2 billion photons, the product
of the annihilations. After the three quarks were bound together into a
baryon at kT % 150MeV, the resulting baryon-to-photon ratio would be
" » 5£ 10 19,

Thus, the very strong asymmetry betweenbaryonsand antibary onstoday
and the large number of photons per baryon are both products of a tiny
asymmetry betweenquarks and antiquarks in the early universe. The exact
origin of the quark-artiquark asymmetry in the early universeis still not
exactly known. The physicist Andrei Sakharo, asfar badk asthe year 1967,
was the rst to outline the necessaryphysical conditions for producing a
small asymmetry; however, the precisemedanism by which the quarks rst
deweloped their few-parts-per-billion advantage over antiquarks still remains
to be found.

Suggested reading

[Full referencesare given in the \Annotated Bibliography" on page286.]

Bernstein (1995), ch. 4, 5, 6: Puts nucleosynthesisin the larger cortext
of particle physicsand thermodynamics.

Weinberg (1993) The First Thr ee Minutes : Givessomeof the histor-
ical badground to the dewelopmen of Big Bang Nucleosynhesis.

Problems

(10.1) Supposethe neutron deca time were ¢, = 89s instead of ¢, =
890s, with all other physical parametersunchanged. Estimate Ypax,
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the maximum possiblemassfraction in “He, assumingthat all available
neutrons are incorporated into “He nuclei.

(10.2) Supposethe di®erencan rest energyof the neutron and proton were
Bn = (My | mp)c2 = 0:129MeV instead of B, = 1:29MeV, with all
other physical parametersunchanged. Estimate Ypax, the maximum
possiblemassfraction in “He, assumingthat all available neutronsare
incorporated into “He nuclei.

(10.3) A fascinating bit of cosmologicahistory is that of GeorgeGamow's
prediction of the Cosmic Microwave Background in 1948. (Unfortu-
nately, his prediction waspremature; by the time the CMB wasactually
discoveredin the 1960's,his prediction had fallen into obscurity.) Let's
seeif you canreproduce Gamow's line of argumert. Gamow knew that
nucleosyithesis must have taken place at a temperature T, ¥4 10°K,
and that the ageof the universeis currertly to ¥ 10Gyr.

Assumethat the universeis °at and cortains only radiation. With these
assumptions,what was the energydensity " at the time of nucleosyn-
thesis? What was the Hubble parameterH at the time of nucleosyn-
thesis? What was the time t,,. at which nucleosyrhesistook place?
What is the current temperature Ty of the radiation Tling the uni-
versetoday? If the universeswitched from being radiation-dominated
to being matter-dominated at a redshift z,,, > 0, will this increaseor
decreaserl, for xed valuesof T,,. and ty? Explain your answer.

(10.4) The total luminosity of the starsin our Galaxy is L ¥4 1:4£ 100 L-.
Supposethat the luminosity of our Galaxy has beenconstart for the
past 10Gyr. How much energyhasour Galaxy emitted in the form of
starlight during that time? Most stars are powered by the fusion of H
into “He, with the releaseof 28:4MeV for every helium nucleusformed.
How many helium nuclei have beencreatedwithin starsin our Galaxy
over the courseof the past 10Gyr, assumingthat the fusion of H into
“He is the only signi cant energysource?If the baryonic massof our
Galaxy is M ¥4 10'* M-, by what amourt hasthe helium fraction Y of
our Galaxy beenincreasedover its primordial value Y, = 0:24?

(10.5) In section10.2,it is assertedthat the maximum possiblevalue of the



232 CHAPTER 10. NUCLEOSYNTHESIS & THE EARLY UNIVERSE

primordial helium fraction is

2f
Ymax = —— | 10.51
max 1+ f ( )
wheref = n,=n, - 1 is the neutron-to-proton ratio at the time of
nucleosyrthesis. Prove that this assertionis true.

(10.6) The typical energyof a neutrino in the CosmicNeutrino Background,
as pointed out in Chapter 5, is Eo » kTo » 5£ 10 “eV. What
is the approximate interaction cross-section¥, for one of these cos-
mic neutrinos? Supposeyou had a large lump of %6Fe (with density
Yo= 7900kgmi 3). What is the number density of protons, neutrons,
and electronswithin the lump of iron? How far, on average, would
a cosmic neutrino travel through the iron before interacting with a
proton, neutron, or electron? (Assumethat the cross-sectionfor in-
teraction is simply %,, regardlessof the type of particle the neutrino
interacts with.)



Chapter 11

In°ation & the Very Early
Univ erse

The obsened properties of galaxies, quasars,and supernovae at relatively

small redshift (z < 6) tell us about the universeat timest > 1Gyr. The

properties of the Cosmic Microwave Badkground tell us about the universe
at the time of last scattering (zs ¥4 1100,ts ¥2 0:35Myr). The abundances
of light elemens sud asdeuterium and helium tell us about the universeat

the time of Big Bang Nucleosyrhesis (znyc ¥4 3£ 10, to ¥a3min). In fact,

the obsenation that primordial gascloudsare roughly one-fourth helium by

mass, rather than being all helium or all hydrogen, tells us that we have

a fair understanding of what was happening at the time of neutron-proton

freezeout(Zyeere Y4 4 £ 10°, theere ¥4 19).

Sofar, my description of the Hot Big Bang scenariohasbeena triumphal
progress,with only minor details (such as the exact determination of Hy,
- m:0, @nd - 5.0) remaining to be worked out. Whene\er a conqueringgen-
eral madea triumphal progressinto anciert Rome, a slave stood behind him,
whisperingin his ear,\Remember, youaremortal." Just asevery triumphant
generalmust be reminded of his “awed, imperfect nature, lest he becomein-
su®erablyarrogart, soewery triumphant theory shouldbe carefully inspected
for °aws and imperfections. The standard Hot Big Bang scenario,in which
the early universewas radiation-dominated, has three underlying problems,
called the °atness problem the horizon problem and the monogole problem
The °atness problem can be summarizedby the statemen, \The universe
is nearly °at today, and was even °atter in the past." The horizon problem
can be summarizedby the statemert, \The universeis nearly isotropic and

233
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homogeneousoday, and waseven more soin the past.” The monopole prob-
lem can be summarizedby the statemen, \The universeis apparerily free of
magnetic monopoles.” To seewhy thesesimple statemers posea problem
to the standard Hot Big Bang scenario,it is necessaryto go a little deeper
into the physicsof the expandinguniverse.

11.1 The °atness problem

Let's start by examiningthe °atness problem. The spatial curvature of the
universeis related to the density parameter- by the Friedmann equation:
.C 2
Rfa(t)?H (1)? -
(Here,l amusingthe Friedmannequationin the form givenby equation4.29.)

At the presen momert, the density parameterand curvature are linked by
the equation

1i ()= (11.1)

.c2
REHG
The results of the type la supernova obsenations and the measuremets of
the CMB anisotropy are consisten with the value (seeFigure 9.7)

jLi -o - 0:2: (11.3)

Why should the value of - ; be so closeto onetoday? It could have had,
for instance, the value - o = 10 ® or - ; = 10° without violating any laws of
physics. We could, of course,invoke coincidenceby saying that the initial
conditionsfor the universejust happenedto produce- o ¥ 1 today. After all,
- o= 0:80r- o= 1:2aren't that closeto one. Howewer, whenyou extrapolate
the value of -( t) backward into the past, the closenes®sf - to unity becomes
more and more ditcult to dismissasa coincidence.

By combining equations(11.1) and (11.2), we nd the equationthat gives
the density parameteras a function of time:

HE(1i - o) .
H(t)2a(t)? -
When the universewas dominated by radiation and matter, at timest ¢
tme ¥4 10Gyr, the Hubble parameterwas given by equation (6.35):

H (t)z - r0 ~ m;0
= — + 11.5
H? at asd ( )

1i -0=i (11.2)

1i (1) = (11.4)




11.1. THE FLATNESS PROBLEM 235

Thus, the density parameterewlved at the rate

(i -oa*

1 -(t)= :
I ( ) ‘r;0+a'm;0

(11.6)
During the period whenthe universewasdominatedby radiation and matter,
the deviation of - from one was constartly growing. During the radiation-

dominated phase,
ili -jc/ @l t: (11.7)

During the later matter-dominated phase,
ili -jm/ al t=2: (11.8)

Suppose,asthe available evidenceindicates,that the universeis descrited by
a model closeto the Bencdhmark Model, with - ;.o = 84£ 10 °, - .o = 0:38
0:1, and - ..o = 0:78 0:1. At the presern, therefore,the density parameter
falls within the limits j1j - o - 0:2. At the time of radiation-matter equality,
the density parameter- ,,, was equalto onewith an accuracy

jili -rmj- 2£ 10 %: (11.9)

If we extrapolate badkward to the time of Big Bang Nucleosyrthesis, at
anuc ¥4 3:6 £ 10 8, the deviation of the density parameter- ., from onewas
only

jili - nuej- 3£10%: (11.10)

At the time that deuteriumwasforming, the density of the universewasequal
to the critical density to an accuracyof onepart in 30trillion. If we pushour
extrapolation asfar badk aswe dare, to the Plandck time at tp ¥4 5£ 10 #4s,
ap ¥42£ 10 %2, we nd that the density parameter- » was extraordinarily
closeto one:

jli -pj- 1£10°;: (11.12)

The number 10 0 is, of course,very tiny. To make an analogy in order to

changethe Sun'smassby onepart in 10°°, you would have to add or subtract
two electrons. Our very existencedependson the fanatically closebalance
betweenthe actual density and the critical density in the early universe. If,

for instance,the deviation of - from oneat the time of nucleosyrhesishad
beenone part in 30 thousand instead of one part in 30 trillion, the universe
would have collapsedin a Big Crunch or expandedto a low-density Big Bore
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after only a fewyears. In that case,galaxies,stars, planets,and cosmologists
would not have had time to form.

You might try to dismissthe extreme °atness of the the early universeas
a coincidencepy saying, \- p might have had any value, but it just happened
to be 18 10 ®0." Howe\er, a coincidenceat the level of one part in 10°° is
extremely far-fetched. It would be far more satisfactory if we could nd a
physical medanismfor °attening the universeearly in its history, instead of
relying on extremely cortriv ed initial conditions at the Plandk time.

11.2 The horizon problem

The \°atness problem"”, the remarkable closenesf - to onein the early
universe,is puzzling. It is accompaniedhowever, by the \horizon problem®,
which is, if anything, even more puzzling. The \horizon problem" is simply
the statemert that the universeis nearly homogeneousnd isotropic on very
large scales.Why should we regard this asa problem? Sofar, we've treated
the homogeneiy and isotropy of the universeasa blessingrather than a curse.
It's the homogeneiy and isotropy of the universe,after all, which permit usto
descrike its curvature by the relatively simple Robertson-Walker metric, and
its expansionby the relatively simple Friedmann equation. If the universe
were inhomogeneousnd anisotropic on large scales,it would be much more
dizcult to describe mathematically.

The universe,howeer, is under no obligation to make things simple for
cosmologists. To seewhy the large scalehomogeneiy and isotropy of the
universeis sounexpectedin the standardHot Big Bangscenario,considertwo
antip odal points on the last scattering surface,as illustrated in Figure 11.1.
The current proper distanceto the last scattering surfaceis

Zto dt
tis %

Since the last scattering of the CMB photons occurred a long time ago
(tis ¢ to), the current proper distance to the last scattering surface is
only slightly smaller than the current horizon distance. For the Bend-
mark Model, the current proper distance to the last scattering surfaceis
dy(to) = 0:98dhor(to). Thus, two antip odal points on the last scattering sur-
face, separatedby 180F as seenby an obsener on Earth, are currertly sep-
arated by a proper distance of 1:96d,,(tg). Sincethe two points are farther

dp(to) = C (11.12)
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horizon

last scattering surface

Figure 11.1: In the standard Hot Big Bang scenario,the current proper
distanceto the last scattering surfaceis 98% of the current horizon distance.

apart than the horizondistance,they are causallydisconnected.That is, they
haven't had time to sendmessages$o ead other, and in particular, haven't
had time to comeinto thermal equilibrium with ead other. Newertheless,
the two points have the sametemperature (oncethe dipole distortion is sub-
tracted) to within one part in 10°. Why? How can two points that haven't
had time to swap information be so nearly idertical in their properties?

The near-isotropy of the Cosmic Microwave Badkground is still more re-
markable when it is recalledthat the temperature °uctuations in the CMB
result from the density and velocity °uctuations that existedat the time of
last scattering. In the standard Hot Big Bang scenario,the universewas
matter-dominated at the time of last scattering, so the horizon distance at
that time can be approximated by the value

Cc
H (tls)

appropriateto a °at, matter-only universe(seesection5.4). Sincethe Hubble
distance at the time of last scattering was c=H(t;s) ¥ 0:2Mpc, the horizon
distanceat that time was only dn(tis) ¥4 0:4Mpc. Thus, points more than

Ohor (tis) = 2 (11.13)
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0.4megaparsecapart at the time of last scatteringwerenot in causalcortact
in the standard Hot Big Bang scenario. The angular-diameter distance to
the last scattering surfaceis dy ¥ 13Mpc, ascomputedin section9.4. Thus,
points on the last scattering surfacethat wereseparatedoy a horizondistance
will have an angular separationequal to

_ Ohor (tis) v, 0:4Mpc
o da 13Mpc

Y4 0:.03rad ¥4 2 (11.14)

asseenfrom the Earth today. Therefore,points on the last scattering surface
separatedby an angleassmallas» 2* wereout of cortact with ead other at
the time the temperature °uctuations were stamped upon the CMB. Newer-
theless,we nd that +T=T isassmallas10 ° onscalegi> 2* (correspnding
to | < 100in Figure 9.6).

Why should regions which were out of causal contact with ead other
at tis have beenso nearly homogeneousn their properties? Invoking coinci-
dence(\The di®eren patchesjust happenedto have the sametemperature™)
requiresa great stretch of the imagination. The surfaceof last scattering can
be divided into some20,000patches, ead two degreesacross. In the stan-
dard Hot Big Bang scenario,the certer of ead of these patches was out
of touch with the other patchesat the time of last scattering. Now, if you
invite two peopleto a potluck dinner, and they both bring potato salad,
you can dismissthat as coincidence even if they had 10° di®eren dishesto
chosefrom. Howeer, if you invite 20,000peopleto a potluck dinner, and
they all bring potato salad, it starts to dawn on you that they must have
beenin cortact with ead other: \Psst...let's all bring potato salad. Passit
on." Similarly, it starts to dawn on you that the di®eren patchesof the last
scattering surface,in order to be so nearly equalin temperature, must have
beenin cortact with ead other: \Psst...let's all beat T = 2:725K whenthe
universeis 13.5gigayearsold. Passit on."

11.3 The monop ole problem

The monopole problem{ that is, the apparert lack of magneticmonopolesin
the universe{ is not a purely cosmologicaproblem, but onethat resultsfrom
conmbining the Hot Big Bang scenariowith the particle physicsconceptof a
Grand Uni ed Theory. In particle physics,a Grand Uni ed Theory, or GUT,
isa eld theory which attempts to unify the electromagneticforce, the weak
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nuclear force, and the strong nuclear force. Uni cation of forceshasbeena
goal of sciertists sincethe 1870s,when JamesClerk Maxwell demonstrated
that electricity and magnetismare both manifestationsof a singleunderlying
electromagnetic eld. Currently, it is customaryto speak of the four funda-
mertal forcesof nature: gravitational, electromagnetic,weak,and strong. In
the view of many physicists, though, four forcesare three too many; they've
spent much time and e®ortto show that two or more of the \fundamental
forces" are actually di®eren aspects of a single underlying force. About a
certury after Maxwell, Steven Weinberg, Abdus Salam,and SheldonGlashav
successfullydevisedan electroveak theory. They demonstratedthat at par-
ticle energiesgreater than E., » 1TeV, the electromagneticforce and the
weak force unite to form a single \electroweak" force. The electroneak en-
ergy of Eeyw » 1TeV correspndsto a temperature Tey » Eew=k » 10°K;
the universehad this temperature when its agewas te,, » 10 ?s. Thus,
whenthe universewaslessthan a picosecondold, there were only three fun-
damertal forces:the gravitational, strong, and electraoveak force. When the
predictions of the electraveak energywere con rmed experimertally, Wein-
berg, Salam, and Glashov toted home their Nobel Prizes, and physicists
bracedthemselhesfor the next step: unifying the electroveak force with the
strong force.

By extrapolating the known properties of the strong and electroveak
forcesto higher particle energiesphysicistsestimatethat at an energyEcur
of roughly 10'2 | 10 TeV, the strong and electronveak forces should be
uni ed as a single Grand Uni ed Force. If the GUT energyis Egur »
102 TeV, this correspndsto a temperature Tgyr » 107K and an agefor
the universeof tgyr » 10 %®s. The GUT energyis about four orders of
magnitude smaller than the Plandk energy Ep » 10 TeV. Physicists are
searding for a Theory of Everything (TOE) which describteshow the Grand
Uni ed Forceand the forceof gravity ultimately unite to form a singleuni ed
force at the Plandk scale. The di®eren uni cation energy scales,and the
correspnding temperatures and times in the early universe, are shown in
Figure 11.2.

One of the predictions of Grand Uni ed Theoriesis that the universe
underwent a phasetransition asthe temperature dropped below the GUT
temperature. Generally speaking, phasetransitions are assaiated with a
spontaneous loss of symmetry as the temperature of a systemis lowered.
Take, as an example, the phasetransition known as \freezing water". At
temperatures T > 273K, water is liquid. Individual water moleculesare
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Figure 11.2: The energy temperature, and time scalesat which the di®eren
force uni cations occur.

randomly oriented, and the liquid water thus hasrotational symmetry about
any point; in other words, it is isotropic. Howewer, when the temperature
drops belov T = 273K, the water undergces a phasetransition, from lig-
uid to solid, and the rotational symmetry of the water is lost. The water
moleculesare locked into a crystalline structure, and the ice no longer has
rotational symmetry about an arbitrary point. In other words, the ice crys-
tal is anisotropic, with preferred directions correspnding to the crystal's
axesof symmetry.! In a broadly similar vein, there is a loss of symmetry
when the universeundergeesthe GUT phasetransition at tgyr » 10 36s.
At T > Tgur, there was a symmetry betweenthe strong and electroveak
forces. At T < Tgut, the symmetry is spontaneously lost; the strong and
electroveak forcesbeginto behave quite di®ererly from ead other.

In general,phasetransitions assaiated with a lossof symmetry give rise
to °“aws known as topological defects. To seehow topological defectsform,
considera large tub of water which is cooled belov T = 273K. Usually,
the freezing of the water will start at two or more widely separatednucle-
ation sites. The crystal which forms about any given nucleation site is very
regular, with well-de ned axesof symmetry. Howewer, the axesof symme-

1Suppose, for instance, that the water freezesin the familiar six-pointed form of a
snow°ake. It is now only symmetric with respect to rotations of 60* (or integral multiples
of that angle) about the snov°ake's center.
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try of two adjacen ice crystals will be misaligned. At the boundary of two

adjacert crystals, there will be a two-dimensionaltopological defect, called
a domain wall, where the axesof symmetry fail to line up. Other types of
phasetransitions give rise to one-dimensional,or line-like, topological de-
fects (in a cosmologicalcontext, these linear defectsare known as cosmic
strings). Still other typesof phasetransitions give rise to zero-dimensional,
or point-lik e, topological defects. Grand Uni ed Theories predict that the

GUT phasetransition createspoint-lik e topologicaldefectswhich act asmag-
netic monomles That is, they act asthe isolated north pole or south pole
of a magnet. The rest energyof the magneticmonopolescreatedin the GUT

phasetransition is predicted to be myc® » Egyr » 102 TeV. This corre-
spondsto a massof over a nanogram(comparableto that of a bacterium),

which is a lot of massfor a single particle to be carrying around. At the

time of the GUT phasetransition, points further apart than the horizon size
will be out of causalcortact with ead other. Thus, we expect roughly one
topological defect per horizon volume, due to the mismatch of elds which

are not causallylinked. The number density of magnetic monopoles, at the

time of their creation, would be

1 .
t = » 10%mi3; 11.15
Nm (tour ) » (2ctour ) » m = ( )

and their energydensity would be
"Mm(tour) » (MucAny » 10 Tevmi 3 : (11.16)

This is a large energydensity, but it is smaller by ten orders of magnitude
than the energydensity of radiation at the time of the GUT phasetransition:

"o (tour) Ya®TE,r » 10 TevVmi 3 : (11.17)

Thus, the magnetic monopoleswouldn't have kept the universefrom being
radiation-dominated at the time of the GUT phasetransition. Howeer, the
magneticmonopoles,being so massiwe, would soon have becomehighly non-
relativistic, with energydensity "\ / ai 3. The energydensity in radiation,
though, was falling o®at the rate "- / ai *. Thus, the magnetic monopoles
would have dominated the energy density of the universe when the scale
factor had grown by a factor » 10%; that is, when the temperature had
fallento T » 10 “Tgyr » 10K, and the age of the universewas only
t» 10 16s,
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Obviously, the universeis not dominated by magnetic monopolestoday.
In fact, there is no strong evidencethat they exist at all. Every north
magnetic pole which we can nd is paired with a south magnetic pole,
and vice versa. There are no isolated north polesor isolated south poles.
The monopole problem can thus be rephrasedasthe question,\Where have
all the magnetic monopolesgone?" Now, you can always answer the ques-
tion, \Where have the monopolesgone?" by saying, \There were newer any
monopolesto begin with." There is not yet a single, de nitive Grand Uni-
“ed Theory, and in somevariants on the GUT theme, magnetic monopoles
are not produced. Howewer, the °atness and horizon problems are not so
readily dismissed.When the physicist Alan Guth rst proposedthe idea of
in°ation in 1981,heintroducedit asa way of resolvingthe °atnessproblem,
the horizon problem, and the monopole problem with a single cosmological
medanism.

11.4 The in°ation solution

What is in°ation? In a cosmologicakonext, in°ation can most generallybe
de ned asthe hypothesisthat there wasa period, early in the history of our
universe,when the expansionwas acceleratingoutward; that is, an epoch
whenA> 0. The accelerationequation,

A 4G

a | 3

("+3P); (11.18)

tells usthat 4> OwhenP < | "=3. Thus, in°ation would have taken placeif
the universewere temporarily dominated by a component with equation-of-
state parameterw < j 1=3. The usualimplemertation of in°ation statesthat
the universewastemporarily dominated by a positive cosmologicalkonstart
a; (with w = j 1), and thus had an accelerationequation that could be
written in the form .
A_%iso. (11.19)
a 3
In an in°ationary phasewhen the energydensity was dominated by a cos-

mological constart, the Friedmann equation was

p,oT2 _
a - 13' : (11.20)

Q |
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The Hubble constart H; during the in°ationary phasewas thus constart,
with the value H; = (2;=3)"2, and the scalefactor grew exponertially with
time:

a(t)/ etit: (11.21)

Too seehow a period of exponertial growth canresohe the °atness, horizon,
and monopole problems, supposethat the universehad a period of expo-
nertial expansionsometimein the midst of its early, radiation-dominated
phase. For simplicity, supposethe exponertial growth was switched on in-
stantaneously at a time t;, and lasted until somelater time t;, when the
exponertial growth was switched o® instantaneously and the universere-
verted to its former state of radiation-dominated expansion. In this simple
case,we can write the scalefactor as

8 -
> a(t:ti)l’z t <t
a(t) = _ aehtit ti<t<t (11.22)
a ettt (=t )12t >

Thus, betweenthe time t; whenthe exponertial in°ation beganand the time
t; whenthe in°ation stopped, the scalefactor increasedby a factor

a(tf) _ eN .

= ; 11.23
a(t) (1129

whereN, the number of e-foldingsof in°ation, was
N~ Hi(ts j ti): (11.24)

If the duration of in°ation, t¢ j t;, waslong comparedto the Hubble time
during in°ation, H/ %, then N waslarge, and the growth in scalefactor during
in°ation was enormous.

For concretenesslet's take one possiblemodel for in°ation. This model
statesthat exponertial in°ation started around the GUT time, t; Yatgyr Y
10 s, with a Hubble parameter H; ¥ til; ¥4 10°®s !, and lasted for
N » 100 Hubble times. In this particular model, the growth in scalefactor
during in°ation was

ale) , g0, 10% . (11.25)
a(ti)
Note that the cosmologicalconstart @; preser at the time of in°ation was
very large comparedto the cosmologicakconstart which seemgo be presen
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today. Currently, the evidenceis consisten with an energydensity in & of
"a0 Ya 07" ¥4 0:004TeVmi 3. To produce exponertial expansionwith a
Hubble parameterH; ¥ 10°¢ s 1, the cosmologicalconstart during in°ation
would have had an energydensity (seeequation 4.65)

_ ¢ _ 3
TeYG ' 8YG
over 107 ordersof magnitude larger.

How doesin’ation resohe the °atnessproblem? Equation (11.1), which
gives- asa function of time, can be written in the form

n
el

H?» 10 Tevmi 3; (11.26)

ili (V)= —0——— 11.27
for any universewhich is not perfectly °at. If the universeis dominated
by a single componert with equation-of-stateparameterw 6 j 1, then a/

t2=G+3w) H / til and
jli -(t)j/ t23w=Es3w) . (11.28)

Thus, if w < j 1=3, the di®erencebetween- and onedecreasesvith time. If
the universeis expandingexponertially during the in°ationary epoch, then

jili -(t)j/ e 2t (11.29)

andthe di®erencédetween- andonedecreasesxponertially with time. If we
comparethe density parameterat the beginningof exponertial in°ation (t =
ti) with the density parameterat the end of in°ation (t = t; = t; + N=H;),
we nd
iLi -(t)i=e™MjLi -(t)j: (11.30)
Suppose that prior to in°ation, the universe was actually fairly strongly
curved, with
i -(t))j» 1: (11.31)

After a hundred e-foldingsof in°ation, the deviation of - from onewould be
ili -(t;)j» €N » @205 108 (11.32)

Evenif the universeat t; wasn't particularly closeto being°at, a hundred e-
foldings of in°ation would °atten it like the proverbial pancale. The current
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limits onthe density parameter,jlj - oj - 0:2,imply that N > 60, if in°ation
took place around the GUT time. Howeer, it's possiblethat N may have
beenvery much greater than 60, since the obsenational data are ertirely
consisteth with j1j - oj ¢ 1.

How doesin’ation resolwe the horizon problem? At any time t, the
horizon distance dy, (t) is given by the relation

d “odt 11.33
f) = a(t)c —=: .

Prior to the in°ationary period, the universewasradiation-dominated. Thus,
the horizon time at the beginning of in°ation was

Z,
dhor (1) = acC — = 2ct; : 11.34
hor( |) & 0 a,-(t:ti)1=2 i ( )
The horizon sizeat the end of in°ation was
A5 ' 7 !
t dt ts dt

dhor () = @€l c (11.35)

o a(=t) = 1 aexpHi(ti b)]

If N, the number of e-foldingsof in°ation, is large, then the horizon sizeat
the end of in°ation was

dhor(tf) = ¢\ C(Zti + Hii l) : (1136)

An epoch of exponertial in°ation causesthe horizon size to grow expo-
nertially. If in°ation started at t; ¥4 10 3¢s, with a Hubble parameter
H; ¥ 10°®s 1, and lasted for n ¥4 100e-foldings,then the horizon sizeimme-
diately beforein®ation was

Ohor(ti) = 2ct; Y46 £ 10 #m : (11.37)
The horizon sizeimmediately after in°ation was
Chor (t7) Y4 €N 3ct; ¥4 2£ 10"°m ¥4 0:8pc : (11.38)

During the brief period of » 10 34s that in°ation lasts in this model, the
horizon size is boosted exponertially from submicroscopicscalesto nearly
a parsec. At the end of the in°ationary epoch, the horizon sizereverts to
growing at a sedatelinear rate.
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The net result of in°ation is to increasethe horizon length in the post-
in°ationary universeby a factor » €N over what it would have beenwithout
in°ation. For instance,we found that, in the absenceof in°ation, the horizon
sizeat the time of last scattering was dn (tis) ¥2 0:4Mpc. Given a hundred
e-foldingsof in°ation in the early universe,howeer, the horizon sizeat last
scatteringwould have been» 10 Mpc, obviously gargartuan enoughfor the
ertire last scattering surfaceto be in causalcontact.

To look at the resolution of the horizon problem from a slightly di®erer
viewpoint, considerthe ertire universedirectly visible to us today; that is,
the region boundedby the surfaceof last scattering. Currently, the proper
distanceto the surfaceof last scattering is

do(to) ¥ L:4£ 10 Mpc: (11.39)

If in°ation endedat t; » 10 34s, that correspndsto a scalefactor a; »
2 £ 10 ?’. Thus, immediately after in°ation, the portion of the universe
currertly visible to us was crammedinto a sphereof proper radius

do(tr) = ardy(to) » 3£ 10 ®Mpc» 0:9m : (11.40)

Immediately after in°ation, in this model, all the mass-energydestined to

becomethe hundredsof billions of galaxieswe seetoday was enclosedwithin

a sphereonly six feetacross.But, to quote Al Jolson,you ain't heard nothin’

yet, folks. If there were N = 100 e-foldingsof in°ation, then immediately
prior to the in°ationary epoch, the currently visible universewas enclosed
within a sphereof proper radius

do(ti) = € Ndy(ts) » 3£ 10 “m : (11.41)

Note that this distanceis 16 orders of magnitude smaller than the horizon
sizeimmediately prior to in°ation (dno(ti) » 6£ 10 22 m.) Thus, the portion
of the universewhich we can seetoday had plenty of time to achieve thermal
uniformity beforein®ation began.

How doesin®ation resolethe monopoleproblem? If magneticmonopoles
werecreatedbeforeor during in°ation, then the number density of monopoles
wasdiluted to any undetectablylow level. During a period whenthe universe
was expanding exponertially (a/ €e"it), the number density of monopoles,
if they were neither created nor destrojed, was decreasingexponertially
(ny / € 3iY). For instance, if in°ation started around the GUT time,
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when the number density of magnetic monopoleswas ny (tgur ) ¥4 1082 mi 3,
then after 100 e-foldingsof in°ation, the number density would have been
nw(ti) = € 3ny(teur) % 5£€ 10 °*mi 3 ¥ 15pc 3. The number density
today, after the additional expansionfrom a(t;) ¥4 2£ 10 2" to ap = 1, would
then be ny (to) ¥ 1£ 10 - Mpci 3. The probability of "nding ewven a single
monopole within the last scattering surfacewould be astronomically small.

11.5 The physics of in°ation

In°ation explains someotherwise puzzling aspects of our universe,by °at-
tening it, ensuringits homogeneiy over large scales,and driving down the
number density of magnetic monopoleswhich it cortains. Howewer, | have
not yet answeredmany crucial questionsabout the in°ationary epoch. What
triggersin®ation att = t;, and (just asimportant) what turns it o®at t = t; ?
If in°ation reducesthe number density of monopolesto undetectably low
levels, why doesn't it reducethe number density of photonsto undetectably
low levels? If in°ation is so excient at °attening the global curvature of
the universe,why doesn't it also °atten out the local curvature due to °uc-
tuations in the energydensity? We know that the universewasn't perfectly
homogeneousfter in°ation, becausehe CosmicMicrowave Badkgroundisn't
perfectly isotropic.

To answer these questions, we will have to examine, at least in broad
outline, the physics behind in°ation. At presen, there is not a consensus
among cosmologistsabout the exact medanism driving in°ation. | will re-
strict myselfto speakingin generalterms about one plausible medanismfor
bringing about an in°ationary epoch.

Supposethe universecortains a scalar eld A(r;t) whosevalue can vary
asa function of position and time. (Someearly implemertations of in°ation
asswiated the scalar eld A with the Higgs eld which mediatesinteractions
betweenparticles at energieshigher than the GUT energy;howeer, to keep
the discussiongeneral,let's just call the "eld A(r;t) the in°aton “eld.) Gen-
erally speaking,a scalar eld can have an assaiated potertial energyV (A).2

If A hasunits of energy and its potertial V has units of energydensity,

2As a simpleillustrativ e example, supposethat the scalar eld A is the elevation above
sealevel at a given point on the Earth's surface. The assaiated potential energy in this
case,is the gravitational potential V = gA, whereg= 9:8kmsi 1.
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then the energydensity of the in°aton eld is

11 ., o

no —r + ]

A 2—hc3A V(A (11.42)
in a region of spacewhere A is homogeneous.The pressureof the in°aton
eld is

Ps = }iA?- V(A) : (11.43)

AT 2ne ! ' '

If the in°aton eld changesonly very slowly asa function of time, with
A2 hSV(A) ; (11.44)
then the in°aton eld actslike a cosmologicalconstart, with
"AVai PAVaV(A) : (11.45)

Thus, anin®aton eld candrive exponertial in°ation if there is a temporary
period whenits rate of changeA.is small (satisfying equation 11.44),and its
potential V (A) is largeenoughto dominatethe energydensity of the universe.

Under what circumstancesare the conditions for in°ation (small A and
large V) met in the early universe? To determine the value of A, start with
the °uid equation for the energydensity of the in°aton eld,

"A+ 3HM)("a+ Pa)=0; (11.46)

whereH (t) = a=a Substituting from equations(11.42)and (11.43),we nd
the equation which governsthe rate of changeof A:

A+ 3H()A= | hedY . (11.47)

dA
Note that equation(11.47)mimicsthe equationof motion for a particle which
is beingacceleratedby a forceproportional to j dv=dAand beingimpededby
a frictional force proportional to the particle's speed. Thus, the expansion
of the universe provides a \Hubble friction" term, 3HA, which slows the
transition of the in°aton eld to a value which will minimize the potential
V. Just asa skydiver reachesterminal velocity whenthe downward force of
gravity is balancedby the upward force of air resistance sothe in°aton eld
canread \terminal velocity” (with A= 0) when
dv

3HA= | hc3d—A . (11.48)
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or
ChGdV

"I 3H A
If the in°aton eld hasreaded this terminal velocity, then the requiremen

that A% ; hc®V, necessaryf the in°aton “eld is to play the role of a cosmo-
logical constart, translatesinto

(11.49)

A [
dv ?  oH?V
dA ¢ h&

2
(11.50)

If the universeis undergoing exponertial in°ation driven by the potertial
energyof the in°aton eld, this meansthat the Hubble parameteris

: “81/G"Aﬂ 1=2 _ "'18]_/Gvﬂl=2 -

H 3@ 3 : (11.51)
and equation (11.50) becomes
Adv!2 24/ G\ 2
A ¢ v : (11.52)
which can alsobe written as
AE av' 2
P . .

where Ep is the Planck energy If the slope of the in°aton's potertial is
suzxciently shallow, satisfying equation (11.53), and if the amplitude of the
potertial is suzciently largeto dominate the energydensity of the universe,
then the in°aton eld is capableof giving rise to exponertial expansion.
As a concreteexampleof a potertial V (A) which cangive riseto in°ation,

considerthe potential shovn in Figure 11.3. The global minimum in the
potertial occurs when the value of the in°aton “eld is A = A,. Suppose,
however, that the in°aton “eld starts at A%4 0, wherethe potertial is V (A) ¥4
Vo. If A

dv 5

dA E3
on the \plateau" whereV ¥ V,, then while A is slowly rolling toward A,,
the in°aton eld cortributes an energydensity "4 ¥4 Vy ¥ constart to the
universe.

2

¢ (11.54)
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f

Figure 11.3: A potential which can give rise to an in°ationary epoch. The
global minimum in V (or \true vacuum") is at A = A,. If the scalar eld
starts at A= 0, it is in a \false vacuum" state.
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When an in°aton eld hasa potertial similar to that of Figure 11.3, it
is referredto asbeingin a metastablefalse vacuumstate whenit is nearthe
maximum at A= 0. Sud a state is not truly stable; if the in°aton “eld is
nudgedfrom A= Oto A= +dA it will cortinueto slowly roll toward the true
vacuum state at A= Ay and V = 0. Howewer, if the plateau is suciently
broad aswell as suxciently shallow, it cantake many Hubble times for the
in°aton eld to roll down to the true vacuum state. Whether the in°aton
“eld is dynamically signi cant during its transition from the false vacuum
to the true vacuum dependson the value of V. As long as"4 ¥ V, is tiny
comparedto the energydensity of radiation, ", » ®T#, the cortribution of
the in°aton eld to the Friedmann equation can be ignored. Exponertial
in°ation, driven by the energydensity of the in°aton eld, will begin at a
temperature

Hvoﬂ 1=4 M Vo T1=2
T Ya ® Y42 £ 107K 0B Tevm 3 (11.55)
or i vl v T1=4
KT; ¥ (h3cVo) Y™ Y42 £ 1012 TeV WS\/W (11.56)
This correspndsto atime
A I,z
t; Ya GCZVO - Y4 3£ 10 %sulOIOSTVngﬂ' - (11.57)

While the in°aton eld is slowly rolling toward the true vacuum state, it
producesexponertial expansion,with a Hubble parameter

"8GV, 11
32

The exponertial expansionendsasthe in°aton eld reacdesthe true vacuum
at A= A,. The duration of in°ation thus dependson the exact shape of
the potertial V(A). The number of e-foldingsof in°ation, for the potertial
shavn in Figure 11.3,should be

Hi Y4 Yati (11.58)

A AE dV! 1A AO!

P :
N » HI_A_ » Voﬁ E : (11.59)
Large valuesof Ay and V, (that is, a broad, high plateau) and small values
of dv=dA (that is, a shallonvly sloped plateau) lead to more e-foldings of
in°ation.
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After rolling o®the plateau in Figure 11.3,the in°aton “eld A oscillates
about the minimum at A,. The amplitude of theseoscillationsis damped by
the \Hubble friction" term proportional to HA.in equation (11.47). If the
in°aton eld is coupledto any of the other elds in the universe,however, the
oscillations in A are damped more rapidly, with the energy of the in°aton
“eld being carried away by photons or other relativistic particles. These
photonsrehat the universeafter the precipitousdrop in temperature caused
by in°ation. The energylost by the in°aton eld after its phasetransition
from the falsevacuumto the true vacuumcanbethought of asthe latent heat
of that transition. When water freezesto usea low-energyanalogy it loses
an energyof 3£ 10°Jmi 3, which goesto heat its surroundings® Similarly,
the transition from falseto true vacuumreleasesan energyV, which goesto
reheatthe universe.

If the scalefactor increaseduy a factor

a(ty) _
a(ti)

during in°ation, then the temperature will drop by a factor e N . If in°ation
starts around the GUT time, and lasts for N = 100 e-foldings, then the
temperature drops from a toasty T(t;) » Teur » 10?8K to a chilly T(t;) »
e 19Ty » 10 K. At a temperature of 10 1°K, you'd expect to nd
a single photon in a box 25AU on a side, as comparedto the 411 million
photons padked into every cubic meter of spacetoday. Not only is in°ation
very e®ectie at driving down the number density of magnetic monopoles, it
Is also e®ectie at driving down the number density of every other type of
particle, including photons. The chilly post-in°ationary period didn't last,
though. Asthe energydensity ass@iated with the in°aton "eld wascorverted
to relativistic particles sud asphotons, the temperature of the universewas
restoredto its pre-in°ationary value T;.

In°ation successfullyexplainsthe °atness, homogeneiy, and isotropy of
the universe. It ensuresthat we live in a universewith a negligibly low den-
sity of magneticmonopoles, while the inclusion of reheating ensuresthat we
dorit live in a universewith a negligibly low density of photons. In some

e\ (11.60)

3This is why orangegrowers spray their treeswith water when a hard freezethreatens.
The energyreleasedby water asit freezeskeepsthe delicate leaveswarm. (The thin layer
of ice also cuts down on convective and radiativ e heat loss, but the releaseof latent heat
is the largest e®ect.)
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ways, though, in°ation seemsto be too successful. It makesthe universe
homogeneousnd isotropic all right, but it makesit too homogeneousand
isotropic. Onehundred e-foldingsof in°ation not only °attens the global cur-
vature of the universe,it also°attens the local curvature dueto °uctuations
in the energydensity. If energy°uctuations prior to in°ation werex"'=1» 1,
a natve calculation predicts that density °uctuations immediately after 100
e-foldingsof in°ation would be

+

» e 1005 10 43 : (11.61)

H‘l

This is a very closeapproad to homogeneiy. Even allowing for the growth
in amplitude of density °uctuations prior to the time of last scattering, this
would leave the Cosmic Microwave Badkground much smaother than is ac-
tually obsened.

Remenber, howewer, the sagaof how a submicroscopigoatch of the uni-
verse(d » 3£ 10 **m) wasin°ated to macroscopicsize (d » 1m), before
growing to the sizeof the currently visible universe. In°ation excelsin tak-
ing submicroscopicscalesand blowing them up to macroscopicscales. On
submicroscopicscalesthe vacuum, whethertrue or false,is full of constartly
changing quantum °uctuations, with virtual particles popping into and out
of existence.On quantum scalesthe universeis intrinsically inhomogeneous.
In°ation takesthe submicroscopicquartum °uctuations in the in°aton eld
and expandsthem to macroscopicscales.The energy°uctuations that result
arethe origin, in the in°ationary scenario,of the inhomogeneitiesn the cur-
rent universe.We canreplacethe old proverb, \Great oaksfrom tiny acorns
grow," with the yet more amazing proverb, \Great superclustersfrom tiny
quarntum °uctuations grow."

Suggested reading

[Full referencesare given in the \Annotated Bibliography" on page286.]

Islam (2002), ch. 9: A general overview of in°ation, avoiding technical
conceptsof particle physics.

Liddle (1999), ch. 11: A brief, cleardiscussionof how in°ation solwesthe
horizon, °atness, and monopole problems.
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Liddle & Lyth (2000): A thorough, receri review of all aspects of in°a-
tionary cosmology

Problems

(11.1) What upper limit is placedon -( tp) by the requiremen that the
universenot end in a Big Crunch betweenthe Pland time, tp Y4 5£
10 #4s, and the start of the in°ationary epoch at t;? Compute the
maximum permissiblevalue of -( tp), Tst assumingt; ¥4 10 3¢ s, then
assumingt; ¥4 10 26 s. (Hint: prior to in°ation, the Friedmannequation
will be dominated by the radiation term and the curvature term.)

(11.2) Current obsenational limits on the density of magnetic monopoles
tell us that their density parameter is currertly - y.o < 10°. |If
monoyoles formed at the GUT time, with one monopole per hori-
zon of massmy = mgyt, how many e-foldingsof in°ation would be
required to drive the current density of monopoles belov the bound
- m:0 < 10 8?2 Assumethat in°ation took place immediately after the
formation of monopoles.

(11.3) It hasbeenspeculatedthat the presen-day accelerationof the uni-
verseis due to the existenceof a false vacuum which will evertu-
ally decy. Supposethat the energy density of the false vacuum is
"o = 07" = 3600MeV mi 3, and that the current energydensity of
matter is " .0 = 0:3"¢o = 1600MeV mi 3. What will be the value of the
Hubble parameteroncethe false vacuum becomesstrongly dominarn?
Supposethat the falsevacuumis fated to deca instantaneouslyto ra-
diation at atime t; = 5. (Assume,for simplicity, that the radiation
takesthe form of blackbody photons.) To what temperature will the
universebe reheatedat t = t; ? What will the energydensity of matter
be at t = t;? At what time will the universeagain be dominated by
matter?



Chapter 12

The Formation of Structure

The universecan be approximated as being homogeneousnd isotropic only
if we smooth it with a Tter » 100Mpc across.On smallerscalesthe universe
contains density °uctuations ranging from subatomic quantum °uctuations
up to the large superclustersand voids, » 50Mpc across,which character-
ize the distribution of galaxiesin space. If we relax the strict assumption
of homogeneiy and isotropy which underliesthe Robertson-Walker metric
and the Friedmann equation, we can ask (and, to someextert, answer) the
question,\How do density °uctuations in the universeewlve with time?"

The formation of relatively small objects, sud as planets, stars, or even
galaxies, involves somefairly complicated physics. Consider a galaxy, for
instance. As mertioned in Chapter 8, the luminous portions of galaxiesare
typically much smallerthan the dark halosin which they are embedded. In
the usual scenariofor galaxy formation, this is becausethe baryonic compo-
nert of a galaxy radiates away energy in the form of photons, and slidesto
the bottom of the potertial well de ned by the dark matter. The baryonic
gas then fragmerts to form stars, in a nonlinear magnetolydrodynamical
process.

In this chapter, howewer, | will be focusingon the formation of structures
largerthan galaxies{ clusters,superclusters,and voids. Cosmologistausethe
term \large scalestructure of the universe"to refer to all structures bigger
than individual galaxies.A map of the large scalestructure of the universe,
astraced by the positionsof galaxies,canbe madeby measuringthe redshifts
of a sampleof galaxiesand using the Hubble relation, d = (c=Hg)z, to com-
pute their distancesfrom our own Galaxy. For instance,Figure 12.1shons a
redshift map from the 2dF Galaxy Redshift Survey. By plotting redshift as

255
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Figure 12.1: A redshift map of » 1 galaxies,in a strip » 75" long, from
right ascension® % 10h to ® ¥ 15h, and » 8* wide, from declination
+ Y, i 5* to £ ¥4 3*. (Image courtesy of the 2dF Galaxy Redshift Survey

team.)
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Figure 12.2: The northeastern United States and southeasternCanada at
night, asseerby a satellite from the DefenseMeteorologicalSatellite Program
(DMSP).

a function of angular position for galaxiesin along, narrow strip of the sky, a
\slice of the universe”canbe mapped. In a slicesut asthat of Figure 12.1,
which readesto z ¥ 0:3, or dy(tg) ¥a 1300Mpc, the galaxiesobviously do
not have a random Poissondistribution. The most prominert structures in
Figure 12.1are superclustersand voids. Superclustersare objects which are
just in the processof collapsingunder their own self-gravity. Superclusters
are typically °attened (roughly planar) or elongated(roughly linear) struc-
tures. A superclusterwill cortain one or more clustersenmbeddedwithin it;

a cluster is a fully collapsedobject which has cometo equilibrium (more or
less), and henceobeys the virial theorem, as discussedin section 8.3. In

comparisonto the °attened or elongatedsuperclusters,the underdensevoids
are roughly sphericalin shape. When gazing at the large scalestructure of
the universe,astraced by the distribution of galaxies,cosmologistsare likely
to call it \bubbly" or \spongy" or \froth y" or \foamy".

Being able to descrike the distribution of galaxiesin spacedoesn't au-
tomatically lead to an understanding of the origin of large scalestructure.
Consider,as an analogy the distribution of luminous objects shown in Fig-
ure 12.2. The distribution of illuminated cities on the Earth's surfaceis ob-
viously not random. There are \sup erclusters" of cities, sut asthe Boswash
supercluster stretching from Boston to Washington. There are \v oids" suth
asthe Appalachian void. Howewer, the in°uenceswhich determinethe exact
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location of cities are often far removed from fundamental physics!

Fortunately, the distribution of galaxiesin spaceis more closelytied to
fundamertal physicsthan is the distribution of cities on the Earth. The basic
medanism for growing large structures, sud as voids and superclusters,is
gravitational instability. Supposethat at sometime in the past, the density
of the universehad slight inhomogeneities.We know, for instance,that sud
density °uctuations occurred at the time of last scattering, sincethey left
their stamp on the Cosmic Microwave Badkground. When the universeis
matter-dominated, the overdenseregionsexpand lessrapidly than the uni-
verseas a whole; if their density is suzciently great, they will collapseand
becomegravitationally bound objects sud as clusters. The denseclusters
will, in addition, draw matter to themsehesfrom the surroundingunderdense
regions. The e®ectof gravity on density °uctuations is sometimesreferred
to asthe Matthew E®ect: \F or whosa@wer hath, to him shall be given, and
he shall have more abundance;but whosaeewer hath not, from him shall be
taken away ewven that he hath” (Matthew 13:12). In lessbiblical language,
the rich get richer and the poor get poorer.

12.1 Gravitational instabilit y

To put our study of gravitational instability on a more quartitativ e basis,
considersomecomponert of the universewhoseenergy density "(r;t) is a
function of position aswell astime. At a giventime t, the spatially averaged

energydensity is 2

1(t) = % . "(r ) Br (12.1)

To ensurethat we have found the true average,the volumeV over which we
are averagingmust be large comparedto the sizeof the biggeststructure in
the universe. It is usefulto de ne a dimensionlesgdensity °uctuation

(et (L)
g (12.2)

The valueof £ isthusnegativein underdenseegionsand positivein overdense
regions. The minimum possiblevalueof xis+= j 1, correspndingto " = 0.

Het) ”

LConsider, for instance, the complicated politics that wernt into determining the location
of Washington, DC.
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Figure 12.3: A sphereof radius R(t) expanding or cortracting under the
in°uence of the density °uctuation (t).

In principle, there is no upper limit on £ You, for instance, represen a
region of spacewherethe baryon density has+ %4 2£ 10°°.

The study of how large scalestructure ewolveswith time requiresknowing
how a small °uctuation in density, with j§ ¢ 1, grows in amplitude under
the in°uence of gravity. This problemis mosttractable whenjH remainsvery
much smaller than one. In the limit that the amplitude of the °uctuations
remainssmall, we can successfullyuselinear perturbation theory.

To get a feel for how small density cortrasts grow with time, consider
a particularly simple case. Start with a static, homogeneousmatter-only
universewith uniform massdensity %2 (At this point, we stumble over the
inconveniert fact that there'sno sud thing asa static, homogeneousnatter-
only universe. This is the awkward fact that inspired Einstein to introduce
the cosmologicalconstart. Howeer, there are conditions under which we
can consider some region of the universeto be approximately static and
homogeneousFor instance,the air in a closedroom is appraximately static
and homogeneousit is stabilized by a pressuregradiert with a scalelength
which is much greater than the height of the ceiling.) In a region of the
universe which is approximately static and homogeneouswe add a small
amourt of masswithin a sphereof radius R, as seenin Figure 12.3,sothat
the density within the sphereis %1+ +), with £¢ 1. If the density excesstis
uniform within the sphere,then the gravitational accelerationat the sphere's
surface,due to the excesamass,will be

i G(EM GHMay , !
R= (RZ) =i = §‘h3%i : (12.3)
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or ;
R 4GY%

i Ht) : 12.4

=0 K1) (12.4)

Thus, a massexcesg+ > 0) will causethe sphereto collapseinward (R < 0).
Equation (12.4) cortains two unknowns, R(t) and (t). If wewant to nd

an explicit solution for £(t), we needa secondequation involving R(t) and

Ht). Consenation of masstells us that the massof the sphere,

M = A;/%l+ HH)]R(1)® ; (12.5)

remains constart during the collapse. Thus, we can write another relation
betweenR(t) and £(t) which must hold true during the collapse:

R(t) = Ro[1+ )] =% ; (12.6)
where A 1.
Ro” M - = constart : (22.7)
LYV ' '

When £ ¢ 1, we may make the appraximation

R(t) ¥%aRo[1 ;J_r(t)] : (12.8)
Taking the secondtime derivative yields

Ry | éRoé%i §R£\: (12.9)

Thus, massconsenation tells us that

A 1«
Ny A
s i oE (12.10)
in the limit that +¢ 1. Combining equations(12.4) and (12.10),we nd a
tidy equationwhich tells us how the small overdensiy + ewlvesasthe sphere
collapses: .

A= 2/GYt: (12.11)

The most generalsolution of equation (12.11) hasthe form

Ht) = Aeon + Ayel Flon (12.12)
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wherethe dynamical time for collapseis

A [
1 R
= = : 12.1
tayn (412 4y(51 ( 3)

Note that the dynamical time dependsonly on %; and not on R. The con-
stants A; and A, in equation (12.12) depend on the initial conditions of the
sphere. For instance, if the overdensespherestarts at rest, with £ = 0 at
t = 0,then A; = A, = H0)=2. After a few dynamical times, howeer, only
the exponertially growing term of equation(12.12)is signi cant. Thus, grav-
ity tendsto make small density °uctuations in a static, pressurelessnedium
grow exponertially with time.

12.2 The Jeans length

The exponertial growth of density perturbations is slightly alarming, at rst
glance. For instance, the density of the air around you is %% 1kgmi 3,
yielding a dynamical time for collapseof tqyn %2 9hours? What keepssmall
density perturbations in the air from undergoinga runaway collapseover the
courseof a few days? The answer, of course,is pressure. A non-relativistic
gas,as shown in section4.3, has an equation-of-stateparameter

KT
WY (12.14)

1C2’

where T is the temperature of the gasand ! is the mean mass per gas
particle. Thus, the pressureof a ideal gaswill newer totally vanish, but will
only approad zeroin the limit that the temperature approades absolute
zero.

When a sphereof gasis compressedy its own gravity, a pressuregra-
dient will build up which tendsto courter the e®ectsof gravity.®> However,
hydrostatic equilibrium, the state in which gravity is exactly balancedby a
pressuregradiert, cannot always be attained. Consideran overdensesphere

2slightly longer if you are using this book for recreational reading as you climb Mount
Everest.

3A star is the prime example of a densesphere of gasin which the inward force of
gravity is balancedby the outward force provided by a pressuregradiert.
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with initial radius R. If pressurewere not presen, it would collapseon a
timescale A

1 @

tdyn » W » a :

If the pressureis nonzero, the attempted collapsewill be courtered by a
steepening of the pressuregradiert within the perturbation. The steepening
of the pressuregradiert, howewer, doesn't occur instantaneously Any change
in pressuretravels at the sound speed? Thus, the time it takes for the
pressuregradiert to build up in a region of radius R will be

(12.15)

R
tpre » a ; (12.16)

where ¢ is the local sound speed. In a medium with equation-of-statepa-
rameter w > 0, the soundspeedis

Pi=

_P WC : (12.17)

For hydrostatic equilibrium to be attained, the pressuregradiert must build
up beforethe overdenseregion collapsesjmplying

tpre < tdyn : (12.18)

Comparingequation(12.15)with equation(12.16),we nd that for a density
perturbation to be stabilized by pressureagainstcollapse,it must be smaller
than somereferencesize, ;, given by the relation

A (:2! 1=2
.3 » Glayn » G Gt : (12.19)
The length scale, ; is known as the Jeans length after the astrophysicist
JamesJeans,who was amongthe rst to study gravitational instability in a
cosmologicatortext. Overdenseaegionslargerthan the Jeanslength collapse

under their own gravity. Overdenseregionssmaller than the Jeanslength
merely oscillate in density; they constitute stable soundwaves.

4What is sound, after all, but a traveling changein pressure?



12.2. THE JEANS LENGTH 263

A more precisederivation of the Jeanslength, including all the appropri-
ate factors of % yields the result

A |
v 7

L = Poten (12.20)

3= G
The Jeanslength of the Earth's atmosphere,for instance, where the sound
speedis a third of a kilometer per secondand the dynamical time is nine
hours, is , ; » 1CPkm, far longer than the scaleheight of the Earth's at-
mosphere. You don't have to worry about density °uctuations in the air
undergoinga catastrophic collapse.

To considerthe behavior of density °uctuations on cosmologicalscales,
considera spatially °at universein which the meandensity is %, but which
contains density °uctuations with amplitude j4j ¢ 1. The characteristictime
for expansionof sud a universeis the Hubble time,

A P
. 3c?
il_ .
o (12.21)

Comparisonof equation(12.13)with equation(12.21)revealsthat the Hubble
time is comparablein magnitude to the dynamical time tqy, for the collapse
of an overdenseregion:

) M sﬂ 1=2

The Jeanslength in an expanding°at universewill then be

H 3ﬂ 122 ¢
2 H
If we focus on one particular componert of the universe,with equation-of-
state parameter w and sound speedcs = = wc, the Jeanslength for that
componert will be
H Zﬂ 1=2 p _C
5 J = 2]/4 é Wﬁ . (1224)

Consider, for instance, the \radiation" componernt of the universe. With
w = 1=3, the soundspeedin a gasof photonsor other relativistic particlesis

Cs = c:p 3% 0:58¢: (12.25)
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The Jeanslength for radiation in an expandinguniverseis then

2y 2 ¢ c
= — Y43:0—: 12.26
= S vs0r (12.26)

Density °uctuations in the radiative componert will be pressure-supprted if
they are smallerthan three times the Hubble distance. Although a universe
cortaining nothing but radiation canhave density perturbations smallerthan
.3 » 3c=H, they will be stable soundwaves,and will not collapseunder their
own gravity.

In order for a universeto have gravitationally collapsedstructures much
smaller thaﬁg the Hubble distance, it must have a non-relativistic compo-
nert, with © w ¢ 1. The gravitational collapseof the baryonic componert
of the universeis complicated by the fact that it was coupledto photons
until a redshift zgec ¥4 75 ¥ 1100. In section 9.5, the Hubble distance
at the time of last scattering (e®ectiely equal to the time of decoupling)
was showvn to be c=H(z4e) ¥+ 0:2Mpc. The energy density of baryons
at decouplingwas "pary ¥4 2.8 £ 10" MeV mi 3, correspnding to a mass
density Yoy ¥4 5:0£ 10 *kgmi 3, and the energy density of photons was
"o 4 38E 10" MeVmi 3 V14", .

Prior to decoupling,the photons, electrons,and baryonswereall coupled
together to form a single photon-baryon °uid. Sincethe photons were still
dominart over the baryons at the time of decoupling, with "o > "pay, We
canregardthe baryons(with only mild exaggeration)asbeinga dynamically
insigni cant cortaminant in the photon-baryon °uid. Just before decoupling,
if we regard the baryons as a minor contaminant, the Jeanslength of the
photon-baryon °uid was roughly the same as the Jeanslength of a pure
photon gas:

. 1 (before) ¥ 3c=H(zgec) ¥4 0:6Mpc ¥4 1:9£ 107 m : (12.27)

The baryonic Jeans mass M, is de ned as the massof baryons cortained

within a sphereof radius , ;;
H il
, 4,
M; " "Bary 3? : (12.28)

Immediately beforedecoupling,the baryonic Jeansmasswas
T
M;(before ¥ 5:0£ 10 Pkgmi 3 %/“ (1:9£ 10°?m)3
Ya 1:3£ 10°kg¥7£ 108 M- : (12.29)
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This is appraximately 3£ 10* times greaterthan the estimatedbaryonic mass
of the Coma cluster, and represems a massgreater than the baryonic mass
of even the largest supercluster seentoday.

Now considerwhat happensto the baryonic Jeansmassimmediately after
decoupling. Oncethe photons are decoupled,the photons and baryonsform
two separategasesjnstead of a singlephoton-baryon °uid. The soundspeed
in the photon gasis

cs(photon) = c:p 3%,0:58 : (12.30)
The soundspeedin the baryonic gas,by cortrast, is
A 'i=2
kT
cs(baryon) = e C: (12.312)

At the time of decoupling, the thermal energy per particle was kTgec Y4
0:26eV, and the mean rest energy of the atoms in the baryonic gas was
mc? = 1:22m,c? Y2 1140MeV, taking into accourt the helium massfraction
of Y, = 0:24. Thus, the sound speed of the baryonic gasimmediately after
decouplingwas

K o2eev T2
1140£ 1 eV

only 5 kilometers per second. Thus, oncethe baryons were decoupledfrom
the photons, their assaiated Jeanslength decreasedy a factor
_ Cs(baryon) y 1.5£ 10 °
~ c(photon) * 058

cs(baryon) ¥4 c¥%15£ 10 °c; (12.32)

Y42:6£ 10 °: (12.33)

Decoupling causesthe baryonic Jeansmassto decreaseby a factor F3 V4
1:.8£ 10 4, plummeting from M ; (before)¥47£ 10" M- to

M (after) = F3M; (before)¥s 1£ 10° M- : (12.34)

This is comparableto the baryonic massof the smallestdwarf galaxiesknown,
and is very much smaller than the baryonic massof our own Galaxy, which
is» 10"t M-.

The abrupt decreasef the baryonic Jeansmassat the time of decoupling
marks an important epoch in the history of structure formation. Perturba-
tions in the baryon density, from supercluster scalesdown the the sizeof the
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smallestdwarf galaxies,couldn't grow in amplitude until the time of photon
decoupling,whenthe universehad reachedthe ripeold ageof t gec ¥4 0:35Myr .
After decoupling,the growth of density perturbations in the baryonic com-
ponert was o® and running. The baryonic Jeans mass, already small by
cosmologicalstandardsat the time of decoupling,dropped still further with
time asthe universeexpandedand the baryonic componert cooled.

12.3 Instabilit y in an expanding univ erse

Density perturbations smaller than the Hubble distance can grow in ampli-
tude only whenthey are no longerpressure-supprted. For the baryonic mat-
ter, this lossof pressuresupport happensabruptly at the time of decoupling,
whenthe Jeanslength for baryonsdrops suddenlyby a factor F » 3£ 10 5.
For the dark matter, the lossof pressuresupport occurs more gradually, as
the thermal energyof the dark matter particles dropsbelow their rest energy
When consideringthe CosmicNeutrino Badkground, for instance,which has
a temperature comparableto the Cosmic Microwave Badkground, we found
(seeequation 5.18) that neutrinos of massm. becamenon-relativistic at a

redshift . P
Mo
_ t,, M

1*2=  "5c10%ev
Thus, if the universecontains a Cosmic WIMP Badkground comparablein
temperature to the Cosmic Neutrino Badkground, the WIMPs, if they have
amassmyc® A 2eV, would have becomenon-relativistic long before the
time of radiation-matter equality at z,,, ¥ 3570.

Oncethe pressure(and hencethe Jeanslength) of somecomponert be-
comesnegligibly small, doesthis imply that the amplitude of density °uc-
tuations is free to grow exponerially with time? Not necessarily The
analysis of section 12.1, which yielded + / exp(t=tqy,), assumedthat the
universe was static as well as pressureless. In an expanding Friedmann
universe, the timescale for the growth of a density perturbation by self-
gravity, teyn » (c>=Gt)*?, is comparableto the timescale for expansion,
Hilx» (®=G)¥2. Self-gravity, in the absenceof global expansion,causes
overdenseregionsto becomemore densewith time. The global expansionof
the universe,in the absenceof self-gravity, causesoverdenseregionsto be-
comelessdensewith time. Becausethe timescalesfor thesetwo competing
processesre similar, they must both be takeninto accourt whencomputing

(12.35)
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the time ewlution of a density perturbation.

To get a feel how small density perturbations in an expanding universe
ewlve with time, let's do a Newtonian analysis of the problem, similar in
spirit to the Newtonian derivation of the Friedmann equationgivenin Chap-
ter 4. Supposeyou are in a universe lled with pressurelessnatter which
has massdensity %t). As the universeexpands,the density decreasest the
rate %t) / a(t)! 3. Within a sphericalregion of radius R, a small amourt of
matter is added, or removed, sothat the density within the sphereis

) = %1+ H)] ; (12.36)

with j§ ¢ 1. (In performing a Newtonian analysis of this problem, we
are implicitly assumingthat the radius R is small comparedto the Hubble
distance and large comparedto the Jeanslength.) The total gravitational
accelerationat the surfaceof the spherewill be

i GM _ G “41/41 T i

R= = o AR = 5 G¥%Ri S GOAR (12.37)
The equation of motion for a point at the surfaceof the spherecan then be

written in the form

R 4y 4y,
— = GY —GY+ 12.38
R -1 3C% S G% ( )

Massconsenation tells us that the massinside the sphere,

M = %1/4%0[1+ +HOIR(1)? ; (12.39)
remainsconstart asthe sphereexpands. Thus,

R(t) / %t) =1+ Ht)] 2 (12.40)

or, since¥%/ ai 3,
R(t) / a(t)[1+ Ht)] ¥ : (12.41)

That is, if the sphereis slightly overdense,its radius will grow slightly less
rapidly than the scalefactor a(t). If the sphereis slightly underdensejt will
grow slightly more rapidly than the scalefactor.

Taking two time derivativesof equation (12.41) yields

R_A 1z 2a

R a| é 3a X (1242)
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whenj4 ¢ 1. Combining equations(12.38)and (12.42),we nd

A 1z 2a 4/ 4
2 2B 5o Moy o 12.43
al 37 32~ | 34 3= (12.43)
When £ = 0, equation (12.43) reducesto
A 4
—=j —GY%; 12.44
=i 5 G% (12.44)
which is the correct accelerationequation for a homogeneousisotropic uni-
versecortaining nothing but pressurelessnatter (compareto equation4.44).
By subtracting equation(12.44)from equation(12.43)to leave only the terms
linear in the perturbation +, we nd the equation which governsthe growth
of small perturbations:

1; 2a 4y,
LA ca, 4
| 5B S 5 0% (12.45)

or .
A+ 2HL= AY/GYr (12.46)

remenbering that H ~ a=a In a static universe, with H = 0, equa-
tion (12.46) reducesto the result which we have already found in equa-
tion (12.11): .

A= 4/GYt: (12.47)

The additional term, / H<z, found in an expanding universe,is sometimes
called the \Hubble friction" term; it actsto slow the growth of density per-
turbations in an expandinguniverse.

A fully relativistic calculation for the growth of density perturbations
yields the more generalresult

. 41/
A+ 2Hz= Cfﬂmi: (12.48)

This form of the equation can be applied to a universewhich cortains com-
ponerts with non-negligiblepressure,suc as radiation (w = 1=3) or a cos-
mological constart (w = j 1). In multiple-componert universes,howe\er,
it should be remenberedthat * represeits the °uctuation in the density of
matter alone. That is,

(12.49)
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where 1, (1), the averagematter density, might be only a small fraction of
1(t), the averagetotal density. Rewritten in terms of the density parameter
for matter,

IS -7 C L
=S Sens (12.50)
equation (12.48) takesthe form
A+ 2H 1| > mH?t=0: (12.51)

During epochswhenthe universeis not dominated by matter, density pertur-
bations in the matter do not grow rapidly in amplitude. Take, for instance,
the early radiation-dominated phase of the universe. During this epoch,
-m ¢ landH = 1=(2t), meaningthat equation (12.51)takesthe form

Ay %:1/4 0; (12.52)

which has a solution of the form
Ht) %aB1 + ByInt : (12.53)

During the radiation-dominated epoch, density °uctuations in the dark mat-
ter grewonly at a logarithmic rate. In the far future, if the universeis indeed
dominated by a cosmologicakonstart, the density parameterfor matter will

again be negligibly small, the Hubble parameterwill have the constant value
H = H., and equation (12.51) will take the form

At 2H,1140; (12.54)
which has a solution of the form
Ht) YaCy + Coel 2H=t: (12.55)

In a lambda-dominated phase, therefore, °uctuations in the matter den-
sity reach a constart fractional amplitude, while the averagematter density
plummets at the rate 2, / & 3Het,

It is only when matter dominatesthe energydensity that °uctuations in
the matter density cangrow at a signi cant rate. In a °at, matter-dominated
universe,- n = 1, H = 2=(3t), and equation (12.51) takesthe form

4 2

Ay 24 “4-0; 12.56
a3 ( )
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If we guessthat the solution to the above equation hasthe power-law form
Dt", plugging this guessinto the equation yields

: 4 , 2
. nj 2 + njl1. < n— .
n(nij 1)Dt 3tnDt . 3t2Dt 0; (12.57)
o 4 2
i 1)+ -nj ==0: 12.58
n(nij 1) 3" 3 ( )
The two possible solutions for this quadratic equation are n = j 1 and

n = 2=3. Thus, the generalsolution for the time ewlution of density pertur-
bations in a spatially °at, matter-only universeis

Ht) 4Dt + Dyt (12.59)

The valuesof D; and D, are determined by the initial conditions for %t).
The decging mode,/ ti !, evertually becomesiegligibly small comparedto
the growing mode,/ t2=%. When the growing mode is the only survivor, the
density perturbations in a °at, matter-only universegrow at the rate

(12.60)

2=3
=/t a(t)/ 172
aslongasjy ¢ 1.

When an overdenseregion attains an overdensity £» 1, its ewlution can
no longer be treated with a simple linear perturbation approat. Studies
of the nonlinear ewlution of structure are commonly made using numerical
computer simulations, in which the matter Tling the universeis modeledas
a distribution of point massesnteracting via Newtonian gravity. In these
simulations, as in the real universe,when a region reates an overdensity
+» 1, it breaksaway from the Hubble °ow and collapses. After one or
two oscillationsin radius, the overdenseregion attains virial equilibrium asa
gravitationally bound structure. If the baryonic matter within the structure
is ableto cool exciently (by bremsstrahlungor someother process)it will ra-
diate away energyand fall to the certer. The certrally concenrated baryons
canthen proceedto form stars, becomingthe visible portions of galaxiesthat
we seetoday. The lessconcerrated nonbaryonic matter formsthe dark halo
within which the stellar componert of the galaxy is embedded.

If baryonic matter werethe only type of non-relativistic matter in the uni-
verse,then density perturbations could have started to grow at zge. ¥4 1100,
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Figure 12.4: A highly schematic drawing of how density °uctuations in dif-
ferert componerts of the universeewlve with time.

and they could have grown in amplitude only by a factor » 1100by the
presen day. Howewer, the mominant form of non-relativistic matter is dark
matter. The density perturbations in the dark matter started to grow e®ec
tively at z4 ¥4 3570. At the time of decoupling, the baryons fell into the
preexisting gravitational wells of the dark matter. The situation is schemat-
ically illustrated in Figure 12.4. Having nonbaryonic dark matter allows the
universeto get a \head start" on structure formation; perturbations in the
matter density can start growing at z,4 % 3570rather than zg. ¥ 1100, as
they would in a universewithout dark matter.
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12.4 The power spectrum

When deriving equation(12.46), which determinesthe growth rate of density
perturbations in a Newtonian universe,l assumedhat the perturbation was
sphericallysymmetric. In fact, equation(12.46)and its relativistically correct
brother, equation (12.48), both apply to low-amplitude perturbations of any
shape. This is fortunate, sincethe density perturbations in the real universe
are not spherically symmetric. The bubbly structure shavn in redshift maps
of galaxies,such as Figure 12.1, has grown from the density perturbations
which werepresert whenthe universebecamematter dominated. Great oaks
from tiny acornsgrow { but then, great pine treesfrom tiny pinenuts grow.
By looking at the current large scalestructure (the \tree"), we can deduce
the properties of the early, low-amplitude, density °uctuations (the \nut"). °

Let us considerthe properties of the early density °uctuations at some
time t; whenthey werestill very low in amplitude (j4 ¢ 1). As long asthe
density °uctuations are small in amplitude, the expansionof the universeis
still nearly isotropic, and the geometry of the universeis still well described
by the Robertson-Walker metric (equation 3.25):

ds? = j Adt? + a(t)?[dr? + S. (r)%d- ?] : (12.61)

Under these circumstances,it is useful to set up a comoing coordinate
system. Choosesomepoint as the origin. In a universedescrited by the
Robertson-Walker metric, asshawn in section3.4, the proper distanceof any
point from the origin can be written in the form

do(ti) = a(ti)r ; (12.62)

wherethe comwving distancer is what the proper distancewould be at the
presen day (a = 1) if the expansioncortinued to be perfectly isotropic.
If we label eat bit of matter in the universewith its comoving coordinate
position + = (r;; A), then = will remain very nearly constart as long as
j3d ¢ 1. Thus, when consideringthe regime where density °uctuations
are small, cosmologiststypically consider+(r), the density °uctuation at a
comoving location #, at sometime t;. (The exactvalue of t; doesn't matter,
aslong asit's atime after the density perturbations are in place, but before

SAt the risk of carrying the arboreal analogy too far, | should mertion that the tem-
perature °uctuations of the Cosmic Microwave Background, as shown in Figures 9.2 and
9.5, o®erus a look at the \sapling".
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they reach an amplitude jH§ » 1. Switching to a di®eren value of t;, under
theserestrictions, simply changesthe amplitude of H+), and not its shape.)

When discussingthe temperature °uctuations of the Cosmic Microwave
Badkground, bad in Chapter 9, | pointed out that cosmologistsweren't in-
terested in the exact pattern of hot and cold spots on the last scattering
surface,but rather in the statistical properties of the "eld +T=T(i; A). Sim-
ilarly, cosmologistsare not interestedin the exact locations of the density
maxima and minima in the early universe,but rather in the statistical prop-
erties of the eld Hr). When studying the temperature °uctuations of the
CMB, it is usefulto expand #T=T(A;l) in spherical harmonics. A similar
decomposition of +(+) is also useful. Sincez is de ned in three-dimensional
space(rather than on the surfaceof a sphere),a useful expansionof * is in
terms of Fourier componerts.

Within a large comaving box, of comoving volume V, the density °uctu-
ation eld H+) canbe expressedas

z

v +.e *T ok ; (12.63)

(293

where the individual Fourier componerts + are found by performing the
integral

Hr) =

14
=y Hr) X dPr : (12.64)

In performing the Fourier transform, you are breaking up the function +(+)
into anin nite number of sinewaves,eadh with comaving waverumber K and
comoving wavelength, = 2¥%#k. If you have complete,uncensoredknowledge
of (r), you can compute all the Fourier componerts +,; corversely if you
know all the Fourier componerts, you can reconstructthe density eld ).
Eadh Fourier componert is a complex number, which can be written in

the form
+ = jLjeix (12.65)

When j4j ¢ 1, then eah Fourier componert obeysequation (12.51),
AioHi | 3. H% =0, 12.66
- 1 E' m -« ~ J ( . )

aslong asthe proper wavelength, a(t)2¥%#k, is large comparedto the Jeans
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length and small comparedto the Hubble distance c=H.® The phaseAk
remains constart as long as the amplitude j+j remains small. Even after
°uctuations with a short proper wavelength have readed j+j » 1 and col-
lapsed,the growth of the longer wavelength perturbations is still described
by equation (12.66). This means, helpfully enough,that we can uselinear
perturbation theory to study the growth of very large scalestructure even af-
ter smaller structures, sud as galaxiesand clustersof galaxies,have already

collapsed.
The meansquareamplitude of the Fourier componerts de nesthe power

spectrum:
P(k) = hjirkai ; (12.67)

wherethe averageis taken over all possibleorientations of the wavenumber
R. (If Hr) is isotropic, then no information is lost, statistically speaking,
if we averagethe power spectrum over all angles.) When the phasesA, of
the di®eren Fourier componerts are uncorrelatedwith ead other, then +(r)
is called a Gaussian eld. If a Gaussian eld is homogeneousnd isotropic,
then all its statistical propertiesare summedup in the power spectrum P (K).
If £(r) is a Gaussian eld, then the value of + at a randomly selectedpoint
is drawn from the Gaussianprobability distribution
A !

1 +2
+) = — :
p(5) Poe, &P i 5en (12.68)
wherethe standard deviation ¥scan be computed from the power spectrum:
Ya= v _* P(k)d®k = LZ ' P (k)k?dk : (12.69)
NPIVE T 2% o ' '

The study of Gaussiandensity elds is of particular interestto cosmologists
becausemostin®ationary scenariogpredict that the density °uctuations cre-
ated by in°ation (seesection11.5)will be an isotropic, homogeneousGaus-
sian eld. In addition, the expected power spectrum for the in°ationary
°uctuations hasa scale-irvariant, power-law form:

P(k)/ k"; (12.70)

6When a sine wave perturbation has a wavelength large comparedto the Hubble dis-
tance, its crestsare not causally connectedto its troughs. As long as the crests remain
out of touch with the troughs (that is, aslong as a(t)2%#k > c=H(t)), the amplitude of a
perturbation grows at the rate #(t) / a(t).
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with the favored value of the power-law index beingn = 1. The preferred
power spectrum, P(k) / Kk, is often referred to as a Harrison-Zel'dovich
spectrum.

What would a universewith P(k) / k" look like? Imagine goingthrough
sud a universeand marking out randomly located spheresof comaoving ra-
dius L. The meanmassof eat sphere(consideringonly the non-relativistic
matter which it cortains) will be

Ao 3"
Vi = —-13-mo . 12.71
Howewer, the actual massof eat spherewill vary; some sphereswill be
slightly underdenseand otherswill be slightly overdense.The meansquare
density °uctuation of the massinside ead sphereis a function of the power
spectrum and of the sizeof the sphere:

©R
ot

!
M hMi

E I K3P(K) ; (12.72)

where the comaring waverumber assaiated with the sphereis k = 2¥#L.
Thus, if the power spectrum hasthe form P (k) / k", the root meansquare
mass°uctuation within spheresof comoving radius L will be

*A ! ot 1=2

x|/ M hMi

Y v [ Li@rm=2. (12.73)

This canalsobe expressedn the form #M=M / Mi®*M=b Forn < i 3, the
mass°uctuations divergeon large scales,which would be Bad Newsfor our
assumptionof homogeneiy on large scales.(Note that if you scatteredpoint

massesandomly throughout the universe,sothat they formeda Poissondis-
tribution, you would expect mass°uctuations of amplitude #M=M / Ni 172,

where N is the expected number of point masseswithin the sphere. Since
the average masswithin a sphereis M / N, a Poisson point distribu-

tion has#M=M / Mi %2 or n = 0. The Harrison-Zel'dovich spectrum,
with n = 1, thus will produce more power on small length scalesthan a
Poissondistribution of points.) Note that the potertial °uctuations asso-
ciated with mass °uctuations on a length scaleL will have an amplitude
#©» GtM=L/ M=M=/ M@ M=b Thus, the Harrison-Zel'dovich spec-
trum, with n = 1, is the only power law which preverts the divergenceof the
potertial °uctuations on both large and small scales.
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12.5 Hot versus cold

Immediately after in°ation, the expectedpower spectrum for density pertur-
bations has the form P (k) / k", with an index n = 1 being predicted by
most in°ationary models. Howewer, the shape of the power spectrum will be
modi ed betweenthe end of in°ation at t; and the time of radiation-matter
equality at t,, ¥4 4:7£ 10%r. The shape of the power spectrum at t,,,, when
density perturbations start to grow signi cantly in amplitude, dependson
the properties of the dark matter. More speci cally, it dependson whether
the dark matter is predominartly cold dark matter or hot dark matter.

Cold dark matter consistsof particles which were non-relativistic at the
time they decoupledfrom the other componerts of the universe. For instance,
WIMPs would have had thermal velocities much smallerthan c at the time
they decoupled,and hencequalify as cold dark matter. If any primordial
black holeshad formed in the early universe,their peculiar velocities would
have beenmuch smallerthan c at the time they formed; thus primordial black
holeswould also act as cold dark matter. Axions are a type of elemerary
particle rst proposedby particle physicists for non-cosmologicapurposes.
If they exist, howewer, they would have formed out of equilibrium in the early
universe,with very low thermal velocities. Thus, axions would act as cold
dark matter, aswell.

Hot dark matter, by cortrast, consistsof particles which wererelativistic
at the time they decoupledfrom the other componerts of the universe,and
which remainedrelativistic until the masscortained within a Hubble volume
(a sphereof proper radius c=H) waslarge comparedto the massof a galaxy:.
In the Bendhmark Model, the Hubble distanceat the time of radiation-matter
equality was

c _,¢ - e
H(tim) IUEHO' %];0

Y4 1:8ctm ¥4 0:026Mpc ; (12.74)

sothe masswithin a Hubble volume at that time was

P 3=2
Ay S - o 2YaC® - .
4 m;07&0 _ L0 Vs AL 107 M- (12.75)
3 H(tm)® ad, 3 H3-Bo

much larger than the massof even a fairly large galaxy sud as our own
(Mga ¥ 10"2M-). Thus, a weakly interacting particle which remains rel-
ativistic until the universebecomesmatter-dominated will act as hot dark
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matter. For instance,neutrinos decoupledat t » 1s, whenthe universehad
a temperature KT » 1MeV. Thus, a neutrino with massm.c ¢ 1MeV
was hot enoughto be relativistic at the time it decoupled. Moreover, as
discussedn section5.1, a neutrino with massm.c? < 2eV doesn't become
non-relativistic until after radiation-matter equality, and hencequali es as
hot dark matter.’

To seehow the existenceof hot dark matter modi es the spectrum of
density perturbations, considerwhat would happenin a universe lled with
weakly interacting particles which are relativistic at the time they decouple.
The initially relativistic particles cool as the universe expands, until their
thermal velocities drop well belov ¢ when 3kT » myc®. This happensat a

temperature X

A |
T ™ e000K r;gi

In the radiation-dominated universe,this correspndsto a cosmictime (equa-
tion 10.2) -
A I

mh02 i 2 .
2eV '

Prior to the time t,, the hot dark matter particles move freely in random
directionswith a speedcloseto that of light. This motion, calledfree stream-
ing, actsto wipe out any density °uctuations preser in the hot dark matter.
Thus, the net e®ectof free streamingin the hot dark matter is to wipe out
any density °uctuations whosewavelengthis smallerthan » ct,. When the
hot dark matter particles becomenon-relativistic, there will be no density
°uctuations on scalessmallerthan the physical scale

(12.76)

t, » 2£ 10%%s

(12.77)

A cz! 2
m
,min » Cth » 20kpc 22\/ : (12.78)
correspnding to a comwing length scale
A Loy
. T 02 1
Lmin = = mr h . min » 60Mpc M : (12.79)

a(ty)  2:725K 2eV

‘It may seemodd to refer to neutrinos as \hot" dark matter, when the temperature
of the Cosmic Neutrino Background is only two degreesabove absolute zero. The label
\hot", in this case,simply meansthat the neutrinos were hot enoughto be relativistic
bad in the radiation-dominated era.
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The total amourt of matter within a sphereof comaoving radius L p, is

A [
th2 i3 .
2eV '

Y
M i = §‘L§mn- mo¥ao » 5E 10 M-

(12.80)

assuming- m.o = 0:3. If the dark matter is cortributed by neutrinos with
rest energyof a few electron volts, then the free streamingwill wipe out all
density °uctuations smallerthan superclusters.

The upper panelof Figure 12.5shaws the power spectrum of density °uc-
tuations in hot dark matter, oncethe hot dark matter has cooled enoughto
becomenon-relativistic. Note that for waverumbersk ¢ 2%&L,n, the power
spectrum of hot dark matter (shovn asthe dotted line) is indistinguishable
from the original P / k spectrum (shown asthe dashedline). Howewer, the
free streaming of the hot dark matter results in a se\ere loss of power for
waverumbersk A 2YFLm». The lower panel of Figure 12.5 shaws that the
root mean squaremass°uctuations in hot dark matter, 2tM=M / (k3P)%?,
have a maximum amplitude at a massscaleM » 10 M-. This implies that
in a universe lled with hot dark matter, the rst structuresto collapseare
the size of superclusters. Smaller structures, sud as clusters and galaxies
then form by fragmertation of the superclusters. (This scenario,in which
the largest obsenable structures form rst, is calledthe top-down scenario.)

If most of the dark matter in the universewere hot dark matter, sut
as neutrinos, then we would expect the oldest structures in the universeto
be superclusters,and that galaxieswould be relatively young. In fact, the
opposite seemsto be true in our universe. Superclustersare just collapsing
today, while galaxieshave beenaroundsinceat leastz » 6, whenthe universe
was lessthan a gigayear old. Thus, most of the dark matter in the universe
must be cold dark matter, for which free streaming has beennegligible.

The ewlution of the power spectrum of cold dark matter, given the ab-
senceof free streaming, is quite di®eren from the ewlution of the power
spectrum for hot dark matter. Remenber, when the universeis radiation-
dominated, density °uctuations % in the dark matter do not grow appre-
ciably in amplitude, as long as their proper wavelength a(t)2¥%#k is small
comparedto the Hubble distance c=H(t). Howewer, when the proper wave-
length of a density perturbation is large comparedto the Hubble distance,
its amplitude will be able to increase,regardlessof whether the universeis
radiation-dominated or matter-dominated. If the cold dark matter consists
of WIMPs, they decouplefrom the radiation at a time ty » 1s, when the
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Figure 12.5: Upper panel { The power spectrum at the time of radiation-
matter equality for cold dark matter (solid line) and for hot dark matter
(dotted line). The initial power spectrum produced by in°ation (dashed
line) is assumedo have the form P(k) / k. The normalization of the power
spectrumis arbitrary. Lower panel{ The root meansquaremass’uctuations,
#M=M / (k3P)¥2, are shown asa function of M / ki 3 (massesarein units

of M-). The line typesare the sameasin the upper panel.
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scalefactor is ag » 3£ 10 0. At the time of WIMP decoupling,the Hubble
distanceis c=H » 2cty » 6£ 10 m, correspndingto a comaring waverumber

1
A 1P Mpc *: (12.81)

Kk
d” 2cty

Thus, density °uctuations with a waverumber k < kg will have a wavelength
greaterthan the Hubble distanceat the time of WIMP decoupling,and will
be able to grow freely in amplitude, as long as their wavelength remains
longer than the Hubble distance. Density °uctuations with k > kg4 will
remain frozenin amplitude until matter starts to dominate the universeat
tm ¥ 4.7 £ 10*yr, when the scalefactor has grown to a,, ¥ 2:8 £ 10 4.
At the time of radiation-matter equality, the Hubble distance, as given in
equation(12.74),is c=H % 1:8ct,, ¥ 0:026Mpc, correspndingto acomoving
wavenumber

2Y.
K V- Qm

Y, 0:07Mpc *: 12.82
41:80trm ! pe (12.82)

Thus, density °uctuations with a waverumber k < k;,, % 0:07Mpc L will
grow steadily in amplitude during the ertire radiation-dominated era, and
for waverumbersk < k., ¥ 0:07Mpc !, the power spectrum for cold dark
matter retains the original P(k) / k form which it had immediately after
in°ation (seethe upper panel of Figure 12.5).

By conrast, cold dark matter density perturbations with a waverumber
kq > k > ki will beableto grow in amplitude only until their physical wave-
length a(t)=(2¥k) / t¥*? is smallerthan the Hubble distancec=H(t) / t. At
that time, their amplitude will be frozen until the time t,,,, when matter
dominates, and density perturbations smaller than the Hubble distance are
free to grow again. Thus, for waverumbers k > k., the power spectrum
for cold dark matter is suppressedn amplitude, with the suppressionbeing
greatestfor the largestwavenumbers (correspnding to shorter wavelengths,
which comewithin the horizon at an earlier time). The top panel of Fig-
ure 12.5shows, asthe solid line, the power spectrum for cold dark matter at
the time of radiation-matter equality. Note the broad maximum in the power
spectrum at k » k. ¥4 0:07Mpc' 1. The root meansquaremass°uctuations
in the cold dark matter, shavn in the bottom panelof Figure 12.5are largest
in amplitude for the smallest massscales. This implies that in a universe
Tled with cold dark matter, the rst objects to form are the smalest, with
galaxiesforming rst, then clusters,then superclusters. This scenario,called
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the bottom-up scenario,is consisten with the obsened agesof galaxiesand
superclusters.

Assumingthat the dark matter consistsof nothing but hot dark matter
givesapoor t to the obsenedlargescalestructure of the universe. Assuming
that the dark matter is purely cold dark matter gives a much better t.
Howewer, there is strong evidencethat neutrinos do have somemass, and
thusthat the universecortains at least somehot dark matter. Cosmologists
studying the large scale structure of the universe can adjust the assumed
power spectrum of the dark matter, by mixing together hot and cold matter.
(It's a bit like adjusting the temperature of your bath by tweakingthe hot
and cold water knobs.) Comparisonof the assumedpower spectrum to the
obsened large scalestructure (as seen,for instance,in gure 12.1) reveals
that » 13%or lessof the matter in the universeconsistsof hot dark matter.
For - m:o = 0:3, this implies - ypm.0 - 0:04. If there were more hot dark
matter than this amourt, free streaming of the hot dark matter particles
would make the universetoo smooth on small scales. Somelike it hot, but
most like it cold { the majority of the dark matter in the universemust be
cold dark matter.

Suggested reading

[Full referencesare given in the \Annotated Bibliography" on page286.]

Liddle & Lyth (2000): The origin of density perturbations during the in-
cationary era, and their growth thereafter.

Longair (1998): Forthosewhowant to know moreabout galaxyformation,
and how it ties into cosmology

Rich (2001), ch. 7: The origin and ewlution of density °uctuations.

Problems

(12.1) Considera spatially °at, matter-dominated universe(- = - , = 1)
which is contracting with time. What is the functional form of £(t) in
sud a universe?
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(12.2) Consider an empty, negatively curved, expanding universe, as de-
scribed in section5.2. If a dynamically insigni cant amourt of matter
(- m ¢ 1) is presen in sud a universe,how do density °uctuations in
the matter ewlve with time? That is, what is the functional form of
1(t)?

(12.3) A volumecontaining a photon-baryon °uid is adiabatically expanded
or compressed.The energydensity of the °uid is" = "o + "pay, and
the pressureis P = P- = "-=3. What is dP=d" for the photon-baryon
°uid? What is the soundspeed,cs? In equation (12.27), how large of
an error did | make in my estimate of , ; (before) by ignoring the e®ect
of the baryonson the sound speedof the photon-baryon °uid?

(12.4) Supposethat the starsin a disk galaxy have a constart orbital speed
v out to the edgeof its sphericaldark halo, at a distance Ry, from
the galaxy's certer. What is the averagedensity %z0f the matter in the
galaxy, including its dark halo? (Hint: go bad to section8.2.) What
is the value of %for our Galaxy, assumingv = 220kms' ! and Rpao =
100kpc? If a bound structure, suc asa galaxy, forms by gravitational
collapseof an initially small deBsily perturbation, the minimum time
for collapseis tmin ¥ tgyn ¥2 1= G% Shaw that tmin ¥4 Rhao=V for a
disk galaxy. What is tpi, for our own Galaxy? What is the maximum
possibleredshift at which you would expect to seegalaxiescomparable
in v and Ry to our own Galaxy? (Assumethe Benchmark Model is
correct.)

(12.5) Within the Coma cluster, as discussedn section 8.3, galaxieshave
a root mean square velocity of hv2i1=2 ¥, 1520kmsi ! relative to the
certer of massof the cluster; the half-massradius of the Coma cluster
Is rh, ¥ 1:5Mpc. Using argumerts similar to those of the previous
problem, computethe minimum time t i, requiredfor the Comacluster
to form by gravitational collapse.

(12.6) Derive equation (12.74), giving the Hubble distance at the time of
radiation-matter equality. What wasthe Hubble distanceat the time of
matter-lambda equality, in the Bendhmark Model? How much matter
was cortained within a Hubble volume at the time of matter-lambda
equality?
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(12.7) Warm dark matter is de ned asmatter which becamenon-relativistic
when the amourt of matter within a Hubble volume had a masscom-
parable to that of a galaxy. In the Benchmark Model, at what time
twom Wasthe masscortained within a Hubble volume equalto My, =
102 M-? If the warm dark matter particles have a temperature equal
to that of the cosmicneutrino badground, what massmust they have
in order to have becomenon-relativistic at t » twpwm ?



Epilogue

A book dealing with an active eld like cosmologycan't really have a neat,
tidy ending. Our understandingof the universeis still growing and ewlving.
During the twertieth certury, the growing weight of evidencepointed toward
the Hot Big Bang model, in which the universestarted in a hot, densestate,
but gradually cooled as it expanded. At the end of the twertieth certury
and the beginning of the twenty- rst, cosmologicakevidencewas gatheredat
an increasingrate, re ning our knowledge of the universe. As | write this
epilogue,on a sunry spring day in the year 2002, the available evidenceis
explained by a Bendhmark Model which is spatially °at and which has an
expansionwhich is currerntly accelerating. It seemsthat 70% of the energy
density of the universeis cornributed by a cosmologicalconstart (or other
form of \dark energy" with negative pressure). Only 30% of the energy
density is cortributed by matter (and only 4% s cortributed by the familiar
baryonic matter of which you and | are made).

Howewer, many questionsabout the cosmosemain unanswered. Hereare
a few of the questionsthat currently nag at cosmologists:

2 What are the precise valuesof cosmolaical parameterssuchasHg, o,
- m0, and - 5.0? Much e®ort has beeninvestedin determining these
parameters,but they are still not pinned down precisely

2 What is the dark matter? It can't be made ertirely of baryons. It
can't be madeentirely of neutrinos. Most of the dark matter must be
in the form of someexotic stu® which has not yet been detected in
laboratories.

2 What is the \dark enelgy"? Is it vacuumenergywhich plays the role of
a cosmologicakonstart, or is it someother componert of the universe
with j 1< w < j 1=3? If it is vacuumenergy is it provided by a false

284
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vacuum, driving a temporary in°ationary stage,or arewe nally seeing
the true vacuum energy?

2 What drovein®ation during the early universe? Our knowledgeof the
particle physicsbehind in°ation is still sadlyincomplete. Indeed,some
cosmologistgposethe questions,\Did in°ation take placeat all during
the early universe?ls there anotherway to resole the °atness, horizon,
and monopole problems?"

2 Why is the universe exmnding? At one level, this questionis easily
answered. The universeis expandingtoday becauset was expanding
yesterdy. It wasexpandingyesterdy becauset wasexpandingthe day
beforeyesterdy... Howewer, when you extrapolate badk to the Planck
time, you nd that the universewas expanding then with a Hubble
parameterH » 1=tp,. What determinedthis set of initial conditions?
In other words, \What put the Bangin the Big Bang?"

The most interesting questions, howewer, are those which we are still too
ignorart to posecorrectly. For instance, in anciert Egypt, a list of unan-
swered questionsin cosmologymight have included \How high is the dome
which makesup the sky?" and \What's the dome made of?" Se\erely er-
roneousmodels of the universe obviously give rise to irrelevant questions.
The exciting, unsettling possibility exists that future obsenations will ren-
der the now-promising Bencdhmark Model obsolete. | hope, patient reader,
that learning about cosmologyfrom this book hasencouraged/ou to become
a cosmologistyourself, and to join the scierists who are laboring to make
my book a quaint, out-of-daterelic from a time whenthe universewaspoorly
understood.
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